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A k. 


Critical  Notice  of  the  Manuscripts  of  the 

Bekhliganita. 


The  edition  of  the  Bekh&ganita  was  nndertaken  for  the 
Bombay  Sanskrit  Series  by  the  late  Mr.  Haril&l  Harahadar&i 
Dhmva  R  A.,  L  L.  R,  D.  L.  A.  (  Sweden), M.  R  A.  S.  (London 
and  Bombay  ),  M.  P.  T.  S.,  &;a,  Ac,  City  Joint  Judge  and  Ses- 
rions  Judge,  Baro^  He  read  a  paper  on  the  Bekhdganita  at 
the  Yin.  International  Congress  of  Orientalists,  Stockholm 
and  Christiania,  which  he  attended  as  a  Pandit  Representative 
Delegate  of  His  Highness,  the  MahSjrdjft  Sly&ji  B&o  GAekw&d 
of  Barodlb  He  intended  to  publish  the  work  in  three  volumes, 
the  first  volume  to  contain  the  text,  the  second  to  contain  the 
English  notes,  and  the  third  to  contain  Varice  Lectionea.  The 
matter  for  the  1st  Volume  was  sent  to  the  Curator,  Qovemment 
Central  Book  Depdt,  Bombay,  for  publication  and  it  was 
entrusted  to  the  Nirnayas&gar  Press.  But  the  press  returned 
it  to  the  author,  as  the  figures  for  Propositions  were  in  most 
cases  wanting.  The  manuscript  thus  returned  remained  with 
him  till  his  death.  It  is  a  matter  of  great  sorrow  that  the 
eminent  scholar  was  not  spared  by  Providence  to  finish  the 
work  he  began  very  zealously. 

The  manuscript,  that  was  sent  to  the  press  and  was  returned 
for  want  of  figures,  was  handed  over  to  me  by  Mr.  Dhruva's 
widow.  I  took  it  up  and  thought  that  the  work  would  be 
soon  ready  as  figures  alone  were  wanting.  To  my  great 
surprise,  however,  I  found  that  it  was  a  copy  of  a  single 
manuscript      The  copy  was  made  by  a  S'Astri  of  Amreli 

inKAthiiwftd.   '^^  I  ^nnch^  umi  I  s^  ^Ijin^  I  ^mc  l^^t 

is  what  is  found  at  the  end  of  the  manuscript.  On  exa- 
mining it  minutely  I  found  that  it  was  incorrect  on 
almost  every  page  of  it  It  was  now  evident  that  I  had 
not    simply    to  supply    figures,    but    to  settle  the  text  as 


« 


•  • 


well  Thereupon  I  asked  Mr.  Dhruva's  widow  if  she  had 
any  other  manuscripts  <^  the  work  with  her,  and  she 
handed  over  to  me  two  manuscripts.  One  of  these  breaks  up 
at  the  end  of  the  fifth  book  and  is  without  figures.  The 
second  has  figures  here  and  there ;  but  they  are  in  most  cases 
incorrect  and  without  letters.  This  manuscript  is  also  incom- 
plete. It  goes  almost  to  the  end  of  the  third  book  and  then 
begins  with  the  15th  proposition  of  the  tenth  book  and  comes 
up  to  the  end  of  the  work.  Thus  neither  of  the  two  manu- 
scripts was  of  great  use  to  me.  I  then  secured  other  manu- 
scripts of  the  work  and  two  very  valuable  editions  of  Euclid 
from  England  and  settled  the  text  and  the  figures  with  the 
help  of  these. 

It  is  thus  clear  that  Mr.  I^ruva  did  not  live  to  do  anything 
more  than  get  a  manuscript  of  the  work  copied  by  an  Amreli 
S^&stil  It  is  a  matter  of  regret  that  the  work  did  not  get 
through  his  scholarly  hands.  The  collation  of  Mss.  from 
different  parts  of  India  to  settle  the  text,  the  construction  of 
figuresi  the  English  notes,  the  Critical  Notice  of  Manuscripts 
and  the  Introduction,  all  this  being  my  work,  the  shorteom* 
ings  of  the  present  edition,  whatever  they  may  be,  are  wholly 
attributable  to  me. 

The  present  edition  is  based  upon  the  following  manuscripts : — 

( I )  The  copy  of  a  manuscript,  received  firom  Mr.  Dhruva's 
widow.  I  suppose  it  is  the  same  manuscript  that  Mr.  Dhruva 
speaks  of  in  his  *Barod&  State  Delegate'.  *'I  owe  it,"  says  he, 
"to  my  firiend,  B&o  Bahadur.  Justice  Jan&rdan  Sakh&r&m  G&dgil, 
B.  A.,  LL.  B.,  F.  T.  S.,  of  the  High  Court  of  Judicature,  Barod& 
State,  to  be  able  to  present  this  wOTk  to  the  learned  assembly 

here I  can  do  no  better  than  give  in  the  words  of 

Mr.  Justice  GMU%il  himself  how  the  manuscript  of  the  work 
under  notiee  was  brcMight  to  Ugbt.  The  original  Ms.  was  found 
in  the  Libnoy  of  the  late  celebrated  B&l  Oangiirdhar  S'&strt 
J&mbhekar  by  Ab&  S'&stri  Bakre.  I  got  a  copy  made  of  the 
Ms.* — which  original,  kindly  lent  to  me  by  the  gentleman,  I 
hold  in  my  hand  at  present.  Mr.  Justice  G&dgil's  copy  was 
made  in  Y.  S.  1942  ( A.  C.  1886  ).  The  date  of  the  original 
Ms.  now  with  me  is  Y.  S.  1886  (A.  D.  1830)  ''Eartek  ( Sans. 


Eartika)  Sudi  5"  in  the  wcHfds  of  the  writer.  The  Ms. 
extends  over  144  double  pages  and  a  portion  more.  Each 
single  page  contains  29  lines  on  an  average  and  each  line 
contains  an  average  of  25  letters.  The  copy  is  written  in  bold 
beautiful  Devan&garl  characters,  and  the  text  contains  some 
mistakes  in  writing " 

The  geometrical  figures  for  most  of  the  propositions  are  very 
neatly  drawn.  I  say  most  of  the  propositions,  because  for  some 
of  them,  they  are  wanting ' 

This  Ms.  I  have  designated  D. 

II.    A  Ms.  obtained  from  Mr.  Dhruva's  widow.    It  begins 

with  'iAhoKfifV  5ro:  I  ^^1gn<mi^'  ?*mPRr  few*  V-  This  is  the 
Ms.  of  which  Mr.  Dhruva  says,  "It  is  to  Pandit  Durgaprasiula's 
find  that  we  owe  the  discovery  of  Euclid,  being  the  original 
author,  whose  Elements  of  Geometry  Jagann&tha  Samra^ 
translated.  One  of  the  Ms&  lent  to  me  by  the  Pandit  has  at 
the  beginning  a  note  thus,  'vnj^iftf^rm  t^HlfiRr  ftw^»."*  It 
is  an  incomplete  Ma  It  goes  on  regularly  till  about  the  end  of 
the  Third  Book.    The  last  line  of  the  Ms.  on  page  66  is  ^sraf- 

vnk  ir^^w  iraftw  #ftwT  s'HEH^isra^  Bwrf^H^iiWts'-    Up 

to  page  66  no  page  is  wanting  and  all  the  pages  are  correctly 
numbered  After  this  page,  there  is  a  long  gap  and  though 
the  next  page  is  numbered  67,  it  begins  with  the  last  portion 
of  jacopoBition  14,  Book  X.    The  first  line  on  the  page  is,  '915- 

fifMr  ^  V^  q^^plf .  -^ter  this  the  Ms.  goes  on  regularly  to 
the  end*  The  pages  are  correctly  numbered  up  to  the  70th 
page.  From  the  next  page  they  are  numbered  afiresh,  as  one,  two, 
three  tic,  and  the  last  page  is  65.  The  opening  page  of  the 
M&  has  ^44lw(i>WW  I^H  '•  Thus  there  are  in  all  135  pages. 
Figures  are  given  in  the  first  66  pages,  but  most  of  them  are 
incorrect.  In  the  last  69  pages  no  figures  are  given  in  Book 
X.,  though  a  vacant  space  is  left  for  eveiy  figure,  and  the 
figures  that  are  given  here  and  there  in  the  remaining  books 
are  quite  incorrect    The  Ms.  has  the  following  colophon: — 

*  Baxoda  State  Delegate  p.  vn.  and  VIII. 


sv^rftr^  Jwrr  w^  ^iwpt'f^^^  ii 
1044^^^*11  »<iwi4  ffir  ^nfi^v^l4^ft^^  w^  i 
^tft4|i4nv^^4i1(iM(  ^^  fifffilr  ^^i#wt  TO^s^  II' 

This  Ms.  is  designated  A.    It  is  not  quite  correct. 

IIL  This  is  the  other  Ms.  I  got  from  Mr.  Dhruva's  widow. 
It  is  a  very  neat  and  correct  Ms.,  but  it  is  incomplete.  It  goes 
to  the  end  of  the  Fifth  Book.  It  has  no  figures.  It  consists 
of  85  double  pages  and  has  ten  lines  on  each  page.  This  is 
probably  the  Ms.,  of  which  S'&stri  Durg&prasada  Dyiveda, 
Professor,  Sanskrit  College,  Jeypore,  wrote  to  me  as  follows  in 
reply  to  my  letter  to  him  requesting  him  for  a  loan  of  a  Ms. 
of  the  work : — 

f^t^n^ — (^iiRi^iQ  4lM4i4)ui  ^wwwrftniw  h.^mh«^:  snj?^  i 

f^:  I  t((llq4|4|||q  ^  5^^  RRuTFRnvm^lvf  CfHtf  I  1m    M9^\ 

PHlU%lfil  I  SRW  dl*t>4|^K<i4fl4  (  ilFT  MK*4<d:  TOT   W^rRTT    ^TO- 
^f^«^  ^rfk^  )  a4^W4<ft  $[^ft%^44l4Ji  I  fi[?ftlf  ?ni<W  ^jil^EW^- 

«n^[^i  5^  «?«»mw  fNii  1^  dR»ii4{i^*4iPi  it  ^^pft^i 

fKRt   4imiq^|jjU|MHbMI    31^  I  H4l«»PlH^4>44fi)    MiM4jmHl|W- 

4imPflviPlrt?i'  ^rt^  1'* 

This  Ms.  is  designated  B. 

lY.  The  fourth  Ma  collated  for  the  present  edition  belongs 
to  the  Government  Sanskrit  College,  Benares,  and  was  kindly 

*  The  letter  is  given  iii  fall  to  shew  how  difficult  it  is  to  secure  a 
correct  and  complete  Ms.  of  the  work  even  from  Jeypore,  the  place  of  its  birth. 


lent  to  me  by  Mr.  Arthur  Yems^  M.  A.,  Principal  of  the  College. 
In  reply  to  my  letter  of  the  13th  December  1898  he  was  good 
enongh  to  send  me  the  M&  on  the  24th  idem.  The  note  on 
the  Ms.  in  the  College  Library  is  |^;n?ifilRr  qf^HRnmHWRlftT- 

The  Ma  begins  as  follows : — 

|i|dV€^V4^Pl«n^4{|^4|W|l||'^«|ld^  I 
fl4*W^Rl^R[d  «f4||R|  R||I4KU|41^  II 

^yfl^j^H  &c«  The  verses  dedicated  to  Qanes^a  are  thus  in 
this  M&  in  a  different  form.  It  is  a  complete  Ms.  in  a  book- 
form  on  country-paper,  and  appears  to  be  old  as  many  pages 
are  eaten  by  white  ants  on  their  border.  Though  the  Ms.  is 
incorrect,  does  not  contain  all  the  figures  and  those  that  are 
given  are  inaccurate,  particularly  in  the  latter  portion,  still  it 
was  of  great  use  to  me  in  filling  up  the  omission  of  lines 
on  many  pages  in  Mr.  Dhruva's  Ms.  sent  to  the  presa  The 
Principal  was  kind  enough  to  allow  me  to  keep  it  with  me  for  a 
long  time  and  I  returned  it  to  him  on  the  29th  March  1901 
after  the  whole  text  of  my  first  volume  and  a  part  of  the 
second  volume  were  printed  off 

This  M&  is  designated  K 

y.  The  fifth  Ma  was  obtained  from  His  Highness,  the 
Mah&rija  8  Sanskrit  College,  Trivandrum,  through  my  friend 
Prof.  S.  R&dh&krishna  Aiyar  B.  A.,  F.  M.  U.,  Principal  of  His 
Highness  the  Mahkikjk's  College,  Pudlukota.  This  is  a  very 
neat  Ma  in  a  book-form.  But  on  comparing  it  with  the  above 
Ma,  I  found  it  an  exact  copy  of  it.  It  was  not  therefore  of  use 
for  collation.  It  contains  a  few  figures  not  found  in  the 
Benares  Ma 

VL  Having  learnt  that  there  was  a  complete  Ms.  of  the 
work  in  the  library  of  His  Highness,  the  Mah&rlj&  of  K&sbmir, 
deposited  in  the  Baghunatha  Temple,  I  applied  to  Dr.  M.  A. 
Stein,  M.  A.,  late  Principal  of  the  Oriental  College,  lAhore,  for 
a  loan  of  it  and  received  the  following  reply  from  him ; — > 


*  I  have  duly  received  your  letter  of  27th  ult.  (  i  e.  November 
1898  )  concerning  the  loan  of  the  Jammu  Ms.  of  the  Bdch&- 
ganita  whiob  you  desire  to  collate. 

Tour  name  and  work  are  well  known  to  me  and  it  would  be 
a  pleasure  to  me  to  assist  you  in  the  scientific  task  you  have 
undertaken  in  the  place  of  the  late  Mr.  Dhruva. 

The  Baghun&tha  Temple  Library  of  H.  EL  the  Mah&r&j&  of 
Jammu  is  not  under  my  control,  though  the  cataloguing  of  its 
Sanskrit  Mss.  has  been  prepared  and  published  by  me 
(  Bombay  1894  ).  I  am  not  autiiorized  to  arrange  for  the  loan 
of  Mss.  outside  Jammu,  though  I  myself  am  allowed  to  use 
works  from  the  collection  which  was  first  arranged  and  cata- 
logued by  me  at  Lahore. 

Certain  Draft  Rules  regulating  the  loan  of  Mss.  which  were 
proposed  with  a  view  to  facilitating  access  to  the  libraiy  are 
still  under  consideration  by  the  Durbar.  I  do  not  know 
whether  and  when  they  will  be  adopted. 

In  the  meantime  I  would  recommend  only  two  courses. 
Tou  might  ask  the  Director  of  Public  Instruction,  Bombay,  to 
apply  officially  for  the  loan  of  the  Ms.  through  the  Resident 
in  Kashmir,  Sialkot.  In  this  way  alone  there  would  be  a 
chance  of  the  Ms.  being  made  available  for  your  direct  use ' 

I  then  adopted  the  course  proposed  in  this  letter,  and 
the  Hon.  Mr.  E.  Qiles  M.  A.,  Director  of  Public  Instruction^ 
was  kind  enough  to  apply  to  the  Assistant  Resident,  K&shmir, 
for  the  loan  of  the  Ms.  The  Assistant  Resident  forwarded 
the  correspondence  to  the  Vice-President,  K&shmir  State 
Council,  and  the  reply  from  him  was  that  His  Highness 
expressed  his  inability  to  forward  the  original  manuscript,  but 
that  a  true  copy  could  be  furnished  on  payment  of  the  wages 
of  the  copyist.  Thus,  notwithstanding  all  the  trouble  so  kind- 
ly taken  by  the  Hon.  Mr.  Giles,  the  Ms.  was  not  made  available 
for  my  direct  use;  and  since  I  had  to  be  satisfied  with  a  copy,  I 
did  not  think  it  advisable  to  get  the  copy  of  the  whole  Ms.  as 
I  learnt  that  it  was  incorrect  and  lacked  figures  like  other  Mss. 
of  the  work.  I,  however,  got  a  true  copy  of  10th,  11th  and 
12th  Books,  the  text  of  which,  it  was  the  most  difficult  to  settle. 


as  the  books  are  the  hardest  of  the  lot.  Pandit  Qaug4dhara  P. 
Gokulachandra  of  the  Kaghun&tha  Temple,  Jammu,  who  was 
mentioned  by  Dr.  Stein  in  his  letter  to  me  as  the  proper  per- 
son to  get  the  work  accurately  copied,  was  then  applied  to  and 
he  was  kind  enough  to  secure  me  a  copy  of  the  10th,  11th,  and 
12th  Adhy&yas. 

This  Ms.  is  designated  J. 

YII.  The  last  and  the  most  important  Ms.  collated  is  an- 
other Ma  in  the  Library  of  (jovemment  Sanskrit  CoUegei 
Benares.  My  attention  to  it  was  drawn  by  Mah&mahop&dhy&ya 
Sudh^ara  Dvivedi's  article  on  Pandit  Jagann&tha  in  his 
GanakatarafLgini  I  applied  to  the  Principsd  of  the  College 
who  wrote  to  me  as  follows  in  reply  to  my  letter: — 


ftffa S'lR^^^fP^^TO  ^nrfll^  'SFlw  'l«^44|(^  if  ^^t^^  ^  Hk^^Uilh 


I  replied  to  the  Principal : — 

9m  I 


I  then  received  the  whole  M&,  part  by  part.  It  is  a  veiy  im- 
portant Ms.  *It  was  copied  for  King  JayasiAiha  himself  by 
his  order  by  the  scribe  Lokamani  in  the  Saffivat  year  1784 
(  A.  D.  1728  X  "i  6-  very  shortly  after  the  work  was  composed. 
The  colophon  of  the  Ms.  runs  as  under: — 

g'wg*''^  ( ^•^^  )  ''^  sf^Rji^  gt^A  ?Wft  i 

It  is  thus  the  oldest  Ma  that  can  be  secured  and  I  need  not 
say  that  I  had  great  satisfetction  in  securing  it.    It  is  wanting 

*  Being  oopied  by  the  orders  ol  Samr&j  aboat  the  time  the  work  was 
composed  as  the  colophon  shews,  it  is  probable,  naj  almost  certain,  that  it 
was  made  under  the  orders  of  Jagannfttha  Samrftj  or  the  King  himself. 
Jayasimha  most  have  ordered  out  Jagann&tha  Samrftj,  his  protege,  to  sapply 
him  with  a  copy  and  Jagann&tha,  in  his  tarn,  must  have  directed  Lokamani, 
probably  his  pnpil»  to  do  the  work. 
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in  a  few  pages.    The  remark  on  the  last  page  clearly  shews 
the  pages  that  are  wanting : — 

It  contains  292  pages  in  all.  It  is  a  veiy  correct  Ms.  and 
is  nicely  written  in  Devand;gari  characters.  It  contains  all  the 
figures  very  cK^curately  drawn  with  letters  distinctly  marked. 
Having  received  it  after  the  first  nine  books  were  printed  off, 
I  have  given  its  va/rca  lecticmes  in  the  Appendix.  From  the  10th 
Book,  they  are  put  down  in  the  foot-notes  along  with  those  of 
other  Mss.  I  had  great  satisCetction  in  finding  that  the  text 
settled  for  this  edition  and  the  figures  constructed  by  me* 
corresponded  with  those  in  the  Ma  Unfortunately  the  most 
important  portion  of  the  Ms.,  pages  188-219,  dealing  with  the 
Tenth  Book,  Prop.  16  to  Prop.  101,  is  lost  A  few  technical 
terms  in  the  Fifth  Book  are  in  this  Ms.  explained  in  the 
margin.  The  words  used  in  explaining  them  are  f^hffwfcf}  finr 
?[TT>  f'nfTftr  l«tfrw%9  d^iMld  fif^wfe,  WK  f^W^ftj  vi4Xk  f^nrwfei 
^TO%  f^^wi%>  and  ^9mt  ftfTHfir.  These  are  Arabic  words  and 
the  work  being  copied  within  a  few  years  of  its  compilation, 
they  go  to  support  the  theory  of  the  work  having  an  Arabic 
work  as  its  original. 

The  Ms.  is  designated  Y. 

The  two  books  which  were  of  great  use  to  me  in  the  con- 
struction of  some  of  the  figures,  particularly  figures  of  the  latter 
portion,  were  the  well-known  Gregory's  edition  of  1703  contain- 
ing all  the  fifteen  books  in  the  Latin  and  the  Greek  and  ob- 
tained from  England  through  my  pupil,  Mr.  Triumbakr&o 
J&davr§*o  DesS^i,  Barrister  at  Law,  and  another  excellent  edition, 
published  in  London  in  1570  by  Mr.  H.  BiUingsley.  It  is  the 
first  translation  into  English  of  Euclid's  work  as  its  title-page 
which  runs  as  under  shews : — 

*  The  difficalty  of  constracting  figures  will  be  anderstood,  when  ifc  is 
borne  in  mind  that  most  of  the  altematiye  proofs  given  by  Pandit  Jagannitha 
are  not  found  in  any  English  edition,  thafc  many  intermediate  steps  in  the 
proofs  of  Propositions  are  omitted,  that  no  authorities  are  given  and  that  the 
letters  7  and  W  occasion  a  deal  of  confusion  on  account  of  the  carelessness  of 
copyists. 


'The  ElementB  of  Qeometrie  of  the  most  auncieDt  Philoeo- 
pher  Evclide  of  Megara. 

Faitfafully  (  now  first  )  translated  into  the  Englishe  toung  by 
H.  Billingsley,  citizen  of  London. 

Whereunto  are  annexed  certaine  scholies,  annotations  and 
inuentions,  of  the  best  mathematiciens,  both  of  time  past,  and 
in  this  our  age. 

With  a  very  fruitfull  PrsBface  made  by  M.  J.  Dee,  specifying 
the  chief  mathematical!  sciSces,  what  they  are  and  wherunto 
commodious :  where,  also,  are  disclosed  certaine  new  secrets 
mathematical!  and  mechanical!  until!  these  our  daies  greatly 
missed. 

Imprinted  at  London  by  John  Daye/ 

The  Preface  of  Mr.  Dee  bears  the  year  1570.  It  has  at  its 
end  the  remarlc: — 

'Written  at  my  poor  house  at  Mortlake. 

Anno.  1570.  February  9.' 

The  Title-page  is  a  beautiful  one,  having  the  ten  pictures  of 
Ptolomeus,  Martinus,  Aratus,  Strabo,  Hipparchus,  Folibius, 
Qeometria,  Astronomia,  Arithmetica  and  Musica  and  a  motto 
Vvinere  Virescit  Veritas. 

This  valuable  work  contains  16  books.  In  the  introductory 
remarks  on  the  fourteenth  book,  it  is  said  that  Apollonius  was 
the  first  author  of  the  book,  which  was  afterwards  set  forth 
by  Hypsicles.  Mr.  Billingsley  quotes  from  the  Preface  of 
Hypeides  to  the  14th  book  in  support  of  his  statement. 
"  Basilides  of  Tire  (  sayth  Hypsicles  )  and  my  father  together, 
scanning,  and  peysing  a  writing  or  booke  of  Appollonius, 
which  was  of  the  comparison  of  a  dodecahedron  to  an 
icosahedron  inscribed  in  one  and  the  selfe  same  sphere,  and 
what  proportion  these  figures  had  the  one  to  the  other,  found 
that  Apollonius  had  fayled  in  this  matter.  But  afterward 
( sayth  he )  I  found  another  copy  or  booke  of  Apollonius, 
wherein  the  demonstration  of  that  matter  was  full  and  perfect 
and  shewed  it  unto  them,  whereat  they  much  rejoysed.    By 
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which  wordes  it  semeth  to  be  manifeBt  that  Apollonius  was 
the  first  author  of  this  booke^  which  was  afterward  set  forth  by 
Uypsicles.  For  so  his  own  wordes  after  in  ^the  same  pre£efcce 
seme  to  import."  Billingsley  gives  the  14th  book  as  set  forth 
both  by  Hypsicles  and  Flussas,  and  the  15th  book  as  set 
forth  by  Hypsicles  and  Campane  and  Flussas.  The  16th 
book,  which  he  says,  is  added  by  Flussas,  contains  37  Froposi* 
tions.  Billingsley's  edition  of  Euclid  is  a  veiy  important  book« 
It  is  a  big  volume  of  463  folios  and  was  with  great  difficulty 
purchased  from  Messrs.  Bernard  Quaritch,  15  Piccadilly, 
through  Mr.  Edward  Seymore  Hale  of  Bombay.  This  book  was 
of  great  use  to  me  in  settling  figures  of  Propositions  of  the 
10th  book  which  is  the  hardest  of  all,  as  it  deals  with  incom- 
mensurable quantitie& 


INTRODUCTION. 


THE  bekhaganita:  its  oontents. 

• 

The  Rekhaganita  or  the  Science  of  Qeometry  is  a  Sanskrit 
version  of  Euclid's  Elements  of  Geometry  by  Samr&t  Jagann&- 
tha  under  the  orders  of  Jayasiffiha,  king  of  Jeypore.  It  con- 
tains  fifteen  'adh;&yas'  or  books.  The  first  four  and  the  sixth 
books  are  devoted  to  plane  geometry  and  the  fifth  deals  with 
the  laws  of  proportion  which  are  utilized  in  the  sixth  book. 
The  contents  of  these  books  are  well-known  and  therefore  need 
no  detailed  account.  The  seventh^  eighth,  and  ninth  books  are 
purely  arithmetical.  As  the  subject-matter  of  the  tenth  book 
which  treats  of  incommensurable  quantities  and  of  the  eleventh 
and  the  succeeding  books  which  are  concerned  with  solid 
geometry  cannot  be  dear  unless  the  theory  of  numbers  is  ex- 
plained, the  intermediate  three  books,  the  seventh,  eighth,  and 
ninth,  are  devoted  to  the  elucidation  of  the  principles  of 
numbers.  A  number  ( nr )  is  defined  as  a  multitude  com- 
posed of  units  (j^y  Numbers  are  divided  into  even  (jm)  ^^^ 
<^d  (  fi^nf ).  Even  numbers  are  subdivided  into  evenly-even 
(fTH^nr)  Ai^d  evenly-odd  (f|i|ftM4<)»  Evenly^even  numbers  are 
those  which,  when  divided  by  an  even  number,  have  an  even 
quotient,  as  8.  Evenly-odd  numbers  are  those  which,  on  being 
divided  by  an  even  number,  give  an  odd  quotient^  as  6.  Odd 
numbers  may  be  oddly-odd  (ft^ii|fi|f|4j),  when  they  have  an  odd 
quotient,  on  being  divided  by  an  odd  number,  as  9.  Numbers 
are  further  divided  into  prime  numbers  ( snnvnF  )}  and  compo- 
site numbers  (irinilF)^  and  into  commensurable  (ftr%9}> 
and  incommensurable  ( f^  ).  A  number  produced  by  the 
product  of  two  numbers,  the  multiplier  (ipiv)  &nd  the  mul- 
tiplicand (g«i|),  is  a  plane  or  superficial  number  (  jhre^), 
the  two  numbers  ( jpnf  and  ijmip  )  being  called  its  sides  or 
arms  (  ^  )•  A  superficial  number,  multiplied  by  a  number, 
becomes  a  cube  number  (^pn;^).  The  product  of  a  number 
by  itself  is  a  square  number  (  W^Aff  )>  and  a  number,  multi- 
plied by  its  square^  becomes  a  cube  number  (9«n|F)*  Numbers 
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are  further  defined  as  proportional  (  ^nn^h^  ),  when  the  second 
is  the  same  multiple  of  the  first  as  the  fourdi  is  of  the  third. 
Like  plane  numbers  (  f|gii(!fl^|ft^4>ij^ }  and  like  cube  numbers 
(  4i^icfliiMH4>^  )  are  those  which  have  their  sides  proportional 
Finally  a  perfect  number  (  m^ii^  )  is  one  which  is  equal  to  the 

sum  of  all  its  aliquot  parts,  as  6.*  The  Seventh  Book  demonstra- 
tes in  general  the  most  common  properties  of  numbers,  chiefly 
of  prime  and  composite  numbers,  and  partly  treats  of  the  compa* 
risen  of  one  number  with  another.  The  enunciations  of  a  few 
propositions  will  make  this  clear.f  'If  of  two  numbers  the  less  is 
continually  taken  from  the  greater  until  unity  is  left,  the  two 
numbers  are  incommensurable  or  prime  to  one  another.'  'To  find 
the  greatest  common  measure  of  two  or  more  quantities.'  '  A 
small  quantity  is  a  part  of  a  large  quantity  or  of  its  multiple.' 
'  If  two  quantities  be  the  same  part  of  two  other  quantities, 
the  sum  of  the  first  two  shall  be  the  same  part  of  the  sum  of 
the  other  bwa'  '  K  from  two  numbers  two  other  numbers  in 
the  same  ratio  be  taken,  the  remainders  shall  be  in  the  same 
ratio.'  '  The  product  of  the  multiplicand  by  the  multiplier  is 
the  same  as  that  of  the  multiplier  by  the  multiplicand.'  '  If 
there  are  small  numbers  in  a  certain  ratio,  such  that  smsdler 
numbers  in  the  same  ratio  cannot  be  found,  then  these 
nupibers  shall  be  prime  to  one  another.'  '  If  a  certain  number 
is  prime  to  another,  its  square  also  shall  be  prime  to  it.'  'If 
two  numbers  are  incommensurable,  their  squares  as  well  as 
their  cubes  shall  also  be  incommensurable.'  '  To  find  the  least 
common  multiple  of  two  or  more  numbers.'  'To  find  the  least 
common  multiple  which  can  be  measured  by  many  fractions.'^ 
The  book  contains  39  propositions.  The  plane  and  solid 
numbers,  their  sides  and  proportion,  the  properties  of  square 
and  cube  numbers,  the  natures  and  conditions  of  their 
sides,  and  the  mean  proportional  numbers  of  plane,  solid, 
square,  and  cube  niunbers  form  mainly  the  subject  of  the 

*  The  aliqaot  parts  of  6  are  1, 2  and  3  and  these  together  make  up  the 
nomber,  6.  The  nambers  to  whioh  this  property  belongs  are  6;28;496;8128; 
33,550,336;  8,589,869,056;  137,438,691,328;  and  2,305,848,006,139,952,128.  AU 
perfect  nambers  terminate  with  6  or  28.    Vide  Chambers* '  Popalar  Educator.' 

t  Props.  1,  2  and  3,  4,  5,  7, 16,  21, 25,  27,  34  and  36,  and  39  respectively. 
Book  VII. 
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Eighth  Book.  To  elucidate  this  a  few  propositions  may  be  en- 
unciated. ^^  If  in  a  certain  series  of  numbers  in  a  certain  ratio, 
the  first  and  the  last  are  incommensurable,  then  these  are  the 
lowest  numbers  in  the  series  in  the  same  ratia'  'To  find  the 
lowest  numbers  in  a  certain  ratio/  'The  ratio  of  a  plane  or 
superficial  number  with  another  plane  number  shall  be  the 
product  of  the  ratios  of  the  sides  of  those  plane  numbers.'  '  If 
in  a  certain  series  in  a  certain  ratio,  the  first  number  measures 
the  last  number,  then  the  first  number  shall  also  measure  the 
second  number.'  '  IF  there  are  two  square  numbers  and  if 
there  is  a  mean  proportional  number  between  them,  the 
ratio  of  the  square  numbers  to  one  another  shall  be  equal 
to  the  square  of  the  ratio  of  the  sides  of  the  square 
numbers.'  '  The  squares  and  cubes  of  those  numbers  which 
are  in  a  certain  ratio  shall  also  be  in  the  same  ratio.' 
'If  a  number  &lls  between  two  numbers,  and  if  the 
three  numbers  are  in  the  same  ratio,  then  the  two  num- 
bers shall  be  like  plane  numbers.'  'If  between  two  numbers 
there  fall  two  other  numbers  so  that  the  four  numbers  are  in 
the  same  ratio,  then  the  two  numbers  (  between  which  two 
other  numbers  fall )  shall  be  like  solid  numbers'.  'If  three 
numbers  be  in  one  ratio,  and  if  the  first  be  a  square  number, 
the  third  shall  also  be  a  square  number'.  'If  four  numbers 
are  in  one  ratio  and  if  the  first  be  a  cube  number,  the  fourth 
shall  also  be  a  cube  number. '    '  Two   like  plane  numbers  are 

in  the  ratio  of  their  squares/  '  Two  like  solid  numbers  are  in 
the  ratio  of  their  cube&'*  There  are  in  all  27  propositions  in 
this  book.  The  Ninth  Book  continues  the  treatment  of  square 
and  cube  numbers,  takes  up  odd  and  even  numbers,  not 
hitherto  dealt  with,  and  treats  of  their  properties,  as  the  follow- 
ing enunciations  of  some  of  the  propositions  will  show.  '  The 
product  of  two  like  plane  numbers  is  a  square  number. '  '  The 
square  of  a  cube  number  is  a  cube  number.'  '  The  product  of 
two  cubes  shall  be  a  cube/  '  A  composite  number,  multiplied 
by  a  certain  number,  becomes  a  solid  number/  'If  in  a  series 
beginning  with  unity,  there  be  numbers  in  the   same  continual 

*  Props.  1, 2, 5,  7, 11, 13, 18, 19, 20, 21, 26,  and  27  respectively,  Book  Vm 
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proportion,  the  third  number  from  unity  is  a  square  number  and 
80  are  all  forward,  leaving  one  between,  the  fourth  number  from 
unity  is  a  cube  number  and  so  are  all  forward,  leaving  two 
between,  and  the  seventh  number  from  unity  is  both  a  square 
and  a  cube  and  so  are  all  forward,  leaving  five  between/  'If  the 
given  prime  numbers  measure  a  certain  least  number,  no  other 
prime  number  shall  measure  that  least  number/  'If  three  least 
numbers  be  in  the  same  ratio,  then  the  sum  of  any  two  of 
them  shall  be  incommensurable  with  the  third/  'If  there 
be  two  incommensurable  numbers  other  than  unity,  there  shall 
be  no  third  number  in  the  ratio  of  these  twa'  To  find  a 
third  number  in  the  ratio  of  two  numbers,  if  possible/  '  To 
find  a  fourth  number  in  the  ratio  of  three  numbers,  if  possible.' 
'  The  sum  of  any  number  of  even  numbers  shall  be  even/ 
'  The  sum  of  an  even  number  of  odd  numbers  shall  be  even/ 
'  The  sum  of  an  odd  number  of  odd  numbers  shall  be  odd/ 
'  If  an  even  number  be  taken  from  an  even  number,  the  re- 
mainder shall  be  an  even  number/  'If  an  odd  number  be 
taken  from  an  even  number,  the  remainder  shall  be  an  odd 
number/  '  If  an  even  number  be  taken  from  an  odd  number, 
the  remainder  shall  be  an  odd  number/  '  If  an  odd  number 
be  taken  from  an  odd  number,  the  remainder  shall  be  an 
even  number/  '  The  product  of  an  odd  number  and  an  even 
number  shall  be  an  even  number/  '  The  product  of  two  odd 
numbers  ib  odd/  '  An  odd  number  measures  an  odd  number 
with  an  odd  quotient/  'Numbers  beginning  with  two  in 
which  each  succeeding  number  is  double  of  the  preceding 
number  shall  be  evenly  even.'  '  A  number  whose  half  is  an 
odd  number  is  an  evenly  odd  number/  '  The  number,  which 
is  not  in  the  series  beginning  with  two  in  which  each  succeed- 
ing number  is  double  the  preceding  one  and  of  which  the  half 
is  not  an  odd  number,  is  evenly-even  and  also  evenly-odd'  '  In 
a  series  of  numbers  beginning  with  unity,  in  which  each  suc^ 
ceeding  number  is  double  of  the  preceding  one,  if  the  sum  of 
the  terms  be  a  prime  number,  then  the  product  of  this  sum 
and  the  last  number  shall  be  a  perfect  number/*    The  book 

*  ProvB,  1,  3,  4, 7,  8, 15, 16, 17, 19, 20,  21,  22, 23, 24,  25, 26,  27,  28,  29,  31, 
34, 35, 36  and  38,  Book  IX. 
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comprises  38  propositions.  The  Tenth  Book,  which  is  generally 
considered  as  the  hardest  of  all  the  books  to  understand,  treats 
of  lines  and  other  magnitudes  rational  and  irrational,  but  parti- 
cularly of  irrational  magnitudes  commensurable  and  incom- 
mensurable. Magnitudes  ( i.  e.  lines,  superficies  and  solids ) 
are  called  ftr^^  or  commensurable,  if  they  have  a  common 
measure  and  are  Bw  or  incommensurable  if  they  can  not  be 
measured  by  a  common  measure.  If  the  squares  of  lines  can 
be  measured  by  the  self-same  area,  the  lines  are  fiifoq^if  or 
commensurable  in  power,  and  the  lines  whose  squares  are  not 
measurable  by  the  same  area  are  fimc|4  or  incommensurable 
in  power.  If  there  is  a  line  supposed  and  laid  before  us,  of  any 
length  we  please,  if  this  line  thus  first  set  forth  is  imagined  to 
have  such  divisions  and  so  many  parts  as  we  list,  3,  4,  5  and 
so  forth,  which  may  be  applied  to  any  kind  of  measure,  inches, 
feet  and  such  others,  and  if  to  this  line  thus  first  supposed  and 
set  forth  be  compared  a  number  of  lines,  some  of  these  will  be 

commensurable  and  some  incommensurable;  and  of  com- 
mensurable lines  some  will  be  commensurable  both  dn  length 
and  power  and  some  commensurable  in  power  only;  and 
of  incommensurable  lines  some  will  be  incommensurable  in 
length  and  some  incommensurable  both  in  power  and 
length.  The  first  line  so  set,  to  which  and  to  the  squares  of 
which  other  lines  and  squares  are  compared,  is  called  a  ra- 
tional line  ( <^|^^gl4^^l  )•  Lines  which  are  commensurable 
to  this  line,  whether  in  length  and  power  or  in  power  only, 
are  also  rational ;  the  square  which  is  described  on  the 
rational  right  line  supposed  is  rational ;  and  the  squares  which 
are  commensurable  to  this  square  are  also  rational.  Thus  the 
line  which  is  first  supposed  and  set  forth,  the  lines  which  are 
commensurable  to  it,  the  square  on  it,   and  such  superficies  as 

are  commensurable  to  the  square  are  all  rational  and  constitute 
what  is  called  j^ift^<lRl»  The  rational  line  is  the  basis  of  most 
of  the  propositions  of  the  tenth  book  from  the  tenth  proposi- 
tion. The  line  which  is  incommensurable  to  the  first  line  sup- 
posed and  set  forth,  the  superficies  which  is  incommensurable 
to  the  square  (i^  e.  the  square  described  on  the  rational  line  ), 
and  the  line  the  square  of  which  shall  be  equal  to  that  superfi- 
4 


16 

des  are  called  irrational  (  fs^  ).  These  irrational  lines  and 
figures  are  the  chief  subject  of  the  tenth  book.  They  are 
divided  into  many  classes  of  which  13  are  the  chief.  They 
are  as  follows: — 

I.  A  medial  line  ( 9rs^|^ )  is  defined  in  Prop.  17.  A 
rectangle  which  has  its  sides  commensurable  in  power  only 
shall  be  irrational  and  is  called  a  medial  superficies.  The  line 
the  square  of  which  is  equal  to  this  figure  is  irrational  and  is 
called  a  medial  line.  Thus  a  medial  line  is  an  irrational  line 
of  which  the  square  equals  a  rectangle  contained  by  two  ra- 
tional lines  commensurable  in  power  only.  Propositions  from 
17  to  85  treat  of  the  properties  of  medial  lines.  It  will  be 
enough  to  note  a  few  of  these  to  shew  their  nature.  * '  A  line 
commensurable  to  a  medial  line  shall  also  be  a  medial  line.' 
'  The  difference  between  two  medial  superficies  is  irrational' 
'  To  find  out  two  medial  lines  commensurable  in  power  only^ 
containing  in  power  a  rational  or  a  medial  superficies.'  '  To 
find  out  two  medial  lines  incommensurable  in  power,  the 
squares  of  which ,  added  together,  make  a  medial  superficies 
and  twice  the  rectangle  of  which  is  rational.'* 

II.  A  binomial  line(  i|HJ^W  ^  ^^  ^^  ^^^^  irrational  line.  It 
is  treated  first  in  Prop.  33.  If  the  lines  which  are  com- 
mensurable in  power  only  be  added  together,  the  line  so  formed 
shall  be  irrational  and  is  called  a  binomial  line.  Thus  a 
binomial  line  is  an  irrational  line  composed  of  two  rational 
lines  commensurable  in  power  only.  It  is  made  up  of  two 
parts  or  names,  of  which  one  is  greater  than  the  other.  The 
square  of  one  part  is  therefore  greater  than  that  of  the  other. 
This  line  is  divided  into  six  classes,  viz.,  the  first  binomial  line 
( snro  irNrt^  ),  the  second  binomial  line  (  (^^A  4tn^  )  &Qd 
so  forth.  The  first  three  binomial  lines  ( sufi^,  f|[cft^  &i^d  ^fjSn 
iflq^^)  are  formed  when  the  square  of  the  greater  line 
exceeds  that  of  the  less  by  the  square  of  a  line  which  is  com* 
mensurable  in  length  to  it,  viz.,  the  greater ;  and  the  last  three 
kinds  of  binomial  lines  (  ^fffi,  ^TVT,  and  ^  ^jhrt^  )  ^^  formed 
when  the  square  of  the  greater  part  exceeds  the  square  of 

*  Props.  19, 20, 21, 22  and  31  zetpeotivdy. 
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the  less  by  the  square  of  a  line  incommensurable  in  length  to 
it,  viz.,  to  the  greater  part.  Propositions  from  45  to  50  show 
how  these  lines  are  found  out. 

m.  A  first  bimedial  line  ^  M^l*l44^<l4l<ft4af )  ^  defined  in 
Prop.  37  as  an  irrational  line  composed  of  two  medial  lines, 
commensurable  in  power  only,  containing  a  rational  superficies. 


(fif^ 


tional  line  composed  of  two  medial  lines,  commensurable  in 
power  only  and  containing  a  medial  superficiea  Prop;  38 
teaches  how  to  form  this  line. 

y.  A  greater  line  (  dfft^^^^i  ),  which  is  taught  in  Prop.  39, 
is  an  irrational  line  composed  of  two  lines  which  are  inoommen* 
surable  in  power,  the  squares,  of  which,  taken  together,  make 
a  rational  superficies  and  twice  the  rectangle  contained  by 
which  makes  a  medial  superficies. 

VL  A  line  containing  in  power  a  rational  and  a  medial 
superficies  (iRoftnar  ^i^OT  ^4lfS|[^9|li^9|4|Ui)4!il$fl4l4ifs^ 
9J^s(%f  y  is  next  taken  up  in  Prop.  40l  It  is  an  irrational 
line  composed  of  two  lines  which  are  incommensurable  in 
power,  the  squares  of  which  added  together  make  a  medial 
superficies,  but  the  superficies  which  they  contain  is  rational. 

YIL     A  line  containing  in  power  two  medial  superficies 

tional  line  composed  of  two  lines  whidi  are  incommensurable  in 
power,  the  squares  of  which  added  together  make  a  medial 
saperficiefi,  but  the  superficies  which  they  contain  is  me- 
dial, incommensurable  to  that  which  is  composed  of  the  two 
squares  added  together.    This  line  is  taught  in  Prop.  41. 

Propositions  42  to  69  deal  with  the  properties  of  the  above 
lines. 

The  next  line  taken  up  is 

Vni.  The  residual  line  (  4H*^<^^I  )•  ^^  method  of  form- 
ing the  line  is  taught  in  Prop.  70.  It  is  an  irrational  line 
which  is  left  when  from  a  rational  line  given  is  taken  a  ra- 
tumal  line  commensurable  to  the  whole  in  power  only. 
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Like  a  binomial  line  it  has  also  six  varietiea  The  first  three 
kinds  (snw,  ft^,  and  ^^^rrNh)  are  formed  when 
the  square  of  the  whole  line  made  up  of  the  residual  line  and 
the  line  joined  to  it  exceeds  the  square  of  the  line  joined  by 
the  square  of  a  line  commensurable  to  it  in  length ;  and  the 
last  three  kinds  ( ^^,  qspT  and  q^  ^^<<!4sil }  are  formed 
when  the  square  of  the  whole  line  made  up  of  the  residual 
line  and  the  line  joined  to  it  exceeds  the  square  of  the  line 
joined  by  the  square  of  a  line  incommensurable  to  it  in 
length.     Propositions  82  to  87  teach  how  to  find  these  lines. 

IX.  A  first  medial  residual  line  ( M^g|444j^^MA<s<l )  ^^  an 
irrational  line  which  remains,  when  from  a  medial  line  is  taken 
away  a  medial  line  commensurable  to  the  whole  in  power  only 
and  the  part  taken  away  and  the  whole  line  contain  a  rational 
superficies.     Proposition  71  deals  with  it. 

X.  The  next  proposition  treats  of  the  second  medial  residual 
line  ( fj[rf)^4ji»lj|fdO^I )  which  is  an  irrational  line  which  re- 
mains, when  firom  a  medial  line  is  taken  a  medial  line 
commensurable  to  the  whole  in  power  only  and  the  part  taken 
and  the  whole  line  contain  a  medial  superficies. 

XL    A  less    line    (^^ii^^),   taught  in  Prop.  73,  is  an 

irrational  line  which  remains,  when  from  a  right  line  is  t^ken 
a  line  incommensurable  in  power,  the  square  of  the  whole 
line  and  the  square  of  the  part  taken  together  make  a  ra- 
tional superficies,  and  twice  the  rectangle  contained  by  them 
makes  a  medial  superficie& 

Xn.  A  line  making  with  a  rational  superficies  the  whole 
superficies  medial  (  B||k^V!lj4t<l*l^^^^l )  ^^  an  irrational  line 
which  remains,  when  from  a  right  line  is  taken  a  right  line 
incommensurable  in  power  to  the  whole  line  and  the  square 
of  the  whole  line  and  of  the  part  taken  together  make  a  medial 
superficies  and  twice  the  rectangle  contained  by  them  is  ra- 
tional.   This  is  treated  of  in  Prop.  77. 

XIII.  The  last  irrational  line  is  taken  up  in  the  next 
Prop.  (  78  ).  It  is  a  line  making  with  a  medial  superficies  the 
whole  superficies  medial  (^TCinflTTlfYnEiT^^)-     It  is  an  irrational 
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line  which  remains,  when  from  a  right  line  is  taken  a  right 
line  incommensurable  to  it  in  power,  the  squares  of  the  whole 
line  and  of  the  part  taken  together  make  a  medial  superficies, 
and  twice  the  rectangle  contained  by  them  makes  up  a  medial 
supei  fides  incommensurable  to  the  first  medial  superficies. 

The  Tenth  Book  is  the  longest  of  the  elements  and  contains 
in  all  109  propositions. 

Thus  in  the  first  ten  books  is  taught  whatever  is  requisite 
and  necessary  to  the  knowledge  of  all  superficial  figures  of  any 
sort  whatever.  The  remaining  books  are  concerned  with  solid 
figures  (^if^^))  such  as  cubes,  cones  (^fl^)}  Pyramids 
(  <tvfi4i<^4>NH^ei  ),  cylinders  (  ^4jd<J^*<4a4>MRRl^mitJ>^H$r^  ^^ 
WRrenwre^RFf %^ ),  prisms  (&f^?|iR%^),  spheres  (ifte^) 
and  parallelepipeds  (  ^UMi^a^vi^Mc^M^^^  or  v^tn^gng^  ).  The 
eleventh  book  contains  41  propositions  and  propositions,  24th  to 
the  end,  treat  of  the  properties  of  parallelepipeds. 

The  Twelfth  Book  sets  forth  the  properties  of  pyramids, 
prisms,  cones,  cylinders  and  spheres,  and  compares  pyramids  to 
pyramids  and  prisma  Likewise  are  compared  cones,  cy- 
linders and  spheres ;  and  to  prove  the  properties  of  these  bodies 
it  is*  first  established  that  like  polygons  inscribed  in  circles  and 
the  circles  themselves  are  to  one  another  as  the  squares  of  their 
diameters.  The  enunciations  of  a  few  propositions  will  clearly 
shew  the  nature  of  the  book.*  *  Every  pyramid  having  a  triangle 
as  its  base  may  be  divided  into  four  parts,  of  which  two  are 
equal  and  similar  pyramids  and  the  other  two  are  equal  prisms 
greater  than  half  the  whole  pyramid.'  '  Pyramids  having  tri- 
angles as  their  bases  and  of  the  same  altitude  are  to  one  an- 
other as  their  base&'  '  Every  prism  can  be  divided  into  three 
equal  pyramids  having  triangles  as  their  bases.'  *  If  two  py- 
ramids having  triangles  as  their  bases  be  similar,  they  shall  be 
in  the  treble  ratio  of  that  which  their  like  sides  have.'  '  A  cone 
is  a  third  part  of  a  cylinder  having  the  same  base  and  altitude 
with  it.'  '  Like  cylinders  and  cones  are  in  the  treble  ratio  of 
that  in  which  the  diameters  of  their  circles  (bases)  are.'  'Spheres 

•  Props.  3,  5,  6,  8,  9, 10,  and  15,  Book  XII. 
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are  in  the  treble  ratio  of  that  in  which  their  diameters  are/ 
There  are  in  all  15  propositions  in  the  book. 

The  Thirteenth  Book  teaches  the  most  wonderful  properties  of 
a  line  divided  by  an  extreme  and  mean  proportion,  the  com- 
position  of  the  five  regular  solids,  a  tetrahedron,  a  cube,  an  octo- 
hedron,  an  icosahedron,  a  dodecahedron  (^«^B9^rai^9  CRf^y  ^- 
g'fci^WH^Iiil,  ra^lfil4>^»ad^^>  ^^ji^am^l^»»ft^i  respectively), 
the  method  of  inscribing  them  in  a  sphere  and  a  comparison 
of  the  solids  to  one  another  and  to  the  sphere  in  which  they 
are  inscribed.    The  book  contains  21  propositiona 

The  Fourteenth  Book  which  comprises  ten  propositions  treats 
of  the  comparison  and  proportion  of  the  five  regular  solids. 

The  Fifteenth  Book,  which  is  the  last  book  in  our  text,  deals 
with  the  inscription  of  the  five  regular  bodies  within  one 
another.  It  teaches  how  to  inscribe  an  equilateral  cone  in  a 
cube,  an  octohedron  in  an  equilateral  cone,  or  in  a  cube,  a  cube 
in  an  octohedron,  and  a  dodecahedron  in  an  icosahedron. 

The  striking  features  of  the  Bekhaganita. 

Having  thus  given  a  Te»wrM  of  the  contents  of  the  Rekh&- 
ganita,  let  me  next  point  out  the  striking  features  of  the  work 
as  compared  to  English  editions  of  Euclid. 

1.  Definitions^  Postulates,  and  Axioms  are  called  irf^irraT  or 
Terminology. 

2.  Axioms  are  given  before  Postulates  and  the  last  three 
Axioms  are  placed  after  the  Postulates. 

3.  The  Twelfth  Axiom  has  a  simpler  form.  It  is  defined  as 
follows: — 

If  two  straight  lines  which  are  not  parallel  be  produced  in 
the  direction  in  which  the  distance  between  them  is  greater 
the  further  they  are  produced,  the  greater  the  distance  between 
them ;  while  if  they  are  produced  in  the  direction  in  which  the 
distance  is  less,  the  further  they  are  produced,  the  less  the 
distance  between  them  till  at  length  the  two  straight  lines 
meet  together,  and  then  the  distance  between  them  goes  on 
increasing. 
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4  This  fonn  of  the  12th  Axiom  necessitates  the  introduc- 
tion of  the  following  propositions  preliminary  to  the  29th  Pro- 
position of  the  First  Book: — 

(1)  Of  all  the  straight  lines  that  can  be  drawn  from  a  given 
point  on  a  given  straight  line,  the  perpendicular  is  the  shortest. 

(2)  The  Kne  joining  the  free  extremities  of  two  equal  per- 
pendiculars to  a  given  straight  line  makes  equal  angles  with 
the  perpendiculars. 

(3)  The  line  joining  the  free  extremities  of  two  equal  per- 
pendiculars to  a  given  straight  line  makes  right  angles  with 
the  perpendiculars. 

(4)  The  opposite  sides  of  a  rectangle  are  equal. 

(5)  If  two  perpendiculars  be  drawn  to  a  line  and  a  straight 
line  be  drawn  across  the  perpendiculars,  of  the  four  angles 
made  by  the  line  with  each  perpendicular,  the  alternate  angles 
shall  be  equal,  the  exterior  angle  shall  be  equal  to  the  interior 
and  opposite  angle  upon  the  same  side  of  the  line  and  the  two 
interior  angles  upon  the  same  side  of  the  line  shall  be  together 
equal  to  two  right  angles. 

(6)  If  the  four  angles  formed  by  the  intersection  of  two 
lines  be  not  right  angles,  then  a  perpendicular  on  one  of  the 
lines  shall  meet  the  other  line  in  the  direction  of  the  acute 
angle. 

(7)  If  a  straight  line  falls  upon  two  other  straight  lines  and 
if  the  interior  angles  on  one  side  are  less  than  two  right  angles, 
then  the  two  straight  lines  shall  meet  in  that  direction  only. 

6.  In  the  proof  of  propositions  throughout  the  book,  no 
authorities  are  given  anywhere.  For  the  sake  of  conciseness 
a  few  intermediate  steps,  which  may  be  understood  without 
being  mentioned,  are  omitted. 
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6.  Most  of  the  propositions  have  oue  or  more  alternative 
proofs  given  for  them.  The  following  propositions  have  alter- 
native proofs: — 

Book  I. 

6,  9, 11, 12, 18,  20,  21,  24,  25,  26,  32,  33,  34,  47. 

Of  these  18th  and  20th  Propositions  have  two  alternative 
proofs  ;  and  Prop.  47  th  is  proved  in  seventeen  ways  by  describ- 
ing squares  in  different  ways.  In  each  of  these  seventeen  alter- 
native proofs  there  are  three  diagrams  caused  by  the  equality 
and  the  inequality  of  the  sides  that  contain  the  right  angle. 

BookIL 

1,  2,  3,  4,  6,  6,  7,  8,  9,  10, 11, 14. 

Of  these  Propositions  9  and  10  have  two  alternative  proofs. 
Book  III. 

3,  4,  5,  8,  9, 10, 11, 12, 13, 14, 15, 16, 17,  30,  31,  33, 36. 
Prop.  30  has  three  alternative  proofs. 
Book  IV. 

1,  2,  3,  6, 10, 11, 12, 13, 14. 

Propositions  10th  and  13th  have  two  alternative  proofe. 
BookV. 

14,  17, 18, 19,  20,  22. 

Proposition  22nd  has  two  alternative  proofs. 
Book  VI 
1,  2,  3,  4,  5,  6,  9, 10,  11,  12,  15,  18,  29,  31,  32. 

Propositions  9  and  10  have  two  alternative  proof& 
Book  VII. 

7,  13,  28. 
Book  X. 

1, 12,  64,  65. 
Book  Xn. 
9,13. 
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Book  XIII. 

7.  The  number  of  propositions  and  their  order  in  some 
Adbyayas  is  different. 

In  Book  III.  our  text  has  36  propositions,  propositions  11  and 
12  being  included  in  proposition  11  as  under: — 

If  two  circles  touch  one  another  internally  or  externally,  the 
straight  line  which  joins  their  centers  being  produced  shall 
pass  through  the  point  of  contact' 

In  Book  v.  propositions  12  and  13  in  the  Sanskrit  text  are 
found  to  be  propositions  13  and  12  respectively  in  Bil/s  edition. 


*  Of  110  alternative  proofs  in  all  the  books  taken  together,  the  following 
tm  lUductio  ad  Ahsurdumi'^ 
Book  L  Prop.  20,  21,  34. 
Book  m.  Prop.  8,  4,  9, 10, 11, 12, 13,  17. 
Book  Vi.  Prop.  2,  4,  5,  6. 
Book  VII.  Prop.  7, 28. 
The  following  are  found  in  Bil. 

( I.  o  ),  ( 1. 12 ),  ( I.  20  one  alternative ),  ( 1. 25 ),  (  VIL  13 ). 
Book  I. 

Prop.  11  is  only  a  particular  case. 

Prop.  24  contains  three  cases. 

Prop.  25  gives  the  direct  proof. 
Book  ni. 

Prop.  8  gives  a  common  proof  to  Propositions  7  and  8. 

Prop.  9  gives  the  direct  proof  found  in  recent  editions  of  Euclid. 

Prop.  30  gives  the  converse  of  the  1st  part  of  the  Proof. 
Book  IV. 

Prop.  L  is  the  converse  of  Prop.  I. 


24 

In  Book  VI.  the  order  of  most  of  the  propositions  is  different 
as  below: — 


Rekh&.ganitA. 

Bil/s 

edition  and  Greg.'s  edition. 

9 

13 

10 

11 

11 

12 

12 

9 

13 

10 

18 

19 

19 

20 

20 

18 

23 

24 

24 

26 

25 

23 

26 

25 

31 

32 

82 

31 

Propositions  27,28  and  29,  which  are  omitted  in  recent  edi- 
tions of  Geometry,  are  found  in  the  Rekhaganita  and  Bil/s  and 
Greg/s  editions. 

In  Book  VII.  the  Rekhaganita  has  39  propositions  and  Bil/s 
edition  has  41  propositions.  Of  the  two  additional  propositions 
in  the  English  text,  proposition  20  is  noticed  in  the  Sanskrit 
text  as  corollary  to  proposition  19  and  proposition  22,  which  is 
enunciated  as  follows  in  BiL's  edition,  finds  no  place  in  the 
Sanskrit  text: — 

'If  there  be  three  numbers,  and  other  numbers  equal  unto 
them  in  magnitude,  which  being  compared  two  and  two  are  in 
the  self-same  proportion  and  if  also  the  proportion  of  them  be 
perturbate,  then  of  equality  they  shall  be  in  one  and  the  same 
proportion/ 

This  proposition  is  omitted,  perhaps  because  it  answers  to 
the  25th  proposition  of  Book  V, 


25 

The  following  shews  the  difference  in  the  order  of  proposi- 
tions in  the  two  texts:^^ 

Rekh&ganita.  Bil/s  edition. 

20  21 

21  24 

22  23 

23  25 

and  so  on  till  28  which  becomes  30  in  the  English  text 

29  33 

30  34 

31  31 

32  32 

33  35 

34  36 
and  so  on  till  the  end. 

In  Book  YIII.,  propositions  16  and  17  in  BiL's  edition  are  in 
the  Sanskrit  text  given  as  corollaries  to  propositions  14  and  15 
respectively,  and  26th  and  27th  propositions  in  the  Rekh&gani- 
ta  appear  as  corollaries  to  Prop.  25  in  BiL's  edition.  Thus  the 
total  number  of  propositions  in  both  the  works  is  the  same 
27. 

In  Book  IX.  the  Rekhaganita  contains  88  propositions,  while 
BiL's  edition  has  36.  Propositions  30  and  31  are  not  found  in 
Bil.'s  edition ;  but  they  are  mentioned  there  and  attributed  to 
Campane. 

The  difference  in  the  order  of  propositions  is  shown  below: — 

Rekhiganita.  BiL's  edition. 

14  20 

15  14 

16  15 

17  16 

18  17 

19  18 

20  19 

26  27 

27  26 

32  30 

33  31 

and  80  on  till  the  end. 
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^  In  Book  X.  Bil/s  edition  contains  9  propositions  more  than 
the  Bekh&ganita.  These  are  propositions  7,  8,  IS,  16,  24,  112. 
113,114,  and  116.    They  are  enunciated  as  under : — 

Prop.  7 

*  Magnitudes  incommensurable  have  not  that  proportion,  the 
one  to  the  other,  that  number  hath  to  number.' 

Prop.  8    Converse  of  the  above. 

Prop.  13 

'  If  there  be  two  magnitudes  commensurable,  and  if  one  of 
them  be  incommensurable  to  any  other  magnitude,  the  other 
also  shall  be  incommensurable  unto  the  same.' 

Prop.  16 

'  If  two  magnitudes  incommensurable  be  composed,  the  whole 
magnitude  also  shall  be  incommensurable  unto  either  of  the 
two  parts  components ;  and  if  the  whole  be  incommensurable  to 
one  of  the  parts  components,  those  first  magnitudes  also  shall  be 
incommensurable.' 

Prop  24 

'A  rectangle  parallelogram,  comprehended  under  medial  lines 
commensurable  in  length,  is  a  medial  rectangle  parallelogram.' 

'    Prop.  112 

'  The  square  of  a  rational  line  applied  unto  a  binomial  line 
maketh  the  breadth  or  other  side  a  residual  line,  whose  names 
are  commensurable  to  the  names  of  the  binomial  line  and  in 
the  selfsame  proportion;  and  moreover  that  residual  line  is  in 
the  self  same  order  of  residual  lines  that  the  binomial  line  is  of 
binomial  lines/ 

Prop.  113 

'  The  square  of  a  rational  line  applied  unto  a  residual  maketh 
the  breadth  or  other  side  a  binomial  line,  whose  names  are 
commensurable  to  the  names  of  the  residual  line,  and  in  the 
self  same  proportion ;  and  moreover  that  binomial  line  is  in  the 
self  same  order  of  binomial  lines  that  the  residual  line  is  of 
residual  lines.' 
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Prop.  lU 

'If  a  parallelogram  be  contained  tinder  a  residual  line  and  a 
binomial  line,  whose  names  are  oommensurable  to  the  names,  of 
the  residual  line  and  in  the  self  same  propdrtion,  the  line  which 
oontaineth  in  power  that  superficies  is  rational/ 

Prop.  116 

*  Now  let  us  prove  that  in  square  figures  the  diameter  is  in- 
commensurable in  length  to  the  side.' 

There  are  thus  nine  additional  propositions  in  Bil/s  edition  ; 
but  there  are  two  propositions  in  the  Rekh&ganita  which  are 
not  found  as  propositions  in  the  English  text.  They  are  27th 
and  29tlL  27th  proposition  is  mentioned  in  BiL's  edition  at  the 
end  of  the  31st  proposition  and  the  29th  proposition  is  given 
as  a  corollary  to  the  32nd  proposition.  The  difference  in  the 
number  of  propositions  in  the  two  books  is  thus  reduced  to 
seven,  the  Sanskrit  text  comprising  109  and  the  English  text 
116  propositions  in  all. 

The  difference  in  the  numbering  of  propositions  is  as 
follows: — 

Bekhaganita.  Bil/s  edition. 

7  '  9 

8  10 

9  11 

10  12 

11  15 

12  14 

13  17 

14  18 

and  so  on  up  to  19th  which  is  23rd  in  Bil.'s  edition. 


20 

26 

21 

27 

22 

28 

23 

25 

24 

29 

25 

30 

26 

31 

27 

Mentioned  at  the  end  of  Slst  Prop. 

28 

32 

29 

Cor.  to  32 

30 

33 

31 

34 

32 

35 

and  so  on  up 

to  108th  which  is 

.111th  in  £il.'s  edition. 

109 

115 

28 

In  Book  XL  Bil/s  edition  has  one  proposition,  38th,  which 
is  wanting  in  the  Bekh&ganita.   It  is  enunciated  as  below: — 

'  If  a  plane  superficies  be  erected  perpendicularly  to  a  plane 
superficies,  and  from  a  point  taken  in  one  of  the  plane  super* 
ficies  be  drawn  to  the  other  plane  superficies  a  perpendicular 
line,  that  perpendicular  line  shall  fall  upon  the  common  section 
of  those  plane  superficies.'  Propositions  32nd  and  35th  in  the 
Bekh&ganita  appear  as  2nd  cases  of  propositions  31st  and  34th 
respectively.  Thus  the  Sanskrit  text  has  in  all  41  propositions, 
while  the  English  text  has  40  propositions. 

.   The  following  shews  the  difference  in  the  order  of  proposi- 
tons: — 


Rekb&ganita. 

BiL's  edition. 

32 

2nd 

case  of  31 

33 

32 

34 

34 

35 

2nd 

case  of  34 

86 

• 

33 

37 

35 

38 

36 

39 

37 

40 

39 

41 

40 

In  Book  XII.,  6th,  13th,  and  14th  propositions  in  BiL's  edi- 
tion do  not  find  a  place  in  the  Sanskrit  text.  They  are  enun* 
ciated  as  under: — 

6th  Prop. 

'  Pyramids  consisting  under  one  and  the  self-same  altitude 
and  having  poligonon  figures  to  their  bases  are  in  that  propor- 
tion, the  one  to  the  other,  that  their  bases  are.' 

13th  Prop. 

'  If  a  cylinder  be  divided  by  a  plane  superficies  being  paral- 
lel to  the  two  opposite  plane  superficies,  then  as  the  one 
cylinder  is  to  the  other  cylinder,  so  is  the  axe  of  the  one  to  the 
axe  of  the  other.' 

14th  Prop. 

'  Cones  and  cylinders  consisting  upon  equal  bases  are  in  pro- 
portion  the  one  to  the  other  as  their  altitudes.' 

Thus  while  the  Sanskrit  text  has  15,  the  English  text  has 
18  propositions  in  all. 
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l^he  difference  in  the  order  of  propositionis  is  noticed  below:— 
Rekbiganita  Bil/s  edition. 

6  7 

7  9 
9                     10 

10  12 

12  15 

13  16 

14  17 

15  18 

In  Book  XIIL  the  Sanskrit  text  has  three  propositions  more 
than  Bil.'s  edition.  These  are  the  3rd,  4tb,  and  6th  propositions. 
Of  these  Prop.  3rd  is  noticed  in  BiL's  edition  as  a  theorem  added 
by  M.  Die.  The  order  of  the  propositions  in  both  the  texts 
varies  as  under: — 

BekhlLgauita.  Bil.'s  edition. 

5  3 

7  5 

8  4 

9  6 

10  7 

11  12 

12  9 

13  10 

14  8 

15  11 

16  13 

17  15 

18  14 

19  16 

20  17 

21  18 

In  Book  XIY.  Flussas  baa  twenty  propositions,  while  the 
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Rekbiganita  has  only  ten ;  and  there  is  no  agreement  in  the 
order  of  propositions  as  shown  below: — 

Rekh&ganita.  Flussas. 

2  3 

3  4 

4  5  . 
9  7 

10  2 

t 

Propositions  1,  6  and  8  agree  in  both. 

Proposition  5th  in  the  Bekh&ganita  is  noticed  by  Hypsicles 
after  the  3rd  Prop. ;  but  no  proposition  in  BiL's  edition  answers 
to  the  7th  Prop,  of  our  text. 

In  Book  XV.  I  find  nothing  in  Bil/s  edition  to  correspond  to 
Prop.  1  in  the  Sanskrit  text.  The  order  of  the  other  proposi- 
tions is  as  shown  under: — 

Rekh&ganita.  Bil.'s  edition. 

2  1 

3  2  after  Hypsicles. 

4  3 

5  4 

6  5 

8.  Prop.  7th  Book  I.  in  the  Rekhaganita  is  enunciated  in 
a  very  ingenious  way  as  under: — 

'The  straight  lines  drawn  from  the  extremities  of  one 
straight  line  (  on  the  same  side  of  it)  can  meet  in  one  point 
and  never  in  another.' 

This  enunciation  ia  Very  like  the  one  found  in  Bil.'s  edition: — 

'If  from  the  ends  of  one  line  be  drawn  two  right  lines  to  any 
point,  there  can  not  from  the  self-same  ends  on  the  same  side 
be  drawn  two  other  lines,  equal  to  the  two  first  lines,  the  one 
to  the  other^  to  any  other  point.' 
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Whether  the  ftekhAganita  is  aa  Original  work  or  a 

traaftlation. 

The  next  question  that  suggests  itself  for  consideration  is 
whether  the  Bekh&gauiia  is  an  original  work  or  a  translation. 
The  subjects  treated  in  the  di£ferent  books,  the  number  of  pro- 
positions in  each  of  them,  the  very  order  in  which  they  are 
given,  the  method  of  proof  adopted  in  them,  and  the  &ct  that 
the  author  flourished,  as  we  shall  see  further  on,  in  the  eight- 
eenth century,  leave  not  a  shadow  of  doubt  that  the  work  is  not 
original,  but  a  translation.  Nay,  if  there  is  any  doubt  on  the 
matter,  it  is  removed  by  one  of  the  Mss.  in  my  possession  which 
says  *wft8ft^^rwr  t^nrfW  fts^H^/  It  must  also  be  noted  that 
if  the  work  were  original,  the  letters  in  the  diagrams  illustrat- 
tmg  its  propositions  would  be  in  the  order  of  the  Sanskrit  al- 
phabet, either  nn  |[i  V  &c*  or  i^i  9,  zt  &c.  But  the  lettering  is 
Greek  or  Arabic,  both  being  Phoenician  in  character.  It  is  thus 
unquestionably  settled  on  the  above  grounds  that  the  work  is 
not  original,  but  a  translation. 

But  if  it  be  not  an  original  work,  how  are  the  following  intra* 
duGtory  stanzas  to  be  explained: — 

BTvT  wnd  wi*  'nr  wwnirwm  i 

uQil^M  M|KM^^Ri9l1|^l  Sf:  I 

WTwRr  iw?  ^wm  nTWf^fw  II 

These  verses  would  lead  the  reader  to  either  of  the  two 

conclusions,  that  the  Rekhftganita  was  an  original  work  or  that 

the  author  was  a  plagiarist.    That  the  work  is  not  original  is 

dear  from  the  above  causes.    That  it  is  not  easy  to  charge  the 

author  with  plagiarism  is  evident  from  the  fact  that  in   the 

introductory  stanzas  to  his  other  work,  'Siddh&nta-samraj'  he 

clearly  says  that  it  is  a  transition  of  an  Arabic  work,  'Mij&sti\ 
6 
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?^nriti 


^T^nifRt  giihn'r  dhfrnn  sreft??^:  n' 

How  then  is  this  inconsistency  to  be  explained?  The  problem, 
it  must  be  confessed,  is  not  easy  of  solution.  The  only  possible 
solution  seems  to  be  that  knowing  as  the  author  must  have 
done  that  the  science  of  Geometry  (  Ri^q^iw  )  was  first  culti- 
vated in  India  and  thence  imported  to  Greece  and  other 
countries,  and  that  it  was  in  his  time  completely  lost,  he  gave 
it  a  divine  origin  to  inspire  his  people  with  greater  respect  for 
it.  This  incidentally  lands  us  into  the  question 

Whether  Oeometry  was  first  discovered  in  India 

or  in  Greece. 

This  is  no  place  to  enter  into  an  exhaustive  treatment  of  the 
subject,  nor  is  it  possible  to  arrive  at  an  incontrovertible  solu- 
tion of  the  question  in  the  present  state  of  our  knowledge. 
Suffice  it  to  say  that  a  nation  to  which  the  world  owes  the 
ingenious  invention  of  numerical  symbols  and  the  decimal 
notation,  a  nation  which  made  great  advances  in  Algebra  and 
Arithmetic,  and  a  nation  which  made  independent  astronomical 
observations,  arrived  at  a  fairly  accurate  calculation  of  the  solar 
year  of  360  days  with  an  intercalary  month  every  three  years, 
was  acquainted  with  the  phases  of  the  moon,  and  had  made 
observations  of  a  few  of  the  fixed  stars* — a  nation  so  far  ad- 
vanced in  the  cultivation  of  mathematics  and  astronomy 
cannot  be  supposed  to  be  completely  ignorant  of  the  elements 
of  geometry.  It  will  not  be  amiss  to  quote  the  views  of  a 
few  western  scholars  on  this  subject: — "  Though  no  date  can  be 
fixed  to  the  commencement  of  geometry  in  India,  yet  the 
certainty  which  we  now  have  that  algebra  and  the  decimal 
arithmetic  have  come  from  that  quarter,  the  recorded  visits 
of  the  earlier  Greek  philosophers  to  Hindustan  ( though  we 
allow  weight  rather  to  the  tendency  to  suppose  that  philo- 
sophers visited  India  than  to  the  strength  of  the  evidence 
»      "         '     »— ^^  ■  ■■  »^^— ^^»^»^ 

♦  VWe  Imperial  Gwetteer  of  India*  Vol.  VI»  pp.  104.6  by  W.  W.  Hantor. 
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■ 

that  they  actually  did  so )  together  with  very  striking  proofs 
of  originality  which  abound  in  the  writings  of  that  country; 
make  it  essential  to  consider  the  claim  of  the  Hindus  or  of 
their  predecessors  to  the  invention  of  geometry.  That  is, 
waiving  the  question  whether  they  were  Hindus  who  invent' 
ed  decimal  Arithmetic  and  Algebra  we  advance  that  the 
people  that  first  taught  those  branches  of  science  is  very  likely 
to  have  been  the  first  that  taught  Geometry  and  again  seeing 
that  we  certainly  obtained  the  former  two  either  from  or  at 
least  through  India,  we  think  it  highly  probable  that  the 
earliest  European  geometry  also  came  either  from  or  through  the 
same  countr}^"*  *  In  Geometry,  the  points  of  contact  between 
the  S'ulva  Sutras  and  the  work  of  the  Gre^  are  so  consider- 
able that  according  to  Cantor,  the  historian  of  Mathematics, 
borrowing  must  have  taken  place  on  one  side  or  the  other. 
Tn  the  opinion  of  that  authority,  the  S'ulva  S&tras  were  in- 
fluenced by  the  Alexandrian  geometry  of  Hero  (  215  B.  C.) 
which  be  thinks,  came  to  India  after  100  B.  C.  The  S'ulva 
Siltras,  are,  however,  probably  far  earlier  than  that  date,  for 
they  form  an  integral  portion  of  the  S'rauta  Siitras  and  their 
geometry  is  a  part  of  the  Brahmanical  theology,  having  taken 
its  rise  in  India  from  practical  motives  as  much  as  the  science 
of  grammar.  The  prose  parts  of  the  Tajurvedas  and  the 
Br&hmanas  constantly  speak  of  the  arrangement  of  the  sac- 
rificial ground  and  the  construction  of  altars  according  to  very 
strict  rules,  the  slightest  deviation  from  which  might  cause 
the  greatest  disaster.'f  *  Whatever  conclusions  we  may  arrive 
as  to  the  original  source  of  the  first  astronomical  ideas  current 
in  the  world,  it  is  probable  that  to  the  Hindus  is  due  the  in- 
vention of  algebra,  and  its  application  to  astronomy  and  geo- 
metry.'J  'For  whatever  is  closely  connected  with  the  ancient 
religion  must  be  considered  as  having  sprung  up  among  the 
Indians  themselves,  unless  positive  evidence  of  the  strongest 
kind  point  to  a  contrary  conclusion.'§    *  The  geometrical   pro- 

♦  Vide  the  article  on  ^Geometry'  Penny  Cyclopaedia,  Vol.  XI. 
t  Vide  'History  of  Sanskrit  Literature'  by  A.  A,  Maodonell,  p.  424. 
:;:  Monier  WUliams'  'Indian  Wisdom'  p.  184. 

§  Dr.  O.  Thibant  on  the  S'alva  Sutras.   Vide  '  Journal  of  the  Asiatic 
Society  of  Bengal,'  1876,  p.  228, 
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poBition^  the  diioovery  of  which  the  Greeks  ascribed  to  Pytha- 
goras, was  known  to  the  old  Ach&ryas,  in  its  essence  at  least.* 
It  should  not  at  the  same  time  be  ignored  that  Herodotus,  the 
well  known  Greek  historian,  attributes  the  invention  of  the 
Boienoe  to  the  Egyptians.  *  Herodotus,  the  earliest  authority 
on  the  subject,  assigns  the  origin  of  the  art  to  the  necessity  of 
measuring  lands  in  Egypt  for  the  purposes  of  taxation  in  the 
reign  of  Sesostris  about  1416-1357  R  C.  (Hera  B.  IL 
Chap.  109  )•    This  is  probable  as  not  only  resting  on  such 

authority,  but  also  because  a  priori  we  should  expect  the 
necessity  of  measuring  lands  to  arise  with  property  in  land  and 

to  give  birth  to  the  art    Of  the  state  of  the  science,  however, 

among  the  Chaldeans  or  Egyptians,    we  have  no  recorA'f 

The  fisust  is  that    veiy  minute    rules  are  laid  down  in  the 

Taittirtya  Samhit&  and   the  Br&hmauas  for  the  arrangement 

of  the  sacrificial  ground  and   the  construction  of  altars  and 

in  the  Baudh&yana  and  Apastamba  for  the  shape  of    the 

bricks    required    for    the    construction   of    altars;^    and  that 

the  S'ulva  Stltras  which  form  the  30th  section  of  the  Kalpa 

Siitra  of  JLpastamba  and  which  are  assigned  by  Dr.  Thibaut 

to    high    antiquity§  teach    geometrical    principles    for   the 

construction  of  altars  for  the  S'rauta  sacrifices  and  contain 

a  number  of  geometrical  rules,  such  as  that  of  finding  the 

♦  'Journal  of  the  Asiatic  Society  of  Bengal,  1876/  p.  232. 
t  Chamben'  Encyclopaadia.  p.  700. 

Pi«ifMi4i{^mi1«h^«i^il<t  «!f)RfftinfC|[nr:  ^  nRrik^  i'    Introduction  to 
%irM^  by  S'ltotri  Darg&pras&da  Dviveda. 

§  'Besides  the  quaint  and  clumsy  terminology  often  employed  for  the  ex- 
pression of  yery  simple  operations— for  instance  in  the  rules  for  the  addition 
and  subtraction  of  squares— is  another  proof  of  the  high  antiquity  of  these 
rules  of  the  cord.*    'Journal  of  the  Asiatic  Society  of  Bengal  1875/  p.  271. 
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value  of  a  diagonal  of  a  square  in  relation  to  its  side,  of 
turning  a  square  into  a  circle  and  of  turning  a  circle  into 
a  square.*  Indeed  the  science  of  Oeometry  like  the  science 
of  Grammer  formed  a  part  of  the  Brahmanical  theology 
and  "it  is  not  likely  that  the  exclusive  Br&hmans  should 
have  been  willing  to  borrow  anything  closely  connected 
with  their  religion  from  foreigDera"+  Thus  there  is  a  strong 
probability  that  the  science  of  Geometry  was  invented  in 
India.  It  was,  however  not  cultivated  in  India ;  because  the 
construction  of  altars  which  originated  the  science  fell  into 
disuse  owing  to  the  rise  of  Buddhism  and  the  worship  of  images. 

The  Sekh&ganita,  a  translation  ofthe  Arabic  work 
on  Oeometry  by  Nasir  eddin. 

It  being  settled  that  the  Bekh&ganita  is  not  an  original  work 
the  next  question  that  naturally  requires  solution  is  to  decide 
the  original  of  which  it  is  a  translation.    This  proved  a  very 
difficult  task.    None  of  the  English  editions  of  Geometry  that 
are  available  to  us,  neither  the  celebrated  Gregory's  edition  in 
the  Latin  and  the  Greek,  nor  the  excellent  edition  of  Billings- 
ley^  the  very  first  version  of  Euclid  in  English,  contain  any  ofthe 
striking  characteristics  of  the  Rekhagauita  noted  before.    Help 
was  sought  from  some  of  the  Professors  of  Mathematics.    But 
replies  were  received  from  all  that  they  were  sorry  not  to  be 
able  to  help  me  in  the  matter.    Knowing  that    the    Arabians 
were  the  most  zealous    cultivators  of   the  Greek    sciences    of 
Astronomy  and  Geometry  between  the  9th  and  14th  centuries 
and  that  the  British  Museum  might  be  possessing  copies  of 
the  Arabic  versions  of  Euclid,  I  consulted  the  Secretary  of  the 
Oriental  Department  of  the  British  Museum,  London,  about 
the  original  of  the  work,  informing  him  of  some  of  the  cha- 

t  Vide  p.  424,  'History  of  Sanskrit  Literature*  by  A.  A.  Macdonell. 
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racteristics  of  the  Sanskrifc  work ;  but  he  too  wrote  to  me  that 
he  could  not  trace  the  original*  I  then  addressed  Mahamaho- 
p&dhystya  Sudhslkara  Dvivedi,  Professor  of  Mathematics, 
Government  Sanskrit  College,  Benares,  and  author  of  Qanaka- 
taraiigini  and  other  works,  requesting  him  to  let  me  know 
whether  he  had  any  arguments  in  support  of  what  he  advanced 
in  the  Ganakatarangini— *^<4)4»md:  «^  ^qilHgq>  ^^[1^- 

In  reply  the  S'&stri  wrote  to  me  that  he  had  ap  Arabic  work 
which  seemed  to  him  to  be  the  original  of  the  Bekh&ganita  and 
on  my  requesting  him  to  lend  me  the  work,  he  was  good  enough 
to  send  it  to  me.  The  Arabic  workf  contains  all  the  fifteen 
books.  On  comparing  it  with  the  Kekhfiganita  I  find  in  it  all 
the  striking  features  of  the  latter  noticed  above.  The  forty- 
seventh  proposition  of  the  First  Book  is  proved  in  seventeen 
ways4  The  book  contains  all  the  propositions  preparatory  to 
the  29  th  Prop,  of  the  first  book  that  are  found  in  the 
Sanskrit  text.  No  authorities  are  given  in  the  proof  of  proposi- 
tions. There  is  not  a  shadow  of  doubt  that  this  Arabic  work  is 
the  original  of  the  Rekh&ganita.  The  work  does  not  mention 
the  name  of  the  author,  but  the  Preface,  which  runs  as  under, 
makes  it  clear  that  the  author  is  the  same  scholar  that  has 
composed  'M&jisti': — 


*  The  foUowing  is  the  reply  received: — 

Bbitish  Museum, 

London:  W,  C. 

March  8, 1899, 
Dear  Sir, 

I  am  afraid  that  we  can  not  help  you  in  your  search  for  the  original  of  the 
Rekh&ganita.  We  have  nothing  in  Arabic  which  appears  to  be  at  all  likely, 
and  we  do  not  possess  a  copy  of  James  Williamson's  work. 

Yours  faithfully, 
(  Signed  )  ROBERT  K.  DOUGLAS. 

t  I  found  another  Arabic  work  containing  all  the  fifteen  books  with  Prof. 
Isfah&ni,  but  it  contains  no  alternative  proofs  and  is  not  the  original  of  the 
Rekhdganita. 

I  PerigaVs  *  Messenger  of  Mathematics '  New  Series,  Vol.  III.  p.  104 
contains  alternative  proofs  of  Book  I.  Prop.  47. 
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J  .t VI  ci^  •a:^^  »\4dJ VI  aJI^  *Ix. VI  al.  ^^ jjl  ^  jJ-I 
U  JU.  J  .U-VI  JTj  jui^^  -JjUj  *LiVl  Cj/1»  .x.  j 
^<L.  xil  J^l  ^liTj^l  ol^*b  J«^l  jjcf-^j 


J^l  ^  Jb^j»  U j>l J  i^_>,  Ad.jL-1  J  Ullji*  J*lw::5'^y 
Jl  SjliVl  Ul  aSp  j.  Jil  ^^  c-l'j  ^Ull  ^^^^  ^[J3\ 

yi^y*  d)G  cJiS  U-bjij  j^Vi  jij)U5ti.l.,i  dJis 

^llt  S^^^^ JJiJ  *jU^I JyLji*JftJ(^-a.  4.1  ^1 

^ij-i  >-  ^3  cS  AiJ  J  Ji^i  ;^  s^l;  J  ^UXi 

OVUII  J^l  >js.  ^j  Ulj  ci^l  l^  Ul  wjfjil  j 

^ia\;t  ji^  Gi  ^uii  SI  jij-  c^w  s^i  I 

I 

^  S^l>^  C^iC  AiJ  ^j  ti^  j^  jl  J  w  •  JjVl  ^lili 
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The  following  is  the  English  rendering  of  the  passage, 
supplied  to  me  kindly  by  Professors  Isfahani  and  Sanj&n&  of  the 
Bh&vanagar  College : — 

Traise  be  to  God  from  whom  is  the  beginning  (of  every  thing) 
and  unto  whom  is  the  end  (  of  every  thing ).  He  possesses  the 
truths  of  all  events  and  in  His  hands  are  the  sources  of  all  things. 
And  the  blessings  of  God  be  on  Muhammad  and  his  chosen 
family. 

After  I  had  fioished  the  composition  of  the  "Majisti" 
(  Almagest  ),  I  thought  it  right  to  compose  (  edit )  the  book 
-which  contains  the  principles  of  number  and  calculation  at- 
tributed to  Euclides  of  "  Sur  "  with  a  brevity  not  injurious ;  also 
to  inquire  into  its  object  and  design  with  thorough  investigation, 
and  to  add  to  it  what  I  found  worthy  from  amongst  those 
(  principles  )  which  I  had  gathered  from  the  writings  of  experts 
in  this  science  or  had  discovered  by  my  ingenuity ;  also  to 
improve  upon  the  texts  of  the  two  editions  of  Hajjaj  and  Sabit 
by  giving  hints  either  about  additional  points  or  about  the 
differences  between  their  descriptions  of  Propositions  or  their 
Proofe. 

Then  I  commenced  it,  depending  upon  the  help  of  God,  Who 
is  every  thing  to  me  and  in  Whom  I  place  my  confidence. 

1  assert  that  the  book  (  of  Euclides  )  contains  15  chapters 
with  two  more  at  the  end  of  it  and  that  it  contains  altogether 
468  Propositions  in  the  edition  of  Hajjaj,  and  10  more  in  that 
of  Sabit ;  and  that  in  some  places  there  are  differences  as  to 
their  order  and  even  arrangement  (  of  proof);  and  I  have  taken 
down  the  number  of  Propositions  in  the  (  several )  chapters  as 
are  ( to  be  found )  in  the  edition  of  Sabit,  pointing  out  the 
difference  wherever  Hajjaj  does  not  agree  with  him. 

First  chapter — ^Propositions  47,  and  in  the  edition  of  Sabit 
one  more  Proposition  and  that  is  the  45th  and  it  is  customary 
to  prefix  to  these  a  statement  of  definitions  and  a  description 
of  established  principles  ( axioms )  and  well-known  subjects 
( ipostulates),  needful  to  the  exposition  of  the  Propositions.' 

The  Preface  states  that  the  author  undertook  the  work  on 
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Geometry  after  liaving  finished  'Majisti'  and  that  he  has-  drawn 
npon  the  wor\^  of  ^Hajjaja  and  Sabit,f  but  mostly  followed 
Sabit  in  whose  works  there  are  fifteen  chapters  and  478  propo- 
sitions, Hajjaja's  work  containing  468  propositions.  It  will  be 
noticed  that  the  Rekh&ganita  contains  478  propositions  in 
all.  Siddh&ntasamraj  is,  as  Pandit  Jagann&tha  himself  says,  a 
translation  of  Majisti. 

iT^RT  g^hsrni  ^fhif'^  sneirf^:  ii 

The  author  of  the  Arabic  works  seems  to  be  Nasir  eddin 
Mohammed  Ben  Hussein  Al  Thussi,  a  Persian  Astronomer,  who 
died  A.  D.  12764  Jagann&tha  thus  seems  to  have  translated 
both  the  astronomical  and  the  geometrical  works  of  the  same 
Arabic  author  Nasir. 

Cultivation  of  the  Science  of  Geometry. 

It  will  not,  I  believe,  be  out  of  place  to  give  a  brief  survey 


*  Hajjaja  Bin  Usui  Bia  Matar  was  an  inhabitant  of  Kafa  ( near  Bagdad ). 
He  translated  Euclid  in  two  vols.  One  of  which  was  named  Harnni  after  bis 
patron  Hamnal  rashid,  and  the  other  Mamnni  after  his  patron  Mamnnal  rashld 
son  of  Hamnal  rashid.  This  is  described  by  the  philosopher  Hanain  bin  Ishak. 
These  two  vols,  are  commented  upon  by  Sabit  bin  Karrah  Heranl  ( inhabitant 
of  Hera).  Hajjaja's  works  are  also  commented  upon  by  Abu  Usman  Damishkl. 

t  'The  astronomer  Thabet  ben  Korrah  was  one  of  the  translators  or  rather 
perhaps  revised  the  translation  of  Honein  ben  Ishak,  who  died  A.  d.  873. 
There  is  a  mannscript  in  the  Bodlein  Library  purporting  to  be  the  translation 
of  the  latter  edition  by  the  former.'    Penny  Cyolopsedia  Vol.  XI. 

t  He  was  a  Persian.  He  translated  Euclid  into  Arabia  *The  same  author 
( B*  Herbelot )  gives  the  names  of  the  Arabic  versions,  one  of  which,  that  of 
Nasir  eddin,  the  most  celebrated  of  all,  was  printed  at  the  Medicean  press  of 
Bome  in  1594'.  Penny  Cydopasdia  Vol.  XL  'Nasir  died  aged  about  70.  He  a^o 
wrote  a  work  on  Geography.  He  went  to  Tartary  and  won  the  friendship  of 
Hulaka,  snmamed,  Hkhan,  the  brother  of  the  reigning  prince  of  Tartary. 
Hnlaka  was  prevailed  upon  by  Nasir  to  give  up  the  invasion  of  Constantinople 
and  to  invade  Persia.  Hulaku  overran  Persia,  fixed  his  seat  at  Marajha  in 
Azerbijan  where  he  collected  men  of  science,  built  an  observatory  and  placed 
Nasir  at  the  head  of  both.  The  instruments  there  used  are  described  from 
an  Arabic  manuscript.  The  tables  made  at  this  observatory  are  called  the 
Hchanic  Tables  from  the  name  of  their  author's  patron.  They  enjoyed  great 
reputation  in  the  East.  The  Ilchanic  tables,  according  to  Delambre  diJSer 
from  thoee  of  Ptolemy  only  in  the  correction  of  some  of  the  mean  motions,' 
Vide  the  article  on  *Majistr,  Fenny  Cyelopsedia. 
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of  the  rise  and  development  of  the  science  of  Geometry  among 
the  Oreeks.  According  to  Froclus,  a  commentator  on  Euclid's 
'Elements',  the  art  was  brought  from  Egypt  to  Greece  by 
Thales.  He  and  Pythagoras  founded  the  earliest  schools  of 
geometry  in  Greece  in  the  6th  century  B.  0.  Pythagoras  was 
the  first  that  gave  geometry  the  form  of  a  deductive  science 
and  discovered  the  47th  proposition  of  the  1st  book  and  other 
propositions.  Pythagoras  was  followed  by  Anaxagoras 
iEnopides,  Hippocrates  of  Chios  and  others.  Plato  was  the  next 
to  advance  the  science.  "Over  his  Academy  at  Athens,  he 
placed  the  celebrated  inscription,  'Let  no  one  ignorant  of  Geo* 
metry  enter  here',  thus  recognizing  it  as  the  first  of  the  sciences 
and  as  the  proper  introduction  to  the  higher  philosophy."* 
Many  of  his  pupils  cultivated  the  science.  One  of  them^ 
Euxodus  generalized  the  results  of  his  studies  at  the  Academy 
in  a  treatise.  Aristotle  also  wrote  a  work  on  Geometry  and  it 
was  firom  one  of  his  pupils  Endemus  that  Proclus  took  most  of 
his  matter.  Aristaeus  is  reputed  to  be  the  instructor  of 
Euclid  in  Geometry.f  It  is  not  known  where  Euclid  was  bom. 
He  flourished  in  the  reign  of  Ptolemy,  the  son  of  Lagus  (323-284f 
B.  C).  "He  put  together  the  Elements  and  arranged  many  things 
of  Endoxus  and  gave  unanswerable  demonstrations  of  many 
things  which  had  been  loosely  demonstrated  before  him.":]:  It 
is  said  that  Ptolemy  asked  him  an  easy  method  of  studying 
geometry,  to  which  he  replied  that  there  was  no  royal  road  to 
learning.  He  belonged  to  the  Platonic  sect.  He  opened  a 
school  at  Alexandria.  Besides  the  Elements  which  are  com- 
mented upon  by  Campanus,  Proclus,  Pappus,  Pelitarius  and 
others,  he  is  said  to  have  written  the  following  works: — 

1  A    treatise   on   Fallacies,    preparatory   to  geometrica 

reasoning. 

2  Four  books  of  Conic  sections. 

3  On  Divisional 

4  On  Porisms  in  three  booka 
6  Locorum  ad  Superfidem. 

*  Chambers*  Eaoyolopaadia,  p.  700. 

t  Vide  Chambera*  Encyclopsedia,  p.  700, 

t  Penny  Cyclopaedia,  Vol.  ^I, 
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All  these  books  are  lost.    The  following  exist  and  are  men* 
tdoned  in  Gregory's  edition: — 

6  On  Optics  and  Catoptrics. 

7  On  Astronomical  Appearances. 

8  The  Division  of  the  Scale  and  Introduction  to  Harmony. 

9  A  Book  of  Data.* 

The  science  of  Geometry  was  continued  to  be  cultivated  by  the 
Greeks  even  after  they  were  subdued  by  the  Romans.  The 
Romans^  however  were  completely  ignorant  of  the  science  of 
mathematics,  and  only  one  Roman,  Bcethius,  who  flourished 
at  the  end  of  5th  and  the  beginning  of  the  6th  century 
waa  acquainted  with  the  science.  He  translated  the  first  Book 
of  Enclid.  **  The  rise  of  the  Mohammedan  power  in  the  7th  c. 
and  the  rapid  and  desolating  consequences  which  followed 
further  hastened  the  extinction  of  the  Greek  sciences.  The 
time  now  came  when  those  who  devoted  themselves  to  science 
were  everywhere  branded  as  magicians  and  exposed  to 
popular  fury.  It  was  in  these  times  that  fortunately  for  civili* 
zation  an  asylum  was  found  for  the  spirit  of  inquiry  in  Arabia. 
An  acquaintance  with  the  science  of  the  Hindus  prepared  the 
Arabians  for  the  reception  of  the  writings  of  the  Greek  astro- 
nomers and  mathematicians  and  the  dispersion  of  the  scientific 
coteries  of  Alexandria  gave  to  Bagdad  many  preceptors  in  the 
learning  of  the  west  In  little  more  than  a  century  after  it  took 
place  the  Arabians  were  the  most  zealous  patrons  and  culti- 
vators of  Greek  science  and  from  the  9  th  to  the  14th  centuries 
they  produced  many  astronomers,  geometricians,  &c.  and 
through  them  the  mathematical  sciences  were  again  restored 
to  Europe  towards  the  close  of  the  14th  c.,  being  first  received 
in  Spain  and  Italy.^f  The  movement  was  aided  by  the 
Renaissance  in  the  16th  century,  but  so  great  was  the  reverence 
of  scholars  for  the  name  of  Euclid  that  no  improvement  waa 
made  in  it  till  the  times  of  Kepler  and  Descrates. 

Pandit  Ja^ann&tha  and  his  works. 

Very  little  is  known  of  the  author  besides  the  fact  that  he  was 

'  ■■ '        ■      ■■     ■       "  ■  ■       -  ■  I 

•  Vide  Penny  Cyclopaedia,  Vol.  XI. 
t  Chambers*  Bnpydopndia,  p.  700. 
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patronized  by  Jayasiinha  II.,  better  known  as  Savai  Jayasitaba, 
king  of  Jeypur,  who  ruled  forty-four  years  (a.  d.  169&-1743). 
We  know  this  from  what  the  author  himself  says  in  the  Preface 
and  also  at  the  end  of  eveiy  'adhyaya'.  There  is  a  tradition  notic* 
ed  by  MahSbmahop&dhyftya  Pandit  Sudh^kara  Dvivedi  in  the 
Gaijiakatarafigini  that  to  falsify  what  Persian  and  Arabic 
scholars  in  the  court  of  king  Aurangzebe  said,  that  the 
Sanskrit  Pandits  could  not  master  Persian  or  Arabic,  king  Jaya- 
simha  of  Jeypur,  who  was  sent  by  Aurungzebe  in  1672  to 
fight  Sivaji,  brought  Pandit  Jagann&tha,  who  was  then  only  20 
and  who  was  thoroughly  proficient  in  Sanskrit,  to  his  country  to 
teach  him  Persian  and  Arabic.  He  acquired  a  thorough  know- 
ledge of  both  the  languages  in  a  short  time.  He  composed  the 
Bekh&ganita  and  the  Sidh&ntasamr&j.  They  are  both  transla- 
tions  of  Arabic  works  as  is  shown  before.  The  SiddhiLntasamr&j 
contains  thirteen  Adhyayas,  one  hundred  and  forty  one  Praka- 
ranas  and  one  hundred  and  ninety-six  nlshetras.  It  contains  both 
verse  and  prose.  Jagann3,tha  seems  to  have  translated  the  'M^- 
jisti'  in  verse.  He  explains  it  in  prose  and  in  the  course  of  his 
explanations,  quotes  the  views  of  the  Arabic  scholars,  MirjA, 
Uiukavega   and  others  and  of  the   Emperor  Mahomed  Shah.* 

"  «W  ftiW^^^4|^  ft^:  JRsrn  «"  and  in  many  other  places. 

iW>fnnnT  HmUf'wiWq^  ^wr  fntin  fws  i  tot  w^Rnwnfw^  irni^RniTrir 

'WT  44(44 4l|(fHl4ll  «r8R  wt  JEWS  htW  H 
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Many  of  the  proofe  given  in  the  work  are  those  found  out  by 
king  Jayasiiiiha  himself.  The  following  are  the  opening 
stanzas  of  the  work: — 


'd'W^  HR^IJPWW^  ^f^TRIT  filfifcw  HJfli^ 

^WF  ^^  ^[WTW:  ipftlf:  II  ^  II 

sreiT^ipt  ^lRNdHI449S  I 
WWHRIw  WW  W^W^  II  ^  M 

^(^ff{)  <l^<ifrAHIK^yi4^  I 
Ml^ll^^lljiiiv  ^  'TWWt "  ^  M 
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HlA^W  wOTW  (^41^11^  TO^  ^  I 

Bekh&ganita  was  the  name  given  to  the  translation  of  the 
Arabic  work  of  Nasir  eddin  by  Jagann&tha  himself    Both  the 

Bekh&ganita  and  the    Siddhantasamrdj   were  composed    by 

Pandit  Jagann&tha  at  the  direction  of  king  Jayasiu&ha  who  was 

80  much  pleased  with  the  Pandit  at  their  composition  that  he 

is  said  to  have  presented  him  with  grants  of  many  villages. 

King  Jayasimha  H.  or  Savai  Jayasimha. 

King  Jayasimha,  who  was  our  author's  patron,  was  a  flower 
of  the  Hindu  princes  of  Hindustan.  He  had  a  fervent  love  for 
mathematics  and  astronomy  and  did  more  than  any  other 
prince  to  promote  the  cultivation  of  astronomical  and  mathema- 
tical studies.  As  a  statesman  and  legislator  he  was  equally 
famous.  He  removed  his  capital  from  Amb^r  to  Jayap^ra  which 
was  founded  by  him  in  1728  and  which  became  the  seat  of 
science  and  art.  "Jeipoor  is  the  only  city  in  India  built  upon 
a  regular  plan,  with  streets  bisecting  each  other  at  right  angles. 
The  merit  of  the  design  and  execution  is  assigned  to  Vidy&« 
dhara,  a  native  of  Bengal^  one  of  the  most  eminent  coadjutors, 
of  the  prince  in  all  his  scientiiSc  pursuits,  both  astronomical 
and  historical."!  The  king  was  highly  esteemed  for  his  mathe- 

*  MahAmabopftdhjftya  Sudh&kara  Byivedi  has  the  following  verse  In  place 
of  the  loth  verse  and  also  an  additional  verse  as  under  :-^ 

?wr  Ri^i^^^^N  ^rarng  ywfir  ^!ggn  i 

^^<n*<»^^'  ^  R^>»II^HW4>:  ft«r:  I 

nortCTift  5'ftvn'i  ^fWic^  xwit^:  ii 

t  Vide  Col.  Tod's  'Bftjasth&n&,  Vol.  II.  pp.  356r-59. 
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matical  knowledge.  He  coBBtructed  a  set  of  observatories  at 
Delhi,  Jayapftra,  Oojem,  Benares,  and  Mathur&  and  instruments 
invented  by  him  were  used  there  for  astronomical  observations. 
He  corrected  the  Tables  of  De  la  Hire  which  were  published  in 
1702  by  his  observations  at  different  observatories  for  seven 
years.  The  inaccuracies  of  these  tables  were  in  his  opinion 
due  to  instruments  of  inferior  diameters.  "The  Bajput  prince 
might  justly  boast  of  his  instruments.  With  that  at  Delhi  he 
in  A.  B.  1729  determined  the  obliquity  of  the  Ecliptic  to  be 
23^  28'  within  28*  of  what  it  was  determined  to  be  the  year 
following,  by  Qodin.  His  general  accuracy  was  further  put  to 
the  test  in  A.  D.  1793  by  our  scientific  countryman.  Dr.  W. 
Hunter,  who  compared  a  series  of  observations  on  the  latitude 
of  Oojein  with  that  established  by  the  Rajpoot  prince.  The 
difference  was  24"  and  Dr.  Hunter  does  not  depend  on  his 
own  observations  within  15^  Jeysing  made  the  latitude  23^ 
10'  N. ;  Dr.  Hunter,  23°,  10',  24*  N.  From .  the  results  of 
his  varied  observations  Jeysing  drew  up  a  set  of  tables,  -which 
he  entitled  Zeij  MaJuymedahahi,  dedicated  to  that  monarch. 
By  these  all  astronomical  computations  are  yet  made,  and 
almanacks  constructed."* 

"When  we  consider  that  Jeysing  carried  on  his  favourite 
pursuits  in  the  midst  of  perpetual  wars  and  court  intrigues, 
from  whose  debasing  influence  he  escaped  not  untainted,  when 
amidst  revolution,  the  destruction  of  the  empire,  and  the 
meteoric  rise  of  the  Maharattas  he  nob  only  steered  through  the 
dangers,  but  elevated  Amb^r  above  all  the  principalities  around, 
we  must  admit  that  he  was  an  extraordinary  man."f  ''His  name 
throughout  B§ljputl.n§b  and  also  in  M&lva  is  to  this  day  held 
in  the  highest  veneration  by  all  classes  of  the  Hindu  popula- 
tion. The  Marwari  S&vk&rs  hold  it  as  an  article  of  fEiith  that 
good  fortune  will  attend  their  dealings  if  they  take  the  name 
of  Jayasingh  along  with  that  of  their  gods  in  their  morning 
orisons."! 


*  Col.  Tod*8  'BajasthAna*  Vol.  n.,  pp.  356—69. 

t  Vide  CoL  Tod*8  BftjastUna  Vol.  IL  pp.  346^69. 

}  Vide  *Joanial  of  the  Asiatic  Society  of  BeDgal'  Vol.  IV.  pp.  93S'4S. 
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The  parefeitoty  verses  of  the  Bekhftganita  and  the  Siddh&nta* 
stmr&j  have  both  historical  allosioiis.  The  protection  which 
the  king  is  deaoribed  to  have  afforded  to  the  learned  firahmans 
of  y xind&vana  refers  to  the  persecutions  of  the  Brahmans  of 
Mathuri^  by  Aurangzebe  by  whose  orders  many  temples  were 
destroyed.  The  removal  of  the  '  people-grindiog  impost'  (j^ 
Wn^  Wfl  ^fiW^ )  ^^^^'^  ^  ^he  repeal  of  the  odious  Ja^iyi^ 
whidi  was  imposed  by  Aurangzebe  and  for  the  repeal  of  which 
king  JayasiAba  II.  is  given  by  Col.  Tod  the  credit  of  having 

written  the  most  fiery  letter  of  remonstrance.* 

Nothing  now  remains  but  to  acknowledge  my  gratitude  to 
my  firiend,  Prof.  S.  R&dhakrishna  Aiyar  B.  A.,  Principal  Mah&- 
r&j&'s  College,  PudukoUb,  who  read  over  the  translation  of  some 
of  the  alternative  proofs  to  see  whether  there  was  anything 
mathematically  wrong  in  them  and  Prof.  K.  J.  Sanj&nft^  Prof. 
IsfiBdi&ni,  Mah&mahop&dhy&ya  Sudh&kara  Dvivedt  and  other 
gentlemen  who  helped  me  in  various  waya 

HawadiA  Chakala, 
Sural,  10th  May  1901 


.  J  K.  P.  trivedI 


esES 


*  Mr.  Onne  attribaUs  the  aathonhip  of  the  letter  to  JasTantsionha  of 
Mftrwar. 


* 


«tlA«ldi  Pl(^g^4^^d<il4<if(! 

^  ?f5  ^l|iild^l^R^IK4  ^  II  H  II 

*^*s*K  ^1h<:<^»I^K  HcK^l  f^^RT  H.H"*^ 
sfHrs^^l^Rfi^l^^^:  «fkT^^:  II  ^  II 

jn^  5:^5^5^  ^rar  W  %i^:  II  8  II 

^  ^T5A«n^5T?RT^  ^te^  I 
^^  Ql^«lM  ^]1*«l*<<Nc||R<«l:  II  ^  II 

fl^r:  ^wr^^^rarat  ^<^HiRid^Ti^<<  11  \  11 


1  A.  b^^  the  work  as  follows: — aif  «iftiiih[iTq^:  lanit* 
^mfA  ^«tPiAr<^  l^d  I  d^lRH<  ^  &c.  E.  begins  it 
thus:— «ft»iihapr  sw:  i  «flmwt  jr:  i  «fl3^  sw  1  ^  fif%:  i 

ft^H^>i««4\Pi«n*i*iw*iwwPfi«nii?i'repj^t»id^  swiftr  fi»5nmwi  H 
X  'wgn.  \  ^'  K. 


"  .  '  • 

•  -     •    « 


MK*44«l^l>d<^HId  M<«nd^  II  ^  II 

m<i>iRm  mi  wm,  ^lui^H'^^d^  ii  ^  il 

1  f^lt^s  D.  ^  This  and  the  next  verse  are  omitted  in  B. 


^W^^Fli^  iiKHrl  I 


^Wlf  ^t^flr  il§l%  4J4|<hi<ji)  'HRf:  ^'^  f't'Jt  ^TR^  ^t  I 

K.  V  fip5^:  D.  A.  K.  h  ft«k|fc4<il-iite<i^  d4<M<*  ?i^ 
%^  I D.  K.  ^  E.  has  ^r?  in  the  beginning  and  omits  <I^ 
before  ^rogs.  n»  «nr  »Plfir  D.  <  wiRia  A.  B.  s  »IT  ^g?nr% 
«  'bN:  4  K  D. 


9 


«R^I 


3m  ^^^WyiF^I 

^  «Rra#  ^^RT  ^^T«n  W^  f^  ^?ra#  ^  I 
mnw^  f^  ^^  ^m^  wn^  ?^ifir  ^:  i;?^ 


?i^RJi^  ^^ra^  f"i^%?f  «!«#  I 


1  K.  omits  ^RSffe^fifwit.  ^  D.  omits  ?nr.  ^  '^Q^JI^  D. 


^i{1mR<w  g?ig«w5r:  hM^u  arRr#  mii^  \ 


■i«i^r»l»l|<Pi  f^  Ww  ^^^  I  g^WT  I 


1?l^sf^q>^r«TtS?^  '^  ^^^3|hR5'Rt«Tf^rH^|?IHI 


ssift^.  for  ftsj«r  K.    '^  «J^  D.  K.    \ 
tj).  K  A.  and  B.  omit  m^.    S  ^ri^igsi 


t 


TW  k  5Rtsfq  ^M*|wnw<  g^^^lm^g^  ^  I 


1  D.  omits  ^.  ^  vi^I).  K.  ^  B.  adds  ^m%  v  D.  K. 
add  aro  ^  after  ?mR.  «\  D.  adds  aw  ^  after  WIR  and 
omits  ^.  ^  K.  has  «iPRi  ^  tt«m.  D.  has  tN^and  B.  '^  Jwfr 
after  this. 


^» 


f^?RfirwFir' 


^wi^53^ 


«»IHT^I 

^  D.  K.  omit  the  whole  portion  from  this  to  airarlfit- 
^  f^  ^  'tPRlff.  ^  B.  adds  twn:  \  B.  adds  "^r.  v  ?tef^  A. 


«W  f^  ^ifW^  t^tm  '^Ffl  ^RM  ^  *I<W«  ^TO- 
^R^'^<5<i^<«*<*l<tl  ^(^^<««'^4^l^^<  N<ldsWlt«HRl  I 


•    ^ 


^T«r  SHUT  ?pni  I 

gsrf^i 
<!«wr  I 


1  A.  omits  ^.  ^  D.  begins  it  \yith  «m.  X  K.  inserts 
»Plfit  after  antrt.  v  A.  and  B.  omit  ?pr.  H  B.  omits  «?r. 
<  «R  ftffcr  ^  ?r5qft  &c.  D.  and  A. 


^  f^:  3lf%i  ^i^  ^  ^a  ^UfiKi\  I 

wil  I  S'lwf  ^s^  Vf^ 

^  B.  and  D.  omit  i|^.  ^  D.  has  ?RT:  for  cT^.  ^  D.  K. 
omit  iPT.  V  D.  K.  omit  irf^q^rat  K  A.  and  B.  g^nRT.  <  A. 
B.  omit  it. 


\o 


31^^  iR^^RRHR^  i%5['^  II 


?T^  f^k^  ^fRW  ^^^  5IW  ^f^'rar 

^^  I  riFTRi.  3i|r  ^  ^- 
<yiti*iMi  w^  II 


•Jo 


iW^cRa  m^^iRT*!^^  ^hnSrors^  ^^- 


n  •^<siw*<Hlfa  D.  ^  D.  K.  omit  «!%.  x  omitted  in  D.  K. 
V  omitted  in  D.  K.  H  omitted  in  D.  K.  ^  ^m^  ^  A.  B. 
w  D.  K.  omit  ^a  %t  <  ■i'SThii^R"!  2«i^^.  A.  B.  ^  '^re- 
an.  D.K.  1.  D.  omits  «Pr^J$ii5'Hrf^  i  11  D.  adds^ift 
after  QiR. 


u 


^#if^  ^  ?«R?R  1 1?#  ffT  ^  f^N^  ^n^ 'rat  ^^ns^ 

snr  'rant  ^i^  i 


^RSTOt'15'}  ^H\A  'iT'il^   I  3i«r  ^^ig[^  wn 

'PIT  3R^3#  31^  ^>8lilHW(^  ?l^ 


1  A.  B.  add  ^  after  *<Rmft.  ^  E. 


,  \  D.  inserts 


«r^«f  ^r^TS^  «W3^  «f^t3t«T  SR^ 

<nR^3^  ^  ^fnpr:  inrg^:  fppt«r:  sf^ 

innpi^  M«i4^H  ^^Fli^  ^wu'  I  w  ^RfPFtTJ  ^5r* 

^W  I  cRIT   W^   ^^tW    f^m  "^ 

n  =^  fiW:  A.  B.    ^  iiW:  A.  B. 


9T^  ^^:  I  w«r«*)M  ^  f^  fi^  M\(m  wH  1 3r- 

«l«i(^^^  «R^  MM*i^''  3R^^:  ^«l^(^^^t^    ^- 

s^^^i  ^;^i^  P^I^di  Fn^  1 3p«i- 

1  ^WR  *Pi€r  A.  B.    ^  Bwr^'^igw:    A.  B.    \  ^n^^mPr  D. 

V  D.  omits  ifct  at  the  end*    H  D.  K.    have  \^\iA  ft;«^. 
^  ftt5iT  srifmRr  D.  K. 


u 


fw:  I  ginrsr^:  «*im^i<  i  k^     "^/^ — y^ 

'n^   f^t^    ?RR:    ^#>jft  11^1^   ?RRt    »iRw((^  I 

^:  I  w^^  ^Rj^  ?«n^  ^  ^  '^  ?«irai^  5J^  ^ 
^f^  Mt  firw:  I  «T«rT  «rf^  ^^  i 

"I  ?rat  D.    \  dsr-jjgwfti:  A.  D. 


^[f^lft^  ffR4^*i^MWI«<t  !%:#  I^f^  ftfl^  W^' 
R:^  flff^  Prf^l  ?^- 


5W  •rnt  %w^  I 


F 


^^  iWsf^  #  fM  ^Pi%l  ^- 

S^^fl^  I 
'rat  ^^fiRi^^  f 3npf^3^  ^3np: 

^  D.  inserts  «nr  after  ^:.     \  ^f(^  D.  K. 


f  ^  f^ 


'rat  «i^(^lvii  ^f^wT«ni[  ?RT   ??r:  i 

|lt4^^^  ^  I  'S'lRr:  ?Wl:  *<!M«fl^:  I 

1  D.  omits  it.  ^  «ra:«ii»  ^^m^f^  xftmjIRi  K.  ^  D.  K. 
omit  from  g?r  io  •«nf«iT. 


*iH  I  551:  fr^[^  ^  1 1^  $•  ^  ^ 

^  'a^JUD.  ^  V  K.  ^  ft*%ift^')^fa  D.  I^Nnff^ratsfti.  K. 
V  «r:  D.  K.    H  gn:  D.    ^  A.  B.  add  <ii,\^nA  ft»m3  i  K. 
adds  «wM, 
\ 


\m\  3rf^  ^pJ^  I  Jt:   W3FWR  ^  vpk  I  ^- 

srra^  I  s^r:  ^^?gi35«rr  ^r^  <pi^  ^  1 3??:  sii^ 

n  D.  omits  it.  ^  A.  B.  add  ^,  \  A.  B.  add  f(,  v  D. 
omits  it.  H  '?^  3H^  ^^^*i4l4hR  f[^  aipn  i  A  B.  ^  A. 
B.  insert  aH^tiT^  >•  D.  omits  it.  «  B.  has  i(i^^<rnifts^  ii 
\  5«?5HK.  y*  br:  «#qtsft(r  A.  B.  ii  •%**  K.  ^\  pf*  K. 


^'^ 


^fg^i%  I  g^f^  '(R^  I 
W(m'  II 

«wtq^:^to^  II 


^  D  omits  ^.  X  omitted  in  D.  \  omitted  in  D.  v  ^< 


^* 


^JRT  ^  ^hiiac'f  ^*w^ui4<i  xfw(^  wf^  ^N8[- 


?Pf  ^^inj[4  f^'jC'RR  ^nTnFf  d^«^\<jnf^*i  if^ 

^  omitted  in  D.  ^  A  and  B.  omit  f|#^o^.  ^  ef^  K. 
ir  K.  and  B.  add  \<aift-i(4)«4|^4mi  fts^  ^  ^rtfit  ^m  Nf?it- 


^  'aW^'^^sJI  ?R3T  "CW  ^  SfRTT  | 

^  \  g^  ^^3r#^:  ^f^aPFtor:  ms[^^  ^  5^:  ^- 
1^  ^m  ^^H^\^  I  d^l^MM^l  '»I«H[^<S<I   «<^I^Rl  II 

wrapg^  ^RT^  «r:  i  w- 1  Wf^nP^- 


3r 


1  omitted  in  D.     '^  omitted  in  D.    ^  omitted  in  D. 
>»  omitted  in  D.    H  D  omits  f&.  ^  !ti&f<Tr  w  D.  K. 


\^ 


^igf^r.  w(^i  w(P^  'Rf^tT  li 


^ir^ 


#^ 


31^^ 


^^ 


T  ifR^r;  I  'rat  ^^^n^ml^  «Rirf%g^ 

Rd««Rd  i  dwf^Tb*|«i)MM5H^  I 


^ 


«fteH  n  D.    y  After  this  A  adds  <frRf  3tR^  i    ^  «l%^  JRn^ 
D.  K.    ^  omitted  in  D. 


\9 


^  ^Rti?w  srw^^'ir  sTJC^^M 


1  *^  D.  K.    ^  D.  omits  it.   ^   *Jti^  D.    v  ^Ji^^liH 


'rar  3?^^f^rg^  ^qi^iisii^^i;  t^>aii<^(N<bl:>(^  I 

5JRT:  II 


^  D.  K.  have  f^r:  for  ar^tTlf^:  i 


«l  D.  omits  this  sentence.  X  g^r:  5i*Kit\^ui  n^if^d^  %^  i 

<lJl^^<i>R"ii^  II  D.  spn  ii*KM^  ft^rfcRrtr  %5r  5^  ^n  1  K. 

^  D.  omits  from  ^^*  to  ^fpf^.  K.  omits  from  ftrg*  to  ^^. 
V  B.  inserts  ftfec^  after  ^.    ^  ^^  «lif^dH.  U  D,  K. 


^« 


«H|l^(^*li(^ 


[3ni#in?[f^:  I  ?reira  «i<^<ai*t' 


?l^^^^^l#Tt    W3T«l<Jl4l^ll«<R   ^T'Rf^? 


«lt  ^^ft^M  «R'l'R#^  *<!M«ft^^  I 


^  i!^l«»ft  'A.  B.  \  ^srt'Bft^a^  ^.  D. 


«iR^  |f^  ^rf^  I  'rat  *pr5- 
«i^y^«i^^y'»l"i^<iM^i'^itt  I  ^    srrf^  I  'rat 


1  ?i^  A.  B.    \^  inf^Rin  I  K, 


^^ 


^^ra^:  %^:  I 
^  I^^^M^- 

sj^bw^:  I 
1  »^«ttli><jl')<Mlfa  D.  K. 


\* 


f^  *lRwj(^  I  ?WRl^  IkRT?^  ^»^^   ?fP?T:'?Tf^    ^- 
Tl^  *^<!lixi  flRR^  ww4d  *Rw<(^  I   f?r:  I   ^^^ 

3rf^  ?^?r^  7^^^  ^rPt'^K  1^  *iRw<l^  I  T^rgprj- 


^  K.  adds  dlli^^lRl^^  #^  after  t^. 


g^i^f^:  ^'ri^^tq^  fe^5r^  I 


«lf^ 


^  "j^TbH+i^uDMR^i  f«r^  5T^Ri^  f^^ 


ST^^ 


?rfR# 


1  "^  ^3fl?rfcRm  %5n^  I  D.  K. 


\^ 


d^*¥i  f9r^[5r^  5^5^  f^cO^R^^^w  3^5^ 

ST;  M*Kl^<*i  I 
^  I  f^  fli^sisi<!*i  ^i^  I  3^:  f  %?5  s^  f^amrrt^ 
^yra!  I  cT^  ^^^Ri  ji^^  ^  3^;  ?aT<tr(^Ji^^  ^^^^ui 

WMI  ^Idl:  I  f5[^^^  ^<^^*bt"IKRn>  f^  fij^  I 

1  ^<;nd^H^H>  I  A,  B.  ^  ^^JRrgrosni i  A.B.  ^  jt^rri^i  D. 
5i^ra?cn™5 1  K.    V  K.  omits  ^fR%. 


\9 


35^  g^R*n^»rift5^  ^1^1 


K.  d^«^a'^'^*'*^  i  B.  v  A,  R  omit  the  portion  from  g«r:  to 

f^m^,  \  K»ra«nTO,  A,  B. 


^^ 


3^  fr^ff^l^  ^  3^  ^- 

I^tqg^^r:  ant  ^^[^q  ^^rflq^ 

clW^  1 1^^  ?Pr  ^#Bit  fi^  ?«n^  I  f^  ^  ^rg^t^ 
^i^(^  i 

PTn=^:  ^4l^^\  %i^mM\  ?«n^ ?Rr  ^r^  fif^  T^*^  I 
d<i  <[^«i:  gr^iitTfi^i^Ri  1^  ^^i^Ri  g^g^rftrf^ 

if^«rf^  I  ^<4*idM4»i<ii  ^mri  ^^t^  ^^  3r^  ^^  =? 
«i«Ri  l?i^  It  ^r^  m\^  w^  I ^4*)m^i*H*ni4^  li 

1  B.  inserts  ^  M^\ti*HMikH^'^*!^^%fii  firsqfir  after  ?^- 


\9 


^  5R55»glr  ^rf^  3^ 'R^i^  ^313^1^^  35^ 


I 


if^  35^    T  *(«<dlclV 


^  "^sreHt  A.  B.    ^  ft^j^  I  A.  B.  X  •^Pt^  ?5^ « f^  I>. 
K.  (i^q^qqini  I  B.  V  A.  B.  omit  the  portion  from  gsr:  to 

f^«Rn^.  H  K»i!Prran.  A.  B. 


\% 


3^  V^^i^Jf^  %^  3^  ^- 

a^mi^  I  ^  ri^  ^Rt»Jit  |i^  ?«rr^  I  ^rs^  =^  f%3^tqR 
?«rn3^i 

PTn=^:  ^nsft^f^i^Rt  PTparr  ?Kr  ^r^  ipf^  T^^  I 
if^«rf^  I  ^<4*ii44«t'il  ^mri  si^toft  f^  ar^t^ft  ^^  '^ 

1  B.  inserts  ^  «wr^lRt^?!R?R55q%sft  fir^qfir  after  ^n- 


^^ 


f5*^'h«i 


ws^ 


'TF?r- 


^^tort  5|^^:  5R^- 


RwjRl  I 


IRf^ 


TR:  I  'i|^«l*lu»H«J^*^"INP)    MRt  I  ?r^  ^<A<«<|  vb;^- 


^VS 


3|W5J*^«  ^:|  «W  55WI:  ^i^^^pqt  ^sf^| 

5«*^iiii«^i  ^  «CT^  I  ^?5ni3r  <i8HX^i^md^Pid1 
^hift  'Rf^  ^?iR^  ^?5Rrt  I 

q^  I  d-*iw*^«i  ^^m  w^  I  ^ 


\< 


^Tf^f^rg^   3R3^:  ^^^:    3i^^^- 

«i^*l"i\  ^I'n^  I  crfl  ^fg^T^fs^  ^  ?RT^  ^n^  \  3^: 
<*«i«^i  ^  «raf  ^  g4>JH^4s<M<lsiitimd^Pi<ift 

?R#Jh^   5JT^  I 
fcT:  I 

'T^  It  m^^  T 1^:  d<^5nc|(^*b«bt"h  «r«RT  ^' 


1  D.  and  A.  omit  9p?i^.  \  ?Rf  s^pif^  >iRwid: «  D. 


^^ 


oral  «^»<^«i)sRd  I  3R3^^  3rf - 


▼  s 


^  T  f 


»• 


^  ^  m^'^'^  *i,H<fc1«h  1^:  ?r^  i^t^iJRn^  5!«ir. 


^tcq^Tq^rm  R<!MH"M1^  I    dWI^4\    3R^   W^^tott 

?r3r ^^T^THRq ^i§5|^^  M<«<«»^<jl  3315^^ 

Fn^l^  if^g^r:  ^i^:  I  ^w  ^- 
^  ?m^  ^:  I  ^  m^ 


sirH^:  m^  m^  ^rrar^  i  ^^^im^nmi^i  i  crerraL 


'rf^  dfi^^i  *n(^<5ii  ?mRT  T  'Ri^  f%  g^^r^f^  ^'"R 
g^  ^^rWm  ira^^rr  !C^^  s«ttn^  I  wsgR^  ^  w^  I 

^Wl^  ?RJ^  ?«rafpi^  I  ^^^  'PI^  1 15*  ^  ^RRPB- 

'T<ii  <i»d(^^'^^*i  d*^^*i  ^R^^  «^l5r«r  «ir  ^mns  i 


m  ^0  s^sfq  sJH^m  «r^  ii 


f^wir 


w  iRf^  I  sn^^nn     « — ^ — « — s — ^^ 


I 


^     ?f     ?f     s     « 
f%«n^:  ^{^  ^JTRT  1^  ^w^i^^ll^  «i#cr  I 

ST:  <li>«H^  ?rf^  T^r  >lRwj(^  g^  tlfld^bl^'fe^  "if^- 

«qi^  *Rwi^(^  I  ^<*i«iwi**i41{i^  II 

3w  ^hh  ^5n^  I 

ITT  af^'STTt   ^^l^i    flft^TT  ^^:    5Tt5%  | 
^[#r^  in  ^  5Tt:  M^toi%^  ^:  I  3Rf:    3r^^ 

1  A.  B.  K.  omit  ^^nif^  f^TR  i 


t« 


wft^:  ir^nw  gT^hTR  ^rer- 


5RT  >^H*i^ui^«i>^t>g^^  ^JTRT  3r*ftCT  ft«?nTr: 


ara^n^:  I 


'^^n^i  I^i^ '^  ^  1 3^:  f^- 

iH*t«l«  ^^<5l^l  f%«Tni5^    ^[^\ 

^i  *RMdi:  I  3^:  f^f^^n^  5r<A<^MR  5^55'=^:    ^»5Rl^ 

«ra:  1 1^  f^^  ^^RHwii«rt  wf[^  wii  I  ^t^  ^- 
^  ^m^  w^rraf^  *i^««Rr:  1  ?wira  «i><j<»h^  «id^<^[^i: 


s 


•»  -^Jnin  55HI D.  A.  K.  omit  gsi^^RRw^i^sHr.    ^  Irt  for 


8\» 


ST 


iH:  q^^  1 351:  ^sarg^n^  ^^p^  ^  i«iijT^ 

351: 31^^  ;n^  ^  I  ^RimR  N" 

^^  ^niRp^^n^  I  351:    i>^^  Hh (^3^1*1  «ii 

qra*Rw<(^  il 


1  omitted  in  D.  ^  A.  B.  E  have  ^^, 


^:  I  ?RR|F^  ^*l«mPM#  %  ^:  ^^  f#dt  ^- 


9<K 


^V  ^4i*^\M\  M^^siW  ^ip^mi  ^TRT:    fS^sf^  I 


S^:  f|R^  f^^«^  ^HI^l^I^    I  f^:  I  W^- 

^d*^WI  IcKiuli  ^^FTT  #TRr: 

y  This  seatence  is  omitted  in  A.  6. 


V 


••••  •••••••     • 

•  !••  ••••/• 


• 


••  •     •  • 


•    • 


:••.:  ;•  :••!•••   


\o 


jr     ^  «l^^ywi   ^f^'CT^  I 

ti*iWM<i  ^frar  I  5^51^  II 

'rat  31^5^1.  ^Sl^^Pn:  <:IMMW<I 


351:  M*KI-d<H  I 

m  grR^idL  qi^'^^wi'-  ^nTRFcRi 
«pl^  3#  5JTW:  I  ?r?r  «nr^^: 

^q|<blM|4l<d^  ^HtT:  II  f^5|^^  II 


^^MmRi:  I 

351:  anR^:  ^snnptw^  m\^  w.  \  ^:  ^mt^ 

^3^  *l*IMW^  sirt:  I  5^^^MI^fto  U 


^^ 


3^:  iRJRF?r^l 

3I^3#  ^^2^  *IHMW<1  W[:  I  <<*)«ll<HI*n^8H,  II 

^^HhmRi:  I 
^  ?RT^  ^:  I  3^1:  3R^^: 

^^^^^  ^nn^  ^  I 

^^33i4^t«Rt%35Rt^  ^^  I  ^  sr^s^rq^g^  «^  i 


«Rn5pi  R^^  3n^  ^^^rt:  ^mpfT  «iw%  i 
m^  ^ira:  I  ^3r^^:  ^>3i«i<i^ii|<i   ^*<i«l1^  i  f^»par- 

'PIT  3nnR[^3^  ^^r^RfT'^l^sJ  ^  It  "^4^^  3t|i- 

^«^  ^:  I 

ar^twfrr:  I 

5T^i3^'  ^13^^  ^^3^  ^RT- 


«\« 


^TRT  Ig^m^  '^3^1  ^  I  CRT 


'rar  «i^^<n43^  fiw?r^3#'^  «RR^^^^t^ 

ai^tTrfTT:  I  ^ 91—^^ ^ 


^\ 


^iiHi'd^^^ji^l^wli*^!^  I  gw^npfs^  wn^  ^ra^  1 

«ratTrt%:  I 

qRl^l<  ^sA^Wl:  «*IHW<I  5r^    ^  I  3?!^- 

^Hftw  ^  I  3^:  «T^- 

^  ^rar  f^HiRid^<5ii- 


s% 


ff^?T^*f  ^5n^ 


*Rf^  I 


\\S 


'WT  ^R^^^ri^  ^«ivii(^ji^   W3i3%ft  3rf^^^- 

^w%  f^nS^  ITRRftcf  ^^^SRtoia-  ^idt^Rd    <!n**t\ 


«i<r 


'TOT  3i5r  flrg^  3R^  ^Jit  ^^^ife  I  ^  ^'sig^ 
m^  *Rwj|d  I  ji«i^R^i<t  ^i^^pir:  ^frTRFtRi  ^r^^ 

^Wt  ^RT5f  'iRf^  I 

wi«if5  «i<^*<ji^^^RRi  fi^ra^fe^rf^ 

^^tr^^:  i^RTi^^nn^  ^  ii 
3T#hqf%:  I 

3r^^f^r3^  g|^<^(^^  15^^^5R«T  ^niR  >iMiR«i*»fe  i 

ST:  ?R1I^I^  ^«B?rfW  ^^R1F^3^  ^^  '"'»5^- 


*^^ 


f  iRRCf^ni^  ^  tn*f^^45^w  ^fn^ 


^^  ^  ^N^  CRT  ^  ^ra^c^i^ 

^fsr  ^f^ql^^^Pit  ^f^qd^r^  ^f^q^ff^  ^  ^- 
^5'T:  rwi  'nir  3r^^-  ^ -^  ^^-^ 4 


to 
T«IT  td^^l  ^fl«mT  3r^3Rf  'qg^  ^f|q?T  5J^«r  I  ^' 

?ni  ^?«^  ^^nit  ^nr^  "^g^  ^  ^^Samft^  I 

m\  ^si^^Hi  ^Pl^ltt  3^3^:  ^vi|*H:  ^:  |  ^. 


J 


1  tl^HMIfJT  D. 


t^ 


?qi«t  I  ^^  ^^  W^  ^tNI  Tf^^^  Wr  ara^^fRT  5|f|: 
g^  gfW^^^Jit  >j|«|^*lu|  1?^  m^  ^:   I   ■|«lA4^*bl'in 

sii«j>3i«hl«n  «i«i^*1«i^dl  ^nrn^  =^  I  ^<i$«i^<b1un  ^^r^- 
*1«i«*{+l«w*ii«it  5TRr:  I  ^  ^jfi^km  m^  ^R?5T  ^  5imr  i 

f?T: I iranwtoit  ^r^sr^tot^r fwi^sf^i 3^:  ^k^i  ^w^- 
iiftsfl?r  I  ^  51^  ^f%  Tf^'T^  I  ST^?r^  «<^*i  ^ 


51^^  w  3T#  3nig9?  ^rf^tq^  I  anwr  ?r^  ?i^  T 
«i^  1 1^  %^sR  ^sTfi^  w^ra^  ?n?R  'if^^  I 

W5R5^:^PRnTR  »lRw<[cl    I   3!T:    3^^  XT^l^  'il^^i^^ 
=^3^    <d^^dJ^^*IH  »lRw<(^  I 


g^  «5^  ^3^  f^r3%f^  "n^nftHl  3R35j^  ^^ 


T    *T 


'5?  iRPR^sf^  3Rt^  ^^55*^  Pim>i^^:  I  ^^^Pt 

^^W^  i5c|<*H  3?n^:  I  3^:  3^^  g4t?TWr  'I'lT  ?^- 

:  M<i»KH>ll^  I 


^<i*ivi(^*<<fc)uN^j-ai^^'  f^npt'?i?n^ft^  I  ^  ?^ 


1  w*lA.  B.  ^  «i*iA.  B.  ^  ^HNlA.  B. 


55^:  ^TT^  ^<5Ci  ;3cqM  ?raT  5Rgir  ^j^  ?rr  ^- 

«rf^  I  rRT  «Ff^    ^f^    m{^^{^  ^^  art  ^>8|^*<H    WT 
q^jl^"!^  31515^  ^|l**)'^H  9^«h<b)()H  ^  il*<H^<^l 

^  B^  ^Rm  I    m  ^51^   3T^35R2r    *l*l<fe)UN$J^- 
^"T  WUA  ^RH^  II 


1  3Rr#^  TT^^ '"'^  ^n^rn  D.  K.    ^5^i|BnA.B. 


'RT 'q^t^RPT  ^  #n^  «Rt^  1 2rf^  ^tN  ^  q^  n3[T 
•^^ift  «|RUII<  tR(*l<  «*H^4  «|«lt4b<l^  -d^l*!^  I  3I?R- 


^3^  ^  ^^npr:  3i^3pr:  Tf9^:  fsnpr^  ?rrt:  i  3i^- 


^*<'^4J^^^  ^m^  I  ^  W*i\^iiM^H  %T:  f^  qi^ 

M*KI'tA«l|^  I 

5^5*^  '^i4\  I  ^|i^  ^^sfkr  I  liH^Pt^i^  pi^^wt 
^«R5*^  g?rr«r:  i  cw^  ^5i^<rfii«*ii  «fwI  i  3^:  *<*^«i 
^N^^raTHRRi    ^i«if  I  ^  ^  ^4^^wi    «ih4 

3nr3iB»g^  ^r^wf^  ^p^ff^  %f^  «^  ^:  i  ^ 

1  D.  K.  inserts  cW  after  «n.    ^  **cnfW  D. 


wiH  ^!^3?n«i^  1 5ptt  ffg54  ^i4^  I  ^^rp^  ^ira^" 

^  «r:  D.  K.  ^  ^  A.  B.  ^  wfKvm  D.  v  ft«r.  D.  H  ^' 
ai^  A.  B.  ^  %«>5q%  A.  B.  v»  ^^rttuRf  A.  B.  <  D.  K. 
omits  l(fit  fin^ij^. 


\ 


w^  ^  11^  3nr^  <?fcN%  ^  «if|:  qfiN%  i  j?!^- 


If  ^  ^:  II 

» 

S^rt  M<fcKH<^  II 

^  ^?nf^  3^w^  ^13^  f^3pW^  ^f 'ra^Wtt  w  ?i^ 


— ^    ^^  • 


«rftwN  J»^  »5«33r^ 'il^  Q1^41mR  iRN^^rt 
^  ^  A.  B. 


«• 


3IW^  ^i^:  I  3lf^  ^^^m^  f^IfRl 

^^mi  4|Rltl<  ^RJ5W^:   f«^:'SRt  ^  'PpH:   I  3^ 

^H^Pi^iBi         ^^^l^H^ilHHa^^l^ll^HM^  ^^^ft^MMHMH^M         ^^^^^^^^^MB^         ■■■^^M^X^MI^^         ■^■^^■IHM^  ^^^i^B^^MW^U         ^PWVP^W^         flnvfllk 

m  w^n'n  iinPi  ^'B?^  'Bnt  f^w  inf  ?wicr  w- 
^  I  crat  g»ra^i^^  ^ri#  ^  l>^  <^<ii  H.diP>  ^in- 

JT:  ?ni[^^:  ?R#I  ^t'TRt  «*)^«1  '^  4|^«|Rl^  5RW- 
JT^  sr^sf^  si^Ri:  ^^iwf%%  R<sl<4iJ<|^'»^(^^|:  || 


^  ^5%  f^»i%  A.  B.    ^  ^^^^i)<fiM<«ft<i  A.  B. 


'^  «qRr'vR«Rr:  i  ^^  5if^  ^  fNI  ^M  ^»^  •#- 

«^  lf^  g5jf?T  ^nTR  FTRt   I   «W^    5i^i4)MR  4(^M|(^ 

3^  -hRwiI^  I  gJT:  'iHviit^ji^  lUf^Br^^  ^f^r^iH^ 


Jp  «r 


^  "^^It^W^il  A.  B.  ^  <%  9iRit  A.  B.  ^  ff  A.  B.  E. 


vs^ 


^f^R^  ^re^JWf:   3Rft^JWt   ^:  I  JPf^fraL  f^R^^'^t 
&.  A.  B. 


vs^ 


u 

?^  ^^^^:  ?nTH?^W  5Wr^3T^:  ^PTPR^  ^3T^^- 
»Rt:  «*iM^lcJL  ^r^^toRt:    ^H^bl"!^*!   JT:  ^^ii^<(^5- 


^ra^^r:  3nrn?t%  ^  ^^fg^ 


1  H^iittHlMft  A.  B.  ^  A.  B.  omit  ^a^rat:.  x  "^^t^nfii^t^  A.  B. 

X  A  B.  omit  33raj|<«tra:.  H  "^spRfirgsr  wt>am^^im(it  ^«it 
^f^  Vnt^  A.  B. 


«» 


^  I  ^f^fRt  ^T^^tqR  3R;5J«r: 


^<^^i5^*'' 


vs^ 


S^PFT  'sjii^  ^#  q^  ^^  =^33^  T  q?f%  I 
^:  I  w  ^nr3^s-  ' 

^I^IW^C^^I    ^ 

?^  R^vHif^  «Rmp^  I  »T«^  ^j^^3^  =^  'if^^ifir  1 351: 
<nft4^i  ^  I  ^  3R5$?w  ^nrlt^RT  ^  ^?^  (^^^ift 

«if^  I  ^551^3^  S^t'^'^  ^  ^  ^n^t  I 

351:  5l^RP5R^  I 

^  55iir  ^  I  ?w  ^^11^  ^R^^  ^n^  ^f^ran:  I 

n  A.  B.  add  this  sentence.  X  A.  B.  read  this  sentence 
as  wna^  ^  'g:.   X  D.  omits  this. 


g^i^f^r^  ^<^<lRla^'i  v»i4<^Ri9^^T  '^  g%  q»r^  i^i^ 
3T^  3T#  5^  ^rra;  ?i^  "^3^ 


3*1:     ^^W^S^    aT^'^33^  WSf^- 

^^Bf^fmt  "^ig^  5iTcr^  i  3^:  g?^^  arsi^  ^t#n  1 


^  jw^A,  B. 


«« 


^^W^  I^IRL    ^^^    ^^^l^s^i 


^3n^2i^  ^i>^si#  ^f=^$3f^  w^v^  I  f^^^TH- 
^k^  I  ^P<4i^  l^Pi:    5%^ 

^  'HIT  g^  ^  ^:  I  rl^  3iRn-  ^J" 


1  A.  and  B.  have  ^jofr  #t:  sWHg^srra:.  viM:  i  ^  «II[- 


^< 


'5^  'Rift  f^S^rrPt  ?PTr^  -stMiPl  i'^^ 

3T^5!*^:    ani^gpit    3^3^:  ^:    I 


1  ••n  ^arn  wn:  g: « A.  B. 


vs^ 


♦    •^ 


«^Rt  ^  «n%5T  55q:  ;9rRC  I 


iwf^i  f — ?—? 

^Ri3#5rRr:  II  f 

arar  3Ic|^^Ns^<«IINId:  q|v»|«|iiv^^v»l«jmd4)<l4<;4)^fe  I 
frT:  I 


1  3?ig%^iT  W«I.  I  A.  B.  H  D.  K.  have  ^:  for  a^ff^. 
X  A.  B.  omit  this  sentence,  v  aw^^ng^rei^tsaraRRira^W^- 
oi^^raNfej^qtsfe  I  A.  B.  H  t«Rt  A.  B  ^  \^im:  ^ro^spJNft- 
?RR«»s?»W!'H^  *W%  I  A.  B.  v»  eraWTl^:  A.  B. 


W:  1  ^^Hld4)^w<  «5^  met:  ^r^r^r^^j^sfef  ^[^ 

^5T  ^ift  ^W^  I 

3f^  q^  g5#^  acvji^^wi  ^:  1 3r^^  ^nnr^- 

?RRRnt  ^W^  ^>»1^8|^fclid^H  ^^  %^  =^3011  ^t^- 

^1 


<\ 


4M4^^ 


«ni  Taw  %^  I 


^«53rt  ^WR  JsrerFTT  ^  ^rn^S^ 


<\ 


sRtqft  ^^tTft  ^^  ^^$^  t 


^9 

^  ^  ^'^i 3^1^  ^^  ?nn5Rfe  I  f  ^^.^^ 

^  5?t'TtS«I^    «T5^    >aH>^^    9T^#Jr   ^R^R  J|^ 

ST:  M+I<M<H,  11 


P(*i«ii  *«>A*ii  <*«'R<;(i  ar^^rar:  «i'(i'iw<i  w^  i 
3^%^  55^  tiV^^  ^t^  ^tnft  ^^^  «(tf*l"iH'(+ 

sRWR:  I  5=t:  an^  »I#  €5  5^  ^iH^  ^ll-llR  I  "^^ 
^^  wm  mm.  I  f^5>^witon  II 

M*KI-^<H.  II 

3T1  sraH  %^l 
rra  t^pn  »pft¥  '5iii<jL<i  ^f5  5f  Muijutnl- 


«*1HW<I  ^  I  <|<H>4^><HI  3R^W^:  ilHMMil  ^1 


<>s 


snt  ijr% '5?nf^  '^?^  wn^  I  't^aTf.  ?  ?  ?  5 


«r 


3(rsR*bi^ 


^  1^  II 

ij^nt  ^^1 


^^<<^4t4P)H  4<g41^RKi  I 


1  *^  3^  A.  B.  ^  o#ift  A.  B.  F. 


« 


^  I  ^^51^  'J^lftw  >3|^'<^NI  i<4iHM<l  ^   I   f^- 

fiq:?#^  ^<^^<^Wl:  ^*lMI'd<l  ^1  't^^flf^  «55- 
it  ^:  I  f5?^  fR^  «JH^  ^ 'HIT  ^^  TOT  ^ft«i%  I 


STf^^RT:  «*IHM<I  ^  I  ^T^fRl. 

5»^Pt  *«J^^^   ^^^mi   31^- 
^1T:  ^♦JHI'dil  «i)Rt  I 


•v    • 


I 


^^ 


*v    • 


*^    • 


're^  v^s^  %TT^  ^nrnft^  ^-   ^ — — — ^^ 
swj^  %?n^  ^mpft^  I  s^T^^r^- 

^l^W  ^JIT  ^Pjf  I    ^W^  rm  ^  ^^ 


1 

J 

«  ^ 


f^:  I  STJ  f  3T3^  ^^^i    'iftrar:  I  ?r^  3f^  aRRf^  ^ 

^^i»i.'t*<t^  I  ?R^  sHRT  ?r^  ^co^  g^sfi  3ira^  I 


^<iRlg*i^JL<<<i<t<rtMl^f^»i  ^n^  I 

^^  31^  ^n^  ^n^i  ir^  ^3i^3r^- 
1?^  ^  «i?[«i^<^^«i^l4l^H  ^^w%5^sf^  I  ^^^«r^- 

«^t  «i>ahMR  w\^'- 1  anr^:  ^<|ct<i«i>»t«i<i41<ii<i^  to^- 

«ratTrf%:  I 

5RW  ^f^  ^n»«54  5|T?T^  I  ?R[T  ^^^<i^^1<l4t<It  fe- 


^^ 


Rf^rras?^  ^  STB:  I  <<*l^i^i<fcP^sH>  II 


^^  f^  ^i^  I  ^f^  gf%i^  wi^ft^  I 

ai^tT#:  I 


35T:  M*KIH<*i,  11 

1^  ^g^nnftff^f^H'iTJT  ^  'T'tt  ^«i^<^^  ?f^- 


^tPt  'sjidiR  1 3^  ^^  ^^^- 


^  w^  m^  ^^  1 5^:  3r^  ^f^sari^^  Wr 

Spt  W^  ^S^  "i"?*^!   ^"^^Aill    J^n^i 

55*^:  %5%  W(m  ^M^  I  jj 

n  ?rf^  qr^  D.  d^  w^  K.  ^  ^ft  ^$c2t%  a.  B*  \  A. 
B.  add  %.  A.  B.  have  gsft^Ff  &c.  y  ^  A.  B,  \  tj^irft^ 
^Nt^  ^l^  ^fi^  &c.  B. 


W^3R^    ^"iJ^^WWI  ff\-jil(^^d*<l  V^I^H^    ^' 

"ITcr:  Ik!:  I  jsi^  ^^  gt^^lf^  f^  rf^jr  |lt   ^'Tft 
55»^3iRr:  I 

t  iMai  A.  B. 


^t 


gsfi:  I^FTC  ^RRT:  «f^  I  ^^  ^rf^  ITPTt 
1  ?^»T3TW^  A.  B.   ^  °%^?Tiqq?R[  A.  B. 


CRT  ^Wf^fPFtoR^R' 


'^^^54  q^qf  ^qi^  ^f^  ^"t:  <i>«^i^*i»^  5f 

'prr  «Rf^  ^^  ^^«ra^  I 

^mt^i  %^  M  ^«n^  I  lai^rsrwri^te^  il 


^^ 


%'jr" 


*[l«Rn^  I  ^31^  ^  I  ^5R^  "^  ^  I 

^T?r  ^^MifeMdi  ^^  whit  ^<ai*<[lsfii»i  jNrri 
^^nn%^  I 


^:    ?|tt«IT    I   ^  U^    f  3I^^RT 

^  f^ra^toft  fcTST^toi^  wn^'  ftj^  i^^  ^t^ 

n  «?ft  D.  K.  ^  ^^  D.  K.  \  *^Nfir  A.  B. 


\C9 

l^mwr:  ^^^^ctt  ^^rrf^^  Mfk^t^  I  jsnf^i^- 
BT^TT  >^H^<aNi  ^TT  Pn>gf)?!T^r  ^T^  m  ^(^>n^im 

W  f^%  ?RT  >»m*f^41^lds^l  ^;T5[^   ^^^RI  3lf^- 

^tfi<^i^i  grf^  gTT^  I  'CTH  I  «i^?Ti^  ftj^  ?R[r 

^tnp?^  m^  I  351^   i!^^  1T^- 

^RT  '^  9n^  I  ^^♦i^i^^sfi  ;^ 

1  ^wft  A.  B.  H  PiM^i^i  K. 


^^  HJIPI  aiRfti^  I  TO  ^RSRt'RPnWt^  OTWaOT  | 
3=r:  i|*l<W<H.  I 

sra^  ^  Wife  I  ^ft?  «Rm[  I  «ttet  ^  %^- 
•rai  ^sRW  %^  I  It  =^i^  VsTar  =t  »i^  si  !c^?w 
%JiT  I  s-i<R*^«(wi   n*RRi  ?;f^  ^tft<sii  ^  wfl  1 

3|^W  iift«*l  ^  wi?  I 
iW    33)4*1  "l^ftJI*! "ft 

stnt  5irat  I  ^3ret"it 
5J(ft*)iiiK(5i*lsfe  I  g^ 
^aft^  "^t^^HII  aift^T- 


1  W  ^  fi(;.  D.  K.  ^  "^  ^  wsi  I  A,  B. 


•  •       • 

•   "   • 


•  •    • 


•  •    • 

•    •      • 

•      •••••• 


•     •  •  -•  •••  -•••••  •      •     •  . 


\o\ 


}^^^\^  ^^^^m^i!(\^  w^tin^i^^fffgN 
f^  ^^^  ^^^  ^ 

?R[T  ^  ^^F^  ^l?RC  I  «l^  JPPI^  f%<#iit  ^[5^^  ^- 

\wn  5^jn%  I  if^  f^»i^  ^  ^  wn^  PiJ^  a^  ip^t; 

W(^X  I  ?ITS  5P»lt  ^'OTwmrf^W  lft[  fRfSIT  ^^^ 

'WT  3nr^  ^^  *R4^^<  I  5R^  ^?^w  ^1^^ 

^niRr:  ?rf^  I  W  fW  ft  ^M  wn^ 

M^R"!  >ai<J^'yi  \^*\\  >iRw<^  Prf^ra^i 


X'>\ 


?RT  fNI  ^'^ '^Rf^  I  ^  ff^%'^  1  «R^  ^  rl^ 

Rwfcmi  I  g^  f^^  «n^  fNnc^  ^TimRm^'d  f5|^- 
if^  f??i^j^  ^^f^^Niii^  ^^  I  «mti^  ir- 

%^t^  I  anwt  ^^:  ^R^  ?jf^ 

=^  ^1%  I  "^a^is^  %^^:^ 

V^ilt  ^Rwid:  I  «l5|pr  ?j»ig^  ar^-  ^^ 

•imVH«Hm^:   «iyWi^|«ni  f;^[^  I  ^  5^:  %;jr5j^ 

M<I>KW>II^  II 


m^^  f^W  ^'^  ^  *(«M?1M.  I  ^31^ 


'rat  am^ani^  ar^  ^  ^:  |  ^d4{4)ixl<n:  %5^ 

fH^  ^(R?r:  I  ffi^  #^t3iiT  ^iNkr 

'if^'^  I  ^<*<5i4H,  I 

fRi^=^  Pr:^?nflrnrq^V5^ngw^  it  ^  T%'^^i 

f4  HsftiSPIT  ^^  *)Rw<(^  I  ^1<J^<;<NI    3rt^  Jf^JTT  ^^I^    I 


CT^ 


qtt^t^'it  ^i^ 


ra^f^'PT 


^  ^{Mm  ^"^^  ^rf^fnr  "^  I  ^?i^5^  II 

^  ^fRfrf    A,  B. 


gM  ^  m(^  'nf^'sq^f .  I 
«rah^:  I 


fiiin  I  fis  ^'SiRj  I  ^■■<i<**j'*H*«-  « 

^STO  *«A«(i  ^K^w  v<%  wi^  I  f - 

snn^sir  ift^iflt  i  %<A<!<i  i>'i^«i  «^w  *<i^«ii  ^ 

fWRT:  spat  I  'raWEt'T:   5l*N*l"IK(^*lifel    I    <I5t  ^ 

^SWI+RlKH.  II 

M*I<W<H,  I 

«iHW(i  *R^di  I  fnr  oiPkish:  t 
araf  'ij'l'^'llli  'I'  5"^  frf^  ^  'f^- 
•^  I  ft:  I  ift  i^t^\  ^!^  5RT  3IH- 

«wr  s^mift^  w!<^  iH«id:  I  atfat  ^ 

tli*l"H  iRwjd:  I  Hti4a«H.  I  ^{hwPK'ilWsft  =r  lift- 

"^  'ret  SRC^  I  ^;  I  5raf^;  «W*)"I>  iRmiR  I  ift 

1  an*.  A.  B.  K.  <  Jiiwer.  A,  B.  K.  ^  TO  A.  B. 


^d<yM  I  g^  51*%  ^:  qfW^  Jrar  ^<ji<s»H;  i  ^i^ 
^prr  «if^  «#s?i^  I  31^  Ji^i^  5r^^  grf^  ^- 

1  D.  inserts  |<  ^nf^  after  this.  ^  °^.  A.  B. 


(^«MI<  I  ?RT  ^5I5«r:   frTF^  1^^  I   3^  m  ^ 

i^N^  II 

^  ^>^&sjnfer  I 

1  tnm fe«ni<ii<iti^<aiFit'Ci «(i fa  i  A.  B.,  ^w<ife*<ni<i<H<i  K. 


«R«mniN  TO^  "Pi^i  3Rf^  =^  ^- 


'WT ar^ra^ if^^ ^t^ v^  ^wm-'  'pH^:  i 

«^  !T  «TfW^  crfl  flj  ^  «#aif^  I  art  ^  f^3^- 

^  sr^W'IT  '5^5^%  hR|w<(^   I  l[t 
*l»l«Md:  I  3rt3S»5^  qf^  ^'^'rat  ^  *lf^- 

Wft^  I  ^  f^^  55*^  *tRwl(^  I  351: 


UH 


?l^  3IfI^^:  M^«b^^"llf|ji"lt  5iRr:   I   ^W^   5^  #»^ 


iirg^  ^tjiH4ifci  ^R^^^'fe^  ^fNscTThiJ 
qR  *i«idw<i  3r^#^  ^  >ii<»i»tiTi^"4*i(t>«t>  ar- 


f^ra«^hif^  ^wjw^  ^rJfiTi%  f^Ri>hl%  I 


^5fei 


sq^  f  3i^  ^vjI^^I  ^^^  ^  mS{:  ^aRRT  f^rsRm:  I 


>  W^^D. 


j<?^<ili^^'i*  ^*<H«bluiHi  ^in^  ^rr?r%  ^?«r^ 
^  ^Nfj  Vi^*u  ^  ^"ym  1^*11  i^p^  ^  ^tr^f^ 

'nn  grw^rrri  ^mi^  *RHd4^  i  >ii«i^u[^<fe)Ml\  jtt  ^- 
^  ^{Rmdt  I 

^^<mji^Mi  ^HKi\^  w*^«inR  ?nn^  I  ?reira[.  ^3r- 

gPT  M<,ft^lfclcH4  %^  I 
^  «R^  D.  K. 


UK 
'w  ^rsnffrr  ^?^fR^  sra^  ^fRW  ^n?R  *(^n^i 

^1^  ^f^  Wftsm  I  ^  ^^P^  MM^{^ii^*M  gprf^- 


r^RPPT  ?[r5n^ 


•i^ifl 


rsnr^FT 


Waft^  ^31^  *l4l^«ft^l  I  '^  ^  W{^  ?Tfl«m:    I 

anr  ni*w*i  ^^1 


M*KH<^  I 


^flj^^l^lt 


3rf^«FR?iferra: 


1.  ^'ftrar.  A.  B.  K. 


^^  CRT  3n[^  frl'ra^  ^WTl  cRT 

^r^^  era!"  «jP<4M4'd*i*i  ^  ^l^sn  i  ^r^  f^rg^?r 

5R  l^mR*4i<*iii  '?'5r  ^  ^nir  I  ^^ai^fi^MW- 
^  CRT  f^^  ^^»^ 'd^si^  I  <id^<ai«ij^<a<A4t 
siRtol^r 'ERRt  >;r^  I 

HilRldl  I  spRT  ^^RT  f^TW  ^0^  fcT- 

?jfe  ?jH  ^0^  ^3pr#  ^^  ^[#t  !p- 
?R^i  ci^ jp^^^toit  jpaRr^i^r^o^-  ^1 

HRld*^«l«i  3?^  T^  I  ^«i$«^^*l<Jft 

SR^tT^:  I 
1  i[(^*?Tf^fm4«tiI)*i  ^  %jzn  B. 


no 

M*KM<H  I 

^t#n  I  ^^>^  5*%s%  <^><j(wt 
^ifft^prt'^i  31^  3^  ^nft^RT  art 

o»5r  ^RRt  5iRr;  ii 


3W  ST^^mit  ^5n^  I 


r  I  5^  ^  ^+l«fe|u|:  m^  CRT   ^^<»H: 


t 


^■pw 


* 

1^ 


CRT  arwt  frj^  wn^  w^  ^- 


^m^sl^iuiT  ^^W^rfn 


3 


5^  ?Rt^  arra^jw  ^[^  "iyMTT  <*H«i^*Mid  amr- 


^  oijf^:  A.  B. 


f«i%Tbl  ^m^  ?nTRtsf%  i  ^^Mt 

^^^<^NIdd^«l^l4l4f<i:  ^^^4«*IIHtsf^  I   liH^^''^^  5^" 
^ff^^  a«^i«lR|W|%  II 

^rar  ^T^^Ifg  ^^  ^^R^  tn^ldl    ^[#IT  ?[a(^ 
»lRw|(d  I 


:ft'??l^'' 


^  IrTJrai  "^^  ^^^Idl  ^^^   CRT  ^- 


*fMlfeM  j»^  ^m\  I  d^M*^dl  PlsH^lfl^^q^^  gfil^ 


^31^  ir5r^^55Tr  ^r^^^ra:  ^^^<^mR  ir^^t: 


n^ 


^f^^iS'i^:  ^^4^1  m»<<jii  ^^m    ^ 

5T«r  fe^4  %?n^  I 

'PIT  5(nraf^^fJFf^3^^%^ic(^gRr^9T^^il% 


1  «^  K.  H  ^rewi  K.  ^.  5i^55nK. 


*V^'  *^<^i  ^Ht^  ^  ^T- 

351:  3T^^  ^^>^r  ^31^  ^  ^Rt^nn  I  g^  grf^r^r^- 
^^  ^+lui^*luft  '^  m^  ^  I  qi^  ?^fH  ^H'blm 


ft   TfcTPt- 


"I^JT:  ^:  I  ^3I#»Tt  ^|RI- 


«r-^^ 


^aftil' 


^555ilT:    *l4i«»(l    «l^«ft^l  ^m  <!iRl^««P<^*tP<^    iwm 


^f^  m^  ^p^  I  ^m^  ^' 
3^^  ^Htsqr  I  ^^^  ^^^  m\H\{^  I  W5i^ 

^f^Tf^  ^^  I  f^  fxRW^ft^  I 
1  5re<5HK. 


n\ 


n  ^TOJuK. 


u^ 


8r 


1  ^RSJsq-K. 


»     <v3 


\\9 


^^^nf^ 


3r«RT  JT^RR>rff  I 


'CtK^oJ^W 


«*KM<<i  I 


1  ^#^  3?T^:  t^t^:  K. 


fc^  <i'«ii4«>^i^H  ^nr?  frn^  ^CT^  I 

3!5R^  ^rf^  ^R^  I  ir^:  I  ^^^Tin  ^^ifm  ^^^m 

3r>fl8f^|iTi:  ^WR  qif^  %^  ^jfii^gffta  I 

1  snR5«3LK. 


M*KM<*^  I 


qspratn:   ii*<*|u|^^^«4)    «R^     I 

*i«ni><HiKi 


f^  f^^  1^  I  qw^RS^r^ 

€^^5%  I  «W  >3|4|^<^un  ^♦<t*t^H    ^RRtsfe  I  ^l    I 

^^•Nm^^^m41i  «*<M^i(tm  ^*<^R>^^^  c|*{f(^jiv»n^ 

*<^<<Rl*i^^  ^  g^ir:  #oit:  mufi  w^-- 1  >?#  ^sf^  ?pll: 

IJ    I  -  -  -  -     -  


m^  pjjT  5iRrr  f^  f^f^Rra;  i  d<tii^^^*iji^^  3PT  ixt- 

*i  tgTni»^  D.  K.  ^  ?re5!n  K. 


u^ 


imii^*M  ^f^m  a^i^Tff:  ?i^  l  %^  f^^^rprt 


^PtoRt:    ^*IM^Id  ^*T#' 


^ 


«i^  ^^  ^H^  «r^^  #im  +RwjRi  i  ?wra; 


»\ 


\9o 


?ren^'^^fi^:  'ra^nr^t'Rnnpw  «b^'<ntf<i;<lM<<i4  vj- 

^k^  w{\^  I  sFR^^  >3W^*1i^«i  3?r:  I  crenel.  si^ 
^  ir^  ^^ '^  ^  1 1^3^  ^nnsR^  ftf^i 


r^^M 


V 

3*1*^11^  ^  5s«ff:  ^:  I  ^  ?!«IT:   wmi  \   3* 

'wi  «ra3r^  qsa^wg^  ♦RMdH,  I 

3!T:  M*KW>II^  I 

sm  3nr^3r^^  ^^^1  1  351: 

^^4mRi;  I 


Pi^mR  s^^TRn^  ^rwfff^  ^r^  I  -M^^i 


g^  ^q<ii?ivKH    M%|«*liiM|$l**i^d  39Tr   RhW«()^1    I 
1  ^Rj^s^K. 


^  WwUft  K.     ^  dH«(-<<R*IM  B.     \  H»l(^aliHad<:4)*T<<fil    B. 

«qf^I^?ni%  I  B.  ^  Ms.  B.  inverts  the  order. 


\9S 

* 

**«(^di  ftmRi^f^t  u 


1  Ms.  B.  omits  it.  ^  o#(n%  B.  ^  swwspi*'  B. 
1\ 


UK 

WT  ^fr^'gpri  ^Rc^t  ^^:  Jir^  m^t^  ^  ^- 
^^pit  ?^«i  w^  ?r^  ^^^»i^4)^l  fy4)<ii<^Nnt 

3Ri^w^  ^  ^9t  «n^  ^  ^^^^WKffl^  fr- 

*t  ^re^m  K.  ^  «ii*l  D.  K.  ^  ^  D.  K. 


STT 


,    ?I- 


1  «    ^    «r 


I 


<1^«IH«l  fPnTnT  il^MHI«l  ^TRl,  ?rc[T    srW" 


^^rWt^fR^  II  III 

3Rinn^  ^mP*<d  munw  m^Pi^  ^ppm  ^finnSt- 

S^  I  li'lj^M*!!"!  2IR^*T^  SPHnq  dNpHd  ^PI^  fcfiT- 

11^5%  I  ^RRJWTots  wf^fH  snrnm^  4t^  ^c^  ?wr- 

^  iRf^  I  ?reTRt  ^^M*<l«>  'IT^'Rr  3R*Pr    dNp^ci^^ 

inniM  <^ciMHiulsfe»  I  ^<4^m<tii<<>(*niH.  II 

ITT  3nnn^  15^  «iMHi"i*<fei  d^ui*)«i  ^^rm  mni^h 
3RPnn«t  dWr^*!  ^M^iuiiRi  *Rf^  ?i^ 

1  ?reg»^K. 


*«i 


M^q*IM*<im^   f^tn<<m<l<J^H    'TOT   f^T^t  ^^ 


ij^^n^S'Ti 


%5nf^  4-»*lwi*^^ti^  W'f^ 


«I^4M(tI:  I 

iA4     ^r    ^t     *■      Sk   M^ 

H^l^nl     5ra<^<Rl*N«l«ll    '^•1W«I«II    ^ 


\9^ 

'Wr  ^«JM*i|U|  ii"liiPld3r!^MH|U|sl<!<j*)f%  I   sprat:  JRT- 
^RT'lianRt:  31^  ^ftwp^ I ^RT  ^ ^HIR ^TRl. I 

^«iT  sRJwnjf  «r^smm  %wmm  ^prnprer  ^M<id(^ 
'l^f^  I  3^:  3i^3i^in;^tf^i^^r^Tg^^tf^l3?# 


\\o 


T^ 


P^  5^1%  I  51^  2nw^  ^«rraT:  ?r^- 

^R^  ^dM*<|5|    ^pniMf^  'Rf^  I   35!^% 

^  TR^  fRRfT  «Rf^  ?r^sf^  ?iR?^  ^  wm  ^- 

3Rqhq^:  I 


1 5re5iii.K.  ^^^^weT^a^swrnri^^wHT^'T^rf^iD.  K. 


\M 


aRSRIORT   ^M«l|«l«i    Pi*4Rl<(fc|-  w 


»n3r5r  ^^nfei 


9 


^^MmRi:    I 


T 





era  ^  iT  ^ 


1  «*a^K. 


?IR*^  ^  «TraT  ilWr: I^TO  'R^  ^  *(^dH,  I  3^^  ?fT^- 
»<^M*<imi<Rl»  IT^f^   *RMdH,  I  5JcIMHI«IK(v|*    life    I 

?ren^  ^qiMHmiijj  ^m^i<ji<^  ^  writ:  ^rrt:  jmrr:  i  ^i^- 


^ta-^«*Hi^ 


X  B  omits  5wm.  \  mm,  K. 


*RMd' 


i: 


» 

*        -  ■■      I  ■«■■ ■  !■  ■  ■      ...  |«  ■——WW — ■^^■■— 


gfH      ■  I 1  311 1 — I    fl — ^ 

^1 — I — \—t                                       ^1 — I— I         '^ 
Vl 1 —I  «> 1 

?ri ' 1  ^1 1 

»» — • — •  «rl 1 


u^ 


1^  ^  ^ 


\HW*i\\ 


^Pmi^^j^  I 


rfJRT'n^ 


sRRtqqf^:  I 


IfSWFRi 


«ii — I — I — I  3ri — » — • — •      Ifh 


"I » «  ?ri 1  t 

<1    I    I    1    I  «| 1 1 1 1 

9TI 1 \  gl    >    I    I    I 

imHM*<i"i4\Mldl  Jtwn:  I  it  ^  %  mdWMt  Jiwr  ? 


^ispTr>i?r  «rrar  ^JRCTi^^sPTrsf^ 


3rf^  ^  'wN  ?wr  5iwr:  I  ^smm- 


^swi^t 


1  W9S(i  K.  ^  jvnr.  B. 


^w^  w  '^  w  ^  w:  I  fispiw  wnw^f^^wfw  i  ?w^ 
^»i*wH'hiw*H«fipwFimt  3^  ^  swrn  t  %  ifsifTT- 


V 


^  «»i<n%  B.  ^  jpirer  B.  ^  ^nean  E. 


L_.. 


S^RIlPlffq  W^   ^    ^M     ^rar^     ^RN    «?3!W^ 

iPU  ^t'lt  'ft'ire^:  ^n?l.  I  'EPM  ?RR:  ^R^  I  anniw* 
4iiui4)<f^  I  giPRTW  ^m*ii"ik[^  ^W  ?Rr  ^M^ci 

«I#«n^:  I 
aT»- * ^-1        3ji J 1 


$n»RF5R^I 


^snpngLVFPwf^ 


1  Q^GSq^K. 


--  ^fc  — ^^ 


snrnnRt  ^!«rf^nS^  I 

^(gMdH,  I  |pmr>w  «iRr:  ^^snnof  *(«4dM,  i  ^swwfPRi- 

«wtq^:  I 

sraJifrToiFr  qRwPi*4\<?MR  ^13^  ft^iM*  ^^*  * 


^RlWR^^R      5Th 


yd^i  lytPTT:  Arrant  1  ^m^  ^*      ^      ^      ^ 


noRW^  I  %w  ^RspTninTf! 


f^iiB        ^m  I       I    I  ^  i 

<<im^M*<iw)  ^:  i?pr  sw^  m^  Qltfl<iiw<[»Tf^  ^{^^^  ^ 


4lltM^I<J|(<IMH|U|>3||IM^I<J|<I^M^I<'IH|4)%^^MI  Midi  ITOT:  I 


-i \     t- 


^^^:  I  ?W«RPWT«r  K 


^i^immtmmt 


^     5IR^    ai****!!"*!    I 1 1  I 


— I  I 1 

a  n  q  ;r 

^  ^rsthM    si^inn'w    t!ng»n^  ^n^  i    ^m^ 


MX 


SffSWTT" 


I — I- 


^^j  ^rt^  *i^  'pn  fi^fl^i^W^f^^f^  I  ^^ 


■%. 


1  From  spr:  to  w^:  omitted  in  B.  ^  •^^nfe  B.  ^  ^mm. 

^^nfe  B.  ^  fB'Wfl^  K.  \  ^^^3*W*N%e^  ^^  B. 
^1 


f%3^  ^ilqgiT  I  I — I 1  I — 1 — I — . 


inr  art  ^  3rt  ^  ^i?^  jwrm^  'e^  i  «r^- 

1  isretn^K. 


_  ---_-■  ■  »— ^^^»^i» 


1       H 


1139? «#ai^  l^'^?^! 

g?m^  «nmM  ^rp^  sHcn^  I  ^dqi^  srf^M;  1  f^  ^if^i 

1  B.  omits  ^T^  5^.  ^  i^^4)e|i<HHftt>*j[^  I D.  K.  X  ^r^^  K. 


u^ 


«ri 1 1  ^K 

wi 1 1 


gri 1  ifi 1 

1  wsanK. 


BTI 1 1  ,H 1 1 

m — I — I  ^) — 1_4 

«ri « 


Wh 


«!■ 


JRI ^H 


■ii*«i 


«l 1- 


Th 


^crrft  M^KJL^H  nHimlk  %gc.^f^  ^prsnrojnn^ 

arl 1 »      ^1 1 — 

n\ « 1  il 1 1 

'^-— »  HI i 

Wl 1 1 

^ — , — I 1    «l — I — I 

,1 J 

H\ 1 ri 

»r| 1 1 


iMbft* 


1  QVWlK. 


«rh 


'tK 


^1 — I — I  '•" 


wh 


wF 


?rl 1 19| 1 1 

«l 1 


^¥ 


if! 1 1 

>  i^l  ■     -  — ^»— ^  II  I  ■!  > ■  I  . 

1  ^T^9l(K. 


u^ 


?PW%  I  !i«i5^M*<l"l(^«MRl'SM*l|5j«l  ?Wlfe 


«iH 1 1 — P      * * ' ^^ 


9K 


fiwAf 


iiJ^s(^«iiRi  \w^  ffir  tj*^«iM^*w<w- 


qvT^rBTnrt  n  H  ii 


ft'fn'i^ 


!pt«IT:  ?WP»T  'fRf^   d^*$'lA*^^« 


1  frean  is  used  for  %?n^  throughout  the  book  in  K. 


git;  ara^  swrsf  ara^  "^aift  ftgsra?nf9i  gjuft  g^  | 

^<wi[  "nftl  I  ara  ^  ^  nai  jjjw: 
^wHt:  spa  I  fiwrt  "^W  <iliRi- 

sra^P^sgs^sfe  I  ^  ^  ^  H.diRd«l  ^s'j:  wr- 
=tr;  sPa  I  frott  ^fW  'Il'il*iy"w^'ipls<!!iliRd  I  a^r 

3R3t?tft'^:  •Ji'inPiaS't  are^  RmRifci  ire^ft  wsi- 
«i'IlPi'nRi5'»l'ipliH'j«i)Pi>4r')i  gsir  *RHtii  I  sw  ai^ 


?r^w 


<^i{^\  4^^\ 


d1l(^ 


i^i^if^^R  goffer 'wi  3r-  ^i^:— — -^* 


3^5^"^ 


wm,  I  CRT  ^^  <ivii^<s<w*<HM<i  5iraT  I  i^Nwnv- 

1^  I  <ren?i.  ^fft^  ^^i^  sr^  ^^^jm:  «*iww<i 
^rar  I  ^^n^  ^^^  w^^  Pt^: 

^*<MH<l  ^Idl  l'^  Pftr:  ^  '^  ^  I        ai 

nM^iH,  II 

1  ?raifire«fii3%  K. 


I 

1 


^  iiK«rai.  K. 


^(^^i<l^t*»*^'  ^RS'^  ^iR5«w  «nig#i^  ^.  I 
d^iyt^^i  ^^fi^  ^  irar^f^  ^gr^i^  ^«iir^- 

^  m^  f^«rf%:  ?ng[^?i^  ^H^  it  ^  ^wi^  ?!^- 

'w^i'frt^npRtt  ?Bt'»rr:  ^rrt  «raf^  d4^^^<rt- 


^3rf5|«?^:  ^»<<^*nfei    'iJfr^isJ^lPi    I  a'<J^(^"<(^'S6- 


^nrr^'s^  1 
5 


^5  ^pNt:  ^htrt  «raf^  I 


^'Bt'lT' 


#raT  I  ^i»^|iPt«rf%3«^ 


5IW  3R^f^35l^nf^  ^t^:  ^HRT  iirar:  I  f^^TORjpl^  H 
^RwiP^     d<HHI+PlK   f^RP^I 

^  ?R^  W^ft^RT:  il4li«iW<l  *lRw<Rl    I  W  ^i^^l 


'w  ^r^sr^t^  ^f?rf^  «r€t«i^^  ^nir^  ^- 
^qtr  I  «ra55i^fg^^frrf%:  ^>ai*j^^^iiiviil^iqRj4^i 
^pf^RiT  I  ^[^ft^iRT  ^f^ftqR  ir^^^:  gi^firp^: 
^'  I  t(Fi«i)4R  ^iRf^toft  ^*lwi4'!*iJ  ^U 1^  g^  ^- 

^5f^«q^R352rrss^  I  ^renc^^^r^  'si^srr^  I  '^ 
^3^^  ^^t<t^^^^  ^snr^r^^Rqrf^  ^m:  fWRT  ^rrar:  i 

^f^ra^l  1^  ?RT^  5T  ^«ld«<l 

m^\  ^p^  ^^^m  I  w  3r3r^<j(^«{RtJ«r«w»^- 


JL^1(^^^^1U*J  ^x  ^RRt  ^iT^  ft[#r- 
i«ii  giT^^rfinp!^  ^^yRi*i^<^  3i«bl"i^<h)''1t   wn^ 

«d^    ^R^TI?^    «R^reR[T    ^t<q|^ul1  ^^tojpJl:    ^- 


^^^  ^^t3JiT  I  ^  ^^m  w^ig^rr  ^Rwifrl  1 3^:  ^i- 

Wife  I  'dr  \  f^  ^RT^  1  ^:  I  f?T:  I  ^^SJ^toi^ 


3^:  M+KM<<i  II 

ftnl^FnT WpTT  ^  ^  I  5^  ^<i<I^^RRI  I  ^^- 
^H^^^^  II 

3^:  M*KW<<i  II 

^<;II^^H<*I^  ^^sMp^dl  2^  ^I^  I  ^   3nn^  V- 

^^<<^^^i*i'^  »^»fi»N(^»>m  ^i^^  II 


'jsr  ^^iTJC^f  'reit  ftwiTJI  ^iM^  <i<ft<n  T'siT  ?rftr- 

^:  I  5^5  >^T5^  ^rtjft^i  ^^[^  anrp^n  ?«ra»pft  '^  I 

«l^<5)l  ^4)«^l  I  iTff^fF^  I^^  ^^^^[RT:  "H*IHW<I 
^  I  d^lJ>I^P^K^<^l     »lRw|(^  I  f^:    I 

^<|q|^4lPimRi:     <H^^<(Pl^Rl<i<i^lfel    I 
f^RIWCftP^ll 

H*KW<<i  I 

^5?!^'^  srar^  f^  W^  I  ^^lfRL^^#^  ^- 


S^:  M*I<M<H,  II 

f^^prf  ^^  frnt  ^^  I  ^3r^- 

3r^^JT^  %3r^l 


?Ffjft  *#^  cjsn  #i:  ^:  I 

a^^  j^<;IHI  ar^g^i  <^^'^<^i  fir- 

«ra»i^  I  ^^^  ^^5?Tr  I  f^- 

nRT^  I  W(\^  ?#^  "^s^^  sirar  I  f^:| 

^i^^qr  sfRTT  I  ^<3)iiwi*Pltt^  11 


'ir^^  5ini[^  i>«!M«fl^i  I  ^  ^TiR- 

3W  JLI^^i  ^^1 

jjmm  ^'  ?wRi  f^^imr  Pwr:  ^:  i 

*I*I<W<  l^^(^l+<«ll«|4<  I 

^  ^^  "^  ^<5l|wiwnild*  *c«ll  ^^Sfqt^^^t^:  ^:  I 
gsr:  ^<^«l«hl»It  ?{^<5l^lifk^:  ^:  I  Sf^f^shJft  1??^^^- 


UK 


r^*)"!! 


"R^  I  ^   3(^^^ 


^^^^! 


fSf^^Ftoft  ir^3T^ 


^tojt  fWt'ift  sppt'T:  R^:  ?R#>I^  f^-      -^    ^ 


*iFi5^  5JRT:  I  ?ren^  ^[iT^^  irat^  ^- 


^4)*MI 


3^  «?fl^^  I 

<4|^4mR|:  I  , 

^  <j5r  ^T^  I  3RRl?ra^^5Rt^stor  f^«<T^:    w^  I 
^WR  1^w#  I  f^:  I   3FRt:  ^^4lj^^>l    Pt^M^l^lRsI 

5^  wn^  w^  I  ^<0Hi#ii*P)8*i,  ft 


3J^t^^:  I 

53r5^^Piw4Risi^i(^  I  ^^fw35r^i[5if^g^ratft«q^[^- 
f^f^rac^ll 

i|*KW<<i  I 

f  ?i:  I  'i^  «R3^  ^5^  ^m^  ^v  ^  ^qpi^  I 


u^ 


« 


B{v^<«Jl 


^^o 


frlS^Tr    ^RwiPtI  I  ^RfTRI^ +(^dV«ll  H.*Pl"<4l  »lRw|pd  I 


^5^  51^  ^^  ^  T^'^cr  I  'rf^^ft-eri 1 1 

^R'^<^^r?l'^Rl^'^<;<N^^lR^Rlti^|    ^1 1 

iRfgr  CRT  «f^<5iisif^<jiiMidl  ^^r^-^l     ' 

ft^fir  I   1^  31><5ll3|^<j|imdt  <A4;IN%<;<J<r<^l<><^imcl<l- 

f^Ti^T^rr  i5?TT  «ift«i^  I  f^^^Fsn^P^  ii 


3JI:  M+KI'd^Ji  I 

m,  I  <RT  ^^r^^rrac,  ^^^4  ^^  tm^  1  351^  ffc- 

sq^WF^  ^?I^^R^<<fl4l:  ^nTFTRR'nM  ^f^fl^  I  S^T- 


H^ 


ff^^'i^^Rrg^Rt- 


m 


^irf^  «^HiPf  ^  sTRnf^  I 


«iif^^4lj 


^m  sfi^  ir^  ^(^tiH.  1 3RT  %^reT  ^5^^2iT  f^- 

^^:  ^:  I  ^R^mR  ^'fclui^^g^  3T3I5r#^:  ^:    I  if 

JTRT  MfiwjPfi  I  351:  3i%^^%5r35rr  ^i^prgl:  ?it^- 


\%9 


^ 


f l'T~T 


IE 


5^  lf^«ilf^  I  f^J^^flT^II 


Sft^w^ 


gpT  ^§ffi^iQid*i  %^  I 
w^  iftra  %3Rf^  d<cij^4  ^^iRft^  %?f^ftf  ^r^hiwtt 

^#Rr:  I  ?^  ^  'ti^wi^i  ?i^  f^iW^  ^  Mf^mi^  I 

Sft^np^  «f^^WT:  ^PIRn^RT  ^  I 


'jft  4j4<iHi»d'(*i>5i^'i 5.^^**1  ur^f^^nTRj'  ^(Rf^ 

^niT  ^rsr^lW^llf^  ^l^:  ^JIR:  ^ta:  I    ^<ti>3li3^- 

^FTR^.  %4{4)Pi«4Ri:  »^Plm- 

5l4irf|M4Rl^>4|>3|^in[5|*4Rl5j«!<l^*H4irJl«MT<l|  3^S%  I   W^ 

3ni^l5Rr^5(qtft'sq^:  *4<41[S|wiRicj^i  MRmRi  i  ^^Rt- 

^  gPT^^r^  <J^i^4  ^  ^^  I 
2wr  3T^gi^?RT  ^TiTi^  ?eir>«»r  3^  ^  «i>jfi-t^if%  i 


K^ 


<jd«b^^Pt»<R»4<i<<ifei  I  ar^sj^  ^^'^  nHml^  1 

mshft  ^  ^*<HiH<5^  ^  ?RiT  iJT^  'nrr  flc^N^- 

«wr  sr^^  *RMdi  I  gi^sfe^  f?rr  1  s'liiiir^  ^^- 
^^s»^q?i^i  ^n^  «^  I ^ 


'i^^jRri  ?i^ «Rm ^iR^ ^%Rr g^ gira^ 'wfiri 
3^  3i?r|w  m^  ^t^  ^  anr^  *<Rm(^  i  f^- 


«l^:  1 5RRpt  ^lera^RRRN:  I  jsi:^  5Rp4  2«WiI^I 
g»t  ^nTp4  CTl^l  a-l»k^<^l  deA^^Wl:  ^PTRFRT  ^!  > 
H'E^I^  «nft^jpiT:  «*)MH<I  ^  1 35fi?n»«ff  qti^r:  I 


\o  6 

«ni>#^  ^RT'IRRl^  ^^^^  ^Pl'^g^iRi  jwr 


<T^  ^Jf^f^  I  lf^  ^^ife:  H  3^    ^  «T^  ?lH    ^- 
^H><aHI4!dlg^l^«^Jl^*    *|Rl-«^l(«  ^«rT  'Tf - 


\o\ 


ift^  I  v^  ^^  ^f^^  ^N54  ^ 


3L_5r 


^^  I  ^H^^  WtT^' 


«nnpr<i  ^s^rt  ^ni^iMi;  ^ilq?r:  i  ^^' 


^13^1^ 


^K^ 


\^^ii^^lk^TH[    ?WRT  «pf^    I    cren^ 


^RtTl^:  I 


^«>^ 


^ 


i^P^^4l 


-ar  ^ 


S^'T^^  I  cron^  gy^  ^rI^  ^  »<R«<(^  i 
^  fiH^  w^<A<?ii  ^RmRl  I 

^torTHrf  %?ifr  I  ?RT  ^r35RT  ^uM^<n<id<t<i)  «i^  1  ^- 

^'I'ftni^iRfip^t  ^FT:  I  aWI^  3T^    H^«^  ^    'rf^- 

■ifit  I  f^wreii^f^rs^  II 

3w  scrf^Rwf  ^5n^i 

'WT  an^Rl^  31^:  ?R#»r:  ^l«q?r:  I  m  WSf^' 

fl^n^nR^:  I 


^  «i^^l^^^P^mRl«|^l^g<^lfel  i  ^^-        ^ 

?IT^   ^^^ra^  ^^$^U|    P|<>mR|4<3|-  ^       »•  ^ 

a<(^*4Rici4^«<ii(^   I  ^^sH<rt^^lP^^^fTH^lf  <i<»ii^(^mRi^- 


\o^ 


ff%^^«J^ 


WS(^ 


Vi^ 


31^^  I  iC^*l«IIWI*PHiH,  II 


^Rt^I^  I 


^  fR^  ^m  ^^W  I  ?ifir:.^3rn  ^wj^  ^5^- 
iip^tsfe  I  ^  w^  W^  'HHN  i|"iii(iJidtv^m^- 


,  *        •  •■••••  •       •       •    •       • 

••        •  -r  /••^•••••« 


NOTES. 


BOOK  I. 

Definitions. 

Page  3.  ^i?nr9%fr^A.  superficies.  It  is  farther  on  called 
lilfnreil^  ^^^  divided  into  ^nr  oi*  plain  superficies  and  fk^m  or 
croolced  superficies. 

Euclid  does  not  seem  to  have  mentioned  crooked  superficies. 
'  Euclid  leaves  out  here  to  speak  of  a  crooked  and  hollow  su- 
perficies, because  it  may  easily  be  understood  by  the  definition 
of  a  plain  superficies^  being  its  contrary.  And  even  as  firom 
one  point  to  another  may  be  drawn  infinite  crooked  lines,  and 
but  one  right  line,  which  is  the  shortest,  so  from  one  line  to 
another  may  be  drawn  infinite  crooked  superficies,  and  but  one 
plain  superficies,  which  is  the  shortest'     Bil. 

pA  right-aDgle.  In  the  definition  of  ^nretof>  the  word 
perpendicular  is  taken  as  one  with  which  the  reader  is 
fisimiliar,  it  being  used  in  astronomical  works  well  known  to 
Sanskrit  students  in  India. 

Page  4.  Rmiii&iMHAn  angle  other  than  a  right  angle.  It 
means  either  an  acute  angle  ((HW^m)>  or  an  obtuse  angle  («|- 
Hm^tfn),  made  either  by  right  lines  (^fT^NnX  or  by  crooked 
li^es  ((^i|n^iai)»  or  by  a  right  line  and  a  crooked  line. 

^^Mf-A  segment  of  a  circle.  It  is  also  a  figure,  being 
bounded  by  a  right  line  and  a  crooked  line. 

^riSpA  figure.    ^^fsThe  circumference.    ^-^^f^oA  circle. 

Page  5.  qiAs^The  circumference.  This  is  the  word  generally 
used  in  the  work  for  the  circumference  of  a  circle. 

^il1i|^=:A  chord,  which  is  defined  as  a  line  which  does  not  pass 
through  the  center,  but  meets  the  circumference  on  both  the 
aides  and  divides  the  circle  into  two  unequal  parts. 

Bead  %qnn  9  ^^n^  ^  ^^^  definition  (vide  the  errata). 
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MH»)in  is  fiynonymous  with  jnw»>^l  ^^d  nieanB  an  acute 
angle. 

Page  6.  «ni|^An  oblong,  called  a  long  figure  by  Bil. 

Page  7.  f<HMIH<l  ^frr^Parallel  lines.  The  definition  omits 
the  most  important  thing,  that  parallel  lines  must  be  in  the 
same  plane.  Two  lines  may  not  meet  even  if  produced  on  both 
the  sides  and  may  not  still  be  parallel  if  they  are  not  in  the 
same  plane. 

After  this  definition  we  have  axioms,  postulates,  and  an  ex* 
planation  of  certain  words  used  in  the  work.  In  Bil's  work, 
postulates  are  called  Petitions  or  Requests  and  axioms,  Common 
Sentences.  '  The  axioms  are  called  in  the  original  Common 
Notions:  Tod.  p.  253. 

tn  ^l?[«T  $4n  l^'^sWhen  a  straight  line,  joined  with  another* 
is  a  straight  line,  it  looks  as  one  straight  line,  and  not  as  joined 
with  another  straight  line  (i.  e.  the  two  straight  lines  form  oue 
straight  line  ). 

^  VnfM  it»>f^j|(i^di°=Those  quantities  which  are  multiples 
(doubles,  triples  &c. )  of  the  same  quantity  are  equal  to  one 
another. 

?^I!I1^  VTCRI^  f^^'sUnderstand  icil|vr  in  the  sentence.  It  is 
possible  to  take  a  point  in  a  line  and  a  line  in  a  superficies. 

Page  8.  «nT  (^  {^''=A  point  coincides  with  a  point,  a 
straight  line  with  another  equal  to  it,  and  a  superficies  with 
another  equal  to  it. 

Here  $^  must  be  taken  to  mean  fi^^r  $^>  as  it  is  stated 
further  on  i^T  1^  V»4^^  fK^^I  tw  ^ITT. 

^  ^  f^  9°=:Thi8  is  the  First  Postulate.  The  next  two  are 
the  Second  and  Third  Postulates. 

Wlj^^^H^  ^°=Two  straight  lines,  cannot  enclose  a  superficies^ 
but  two  curved  lines  or  a  straight  line  and  a  curved  line  can, 

i|j|4aift^  ^7"=!^  t^o  straight  lines  that  are  not  parallel  be 
produced  in  the  direction  in  which  the  distance  between  them 
is  greater,  the  further  they  are  produced,  the  greater  the  dis- 
tance between  them;  while  if  they  are  produced  in  the  direction 
in  which  the  distance  is  less,  the  further  they  are  produced  the 


less  the  distance  between  them,  till  at  length  the  two  straight 
Unes  meet  together  and  then  the  distance  between  them  goes 
on  increasing. 

qft^TniT=Technicality,  Terminology. 

Bil.  gives  six  Petitiona  (postulates)  as  follows : — 

'1.    From  any  point  to  any  point  to  draw  a  right  line. 

2.  To  produce  a  right  line  finite  straightforth  continually. 

3.  Upon  any  <9enter  and  at  any  distance  to  describe  a  circle. 

4.  All  right  angles  are  equal  the  one  to  the  other. 

5.  When  a  right  line  falling  upon  two  right  lines,  doth 
make  on  one  and  the  selfsame  side,  the  two  inward  angles 
less  than  two  right  angles,  then  shall  these  two  right  lines 
being  produced  at  length  concur  on  that  part,  in  which  are 
the  two  angles  less  than  two  right  angles. 

6.  That  two  right  lines  include  not  a  superficies.' 

'  It  is  supposed  by  some  writers  that  Euclid  intended  his 
postulates  to  include  all  demands  which  are  peculiarly  geo- 
metrical, and  his  common  notions  to  include  only  such  notions 
as  are  applicable  to  all  kinds  of  magnitude  as  well  as  to  space 
magnitudes.  Accordingly,  these  writers  remove  the  last  three 
axioms  from  their  place  and  put  them  among  the  postulates  j 
and  this  transposition  is  supported  by  some  manuscripts  and 
some  versions  of  the  Elementa. '    Tod.  p.  253. 

It  will  be  noticed  that  our  text  places  the  last  three  axioms 
along  with  postulates,  and  the  twelfth  axiom  has  a  much 
simpler  form.  This  however,  necessitates  a  series  of  proposi- 
tions after  the  28th  proposition. 

*  Speaking  generally  it  may  be  said  that  the  methods  which 
dififer  substantially  from  Euclid's  involve,  in  the  first  place,  an 
axiom  as  diificult  as  his,  and  then  an  intricate  series  of  proposi- 
tions ;  while  in  Euclid's  method  after  the  axiom  is  once  ad- 
mitted the  remaining  process  is  simple  and  clear.'    Tod.  p.  263. 

Prop.   I.   p.   8-9. 

Campanus  shews  how  two  other  kinds  of  triangles,  viz.  an 
isosceles  triangle  and  a  scalene  triangle,  can  be  described  upon 
the  given  line. 


Upon  the  given  line  A  B,  describe  an   equilateral   triangle 

ABC.  Produce  A  B  both  ways  to  meet 

the  circumferences  of  the  circles  in  D 
and  F.  From  the  center  B  at  the  radius 
B  D,  describe  the  circle  D  H  G ;  and 
from  the  center  A  at  the  distance  A  F, 
describe  the  circle  F  G  H.  From  the 
point  G,  where  the  two  greater  circles  cut 
one  another,  draw  G  A  and  G  B  to  the  points  A  and  B.  Then 
the  triangle  GAB  shall  be  the  isosceles  triangle  required. 

B  is  the  center  of  the  circle  A  C  F,  therefore  B  A  is  equal  to 
B  F.  Again  because  A  is  the  center  of  the  circle  BCD,  therefore 
A  B  is  equal  to  A  D.  But  A  B  has  been  shewn  equal  to  B  F, 
therefore  A  D  is  equal  to  B  F.  To  each  of  these  equals  add 
A  B.  Therefore  the  whole  B  D  is  equal  to  the  whole  A  F.  But 
B  D  is  equal  to  B  G,  both  being  the  radii  of  the  circle  D  G  H; 
and  A  F  is  equal  to  A  G,  both  being  the  radii  of  the  circle 
F  G  H.  Therefore  A  G  is  equal  to  B  G  and  the  triangle  A  B  G 
is  isosceles. 

A  scalene  triangle  may  also  be  described  upon  the  given 
line  A  B. 

Take  any  point   K  in  the  circumfer- 
ence of  one  of  the  two  greater  circles,  so 

that  it  may  not  be  in  one  of  the  two  sec- 
tions and  the  line  D  F  may  not  concur 
with  it  when  it  is  produced   on  either 

side  so  as  to  meet  the  circumference- 
Draw  the  lines  A  K  and  B  E.  Then 
A  E  B  shall  be  the  triangle  required.  The  line  A  K  shall 
cut  the  circumference  of  the  circle  F  G  H.  Let  it  cut  it  in 
L.  Now  because  A  L  is  equal  to  A  G,  both  being  the  radii 
of  the  circle  F  G  H;  and  B  G  is  equal  to  B  K,  both  being  the 
radii  of  the  circle  D  G  H;  and  A  G  has  been  shewn  to  be  equal 
to  B  Gj  therefore  A  L  is  equal  to  B  K,  and  therefore  A  K  is 
greater  than  B  E.  Similarly  B  E  may  be  shewn  to  be  greater 
than  A  B.  Therefore  the  triangle  A  B  E  is  scalene. 
Prop.  2  p.  9. 

The  point  «r  may  be  joined  with  either  end  of  the  given  line, 


i.  e.  with  either  jf  or  ^,  the  equilateral  triangle  ^  «r  i|  n^ftj  be 
described  on  either  side  of  the  line  sr  i|  or  vr  ^  and  the  two 
sides  of  the  equilateral  triangle  may  be  produced  in  either 
direction.    This  will  give  rise  to  eight  figures. 

Prop.  3  p.  10. 

The  case  in  which  one  of  the  given  straight  lines  cuts  the 
other  in  one  of  the  extremities  is  worth  noting. 

Let  A  B  and  C  D  be  the  two  given  straight  lines,  of  which 
C  D  is  the  greater;  and  let  C  D  cut  A  B  in  its  extremity  C. 
With  the  center  A  and  radius  A  B,   describe  the  circle   B  F. 

Upon  A  C  describe  an  equilateral  triangle 
A  E  C  *  Produce  E  A  and  E  C  to  F  and  G. 
With  the  center  E  and  radius  E  F  describe 
the  circle  G  F.  Again  with  the  center  C  and 
radius  C  G^  describe  the  circle  G  L,  cutting 
C  D  in  L.  Now  because  E  F  is  equal  to  E- 
G,  because  they  are  the  radii  of  the  circle 
F  G,  and  their  parts  E  A  and  E  C  are  equal, 
they  being  the  sides  of  the  equilateral  triangle  E  A  C,  therefore 
the  remainder  A  F  is  equal  to  the  remainder  C  G.  But  AF  is 
equal  to  A  B,  because  they  are  the  radii  of  the  circle  B  F. 
Therefore  C  G  is  also  equal  to  A  B.  But  C  G  is  equal  to  C  L, 
both  being  radii  of  the  circle  G  L;  therefore  A  B  is  equal  to 
C  L.  Therefore  from  C  D,  the  greater,  C  L  is  cut  oflF,  equal  to 
A  B,  the  less,  which  was  required  to  be  done. 
Prop.  5,  p.  12. 

Alternative  proof. 

Let  A  B  J  be  the  given  isosceles  triangle.    In  A  B,  take  any 

point  D.    From  A  J,  the  greater,  cut  off  A  H,  equal  to  A  D, 

^  the  less  (I.  3).    Join  D  H,  D  J,  and 

H  B.  In  the  triangle  A  D  J,  the  sides 
D  A  and  A  J  and  the  angle  A  are  re- 
spectively equal  to  the  sides  H  A,  A  B 
and  the  angle  A  in  the  triangle  A  H  B. 
Therefore  B  H  is  equal  to  D  J,  and  the 
angle  A  B  H  to    the  angle  A  J  D.t 

ML  1).   t(l-  4). 


Similarly  in  the  triangle  B  D  H,  the  sides  D  B  and  B  H 
and  the  angle  D  B  H  are  respectively  equal  to  the  sides  J  H, 
J  D,  and  the  angle  H  J  D  in  the  triangle  H  J  D.  Therefore 
the  angles  B  D  H  and  J  H  D  are  equal  and  the  angles  B  H  D 
and  J  D  H  are  also  equal  to  one  another  *  Therefore  the 
angles  B  D  J  and  B  H  J  are  equal.f  Similarly  in  the 
triangle  B  D  J,  the  sides  B  D  and  D  J  and  the  angle  B  D  J 
are  equal  to  the  sides  J  H  and  H  B  and  the  angle  J  H  B  in 
the  triangle  B  H  J.  Therefore  the  angles  A  B  J  and 
A  J  B  are  equal.S     Thus  the  required  angles  are  proved  equal. 

This  proof  is  given  in  Bil/s  edition  and  is  attributed  to 
Proclus. 

Bil.  also  gives  another  demonstration  invented  by  Pappus. 

Let  A  B  C  be  an  isosceles  triangle  and  let  the  side  A  B 
be  equal  to  A  C.     Now  understand  this  one  triangle   to  be  as 

it  were  two  triangles  and  thus  reason.  Because 
in  the  two  triangles  ABC  and  A  C  B,  A  B 
is  equal  to  A  C  and  A  C  to  A  B,  and  the  angle 

B  A  C  is  equal  to  the  angle  CAB,  for  it  is 
one  and  the  same  angle,  therefore   the   base 

C  B  is  equal  to  the  base  B  C  and  the  triangle 
B  "^  b  A  B  C  is  equal  to  the  triangle  A  C  B;  and 
the  angle  A  B  C  is  equal  to  the  angle  A  C  B  and  the  angle 
A  C  B  to  the  angle  A  B  C  (I.  4). 

Prop.  6  p.  13. 

It  may  be  noted  that  there  will  be  another  case  in  this  pro> 
position  if  the  line  equal  to  sr  H  naay  be  taken  from  the  point 
91  instead  of  from  ^.  It  may  be  then  demonstrated  as  follows: — 

Make  «r  ^  equal  io^^  (I.  3).    Join  ^  ^.     Produce  n  «r  to  j- 


*  ( I.  4).    t  (3  Ax.).    $  Becaase  the  angles    D  B  J  and  H  J  B   are  equal 
(I.  4). 


and  make  if  f  equal  to  sr  IT  (I-  3),  and  join  «  f . 

Now  in  the  triangles  «r  i|  ^  ^^^  ^^W*  *^® 
sides  gr  ir  and  ^  ^  are  equal  to  the  sides  5"  ^ 
and  jf  IT  and  the  included  angle  «r  ^  i|  is  equal 
to  the  included  angle  5"  if  sr-  Therefore  the 
triangle  sr  ^  5f  is  equal  to  the  triaugle  5"  «r  ^ 
(I.  4).     The  less  equal  to   the   greater,   which 

q^*^^- ' — *^  is  absurd. 

Prop.  7.  p.  13. 

In  the  enunciation  the  word  m^k  is  used  in  the  sense  of  STPcT 
=extreinities. 

The  proposition  is  enunciated  and  proved  as  follows: — 
The  straight  lines  drawn  from  the  extremities  of  one  straight 
line*  can  meet  in  one  point  and  never  in  another. 

From  the  extremities  A  and  B   (of  the  straight  line  A  B), 

are  drawn  the  straight  lines  A  J  and  B- 
J,    They  meet  in  J.     If  it  be  assumed 

that  two  straight  lines  equal  to  them 
meet  in  another  point,   then   draw  A  D 

equal  to  A  J  and  B  D  equal  to  B  J, 
meeting  it  in  D,    Join  J  D. 

Now  the  angle  A  J  D  is  equal  to  the  angle  A  D  J,t  because 
A  J  is  equal  to  A  D.  But  the  angle  B  J  D  is  less  than  the 
angle  A  J  D.  Then  the  angle  B  J  D  shall  be  less  than  the 
angle  A  D  J  also.  Again  the  angle  A  D  J  is  less  than  the  angle 
B  D  J.  Then  the  angle  B  J  D  shall  be  much  less  than  the 
angle,  B  D  J.  But  these  angles  are  equal ;  because  the  sides 
B  D  and  B  J  are  equal.  This  is  absurd,  because  two  equal 
angles  have  become  unequal.  Therefore  the  straight  lines  A  J 
and  B  J$  cannot  meet  in  any  other  point  than  in  J. 

In  Bil.'s  edition  the  proposition  is  enunciated  as  follows: — 

If  from  the  ends  of  one  line  be  drawn  two  right  lines  to  any 
point,  there  cannot  from  the  self-same  ends  on  the  same  side 
be  drawn  two  other  lines  equal  to  the  two  first  lines,  the  one 
to  the  other,  to  any  other  point. 

*  Scil.  on  the  same  side  of  it.  f  ( I*  ^  )•  S  Or  straight  liaes  of  eqaal  length 
drawn  from  A  and  B. 
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Only  the  first  case  of  the  proposition,  the  one  that  is  given  in 
the  Sanskrit  text,  is  proved  in  BiL's  edition.  The  other  case  in 
which  the  vertex  of  one  triangle  falls  within  another  is  attri. 
bated  by  Bil.  to  Campanus. 

Bil.  has  the  following  note  on  this  proposition: — 

'In  this  proposition,  the  conclusion  is  a  negation,  which  very 
rarely  happens  in  the  mathematical  arts.  For  they  ever  for  the 
most  part  use  to  conclude  affirmatively  and  not  negatively. 
For  a  proposition  imiversal  affirmative  is  most  agreeable  to 
sciences,  as  saith  Aristotle,  and  is  of  itself  strong  and  needeth 
no  negative  to  its  proof.  But  an  universal  proposition  negative 
must  of  necessity  have  to  its  proof  an  affirmative  For  of  only 
negative  propositions,  there  can  be  no  demonstrations.  And 
therefore  sciences  using  demonstration  conclude  affirmatively 
and  very  seldom  use  negative  conclusions.' 

Greg.'s  edition  also  gives  only  the  case  mentioned  in  the 
Sanskrit  text. 

Prop.  8. 

Philo  and  others  demonstrate  this  proposition  without  the 
help  of  the  seventh  proposition  as  follows: — 

Let  ABC  and  D  E  F  be  two  triangles  of  which  the  sides  A  B 

D  and  A  C  are  respectively  equal  to  the 
sides  D  £  and  D  F,  and  the  base  B  C 
is  equal  to  the  base  £  F.  Then  the 
angle  B  A  C  shall  be  equal  to  the 
angle  E  D  F.  Place  the  two  triangles 
ABC  and  D  £  F  in  one  and  the  same 
plain  superficies.  Apply  the  triangle 
A  B  C  to  the  triangle  D  £  F  in  such 
a  way  that  the  base  B  C  may  coincide 
with  the  base  £  F,  the  triangle  D  £  F  may  be  on  the  other 
side  of  the  right  line  £  F,  and  the  vertex  Q  may  fall  opposite 
to  the  vertex  D.  This  can  be  done  in  three  ways.  Thus  there 
arise  three  cases. 

In  the  first  case  the  line  F  G  falls  directly  into  the  line  D  F. 

Now  because  D  £  is  equal  to  £  G,  therefore  the  angle  £  D  F 
is  equal  to  the  angle  E  G  F  (1.  5). 


Secondly  let  not  F  G  fall  directly,  but  make,  with   the  line 
D  F,  an  angle  within  the  figure. 

Join  D  G. 

Now  because  D  E  is  equal  to  E  G,  therefore  the  angle  ED  G 

is  equal  to  the  angle  E  G  D  (I.  5). 
Similarly  because  D  F  is  equal  to 
F  G,  therefore  the  angle  F  D  G 
is  equal  to  the  angle  F  G  D  ( I.  5  ). 
^p  Therefore  the  whole  angle  E  D  F 
is  equal  to  the  whole  angle  E  G  F. 

Thirdly  let  F  G  make  with  D  F 
an  angle  without  the  figure. 

Join  D  G. 

Now  because  D  E  is  equal  to  E  G,  therefore  the  angle  E  D  G 

^  is  equal   to    the    angle 

E  G  D  (I.  5).  Again  be- 
cause D  F  is  equal  to  F- 

G,  therefore  the  angle  F- 


D  G  is  equal  to  the  angle 
F  G  D  (I.  5).  But  the 
^  whole  angle  E  D  G  has 
been  proved  equal  to  the  whole  angle  E  G  D,  and  the  part 
F  D  G  to  the  part  F  G  D.  Therefore  the  remaining  angle 
E  D  F  is  equal  to  the  remaining  angle  E  G  F. 

Prop.  9  p.  15. 

An  objection  may  be  raised  that  the  point  |r,  the  vertex  of  the 

equilateral  triangle  ^  fr  T^  ^^Y  ^^^  within 
the  line  «r  i|  or  outside  it.  Both  these 
objections  are  answered  in  the  text. 

The  point  ^  must  be  within  the  space 
included  by  the  right  lines  «r  n  and  ^  9. 
Why  1  If  it  is  not  within  this  space,  it  must 
be  on  one  of  the  lines  or  outside  the  space 
between  the  two  lines  as  in  the  marginal 
figure.    Then  the  angles  |r  ^  f  and  |r  f  ^ 
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shall  be  equal  *  But  the  angle  ^  ^  ^  is  equal  to  the  angle 
il  ^  ^-.f  Thus  if  the  point  ^  be  on  the  side  jf  ^,  the  whole 
angle  ^^  m  and  its  part  7  ;*  |r  ^^^  equal.    This  is  absurd. 

If  the  point  ^  be  outside  the  side  jf  ^,  then  the  angle  fT  7  f 
shall  be  greater  than  the  angle  9  ^  f.  It  shall  also  be  greater 
than  the  angle  ^  ^  ^;  because  the  angles  i|  ^  f  and  ^  ^  ^  are 
equal4  But  the  greater  angle  |r  ^  ^  is  equal  to  the  angle 
^  ^  If.*  Therefore  the  part  ^  ^  9  is  greater  than  the  whole 
^  ^  ^.  This  is  absurd  ;  because  a  part  can  not  be  greater 
than  the  whole.  Therefore  the  point  ^  must  be  within  the 
space  included  by  the  two  arms. 

This  objection  is  noticed  in  Bil/s  edition  in  the  following 
words : — 

'  Here  against  this  proposition  may  of  the  adversary  be 
brought  an  instance.1f  For  he  may  cavil  that  the  head  of  the 
equilateral  triangle  shall  not  fall  between  the  two  right  lines 
but  in  one  of  them,  or  without  them  both/ 

Alternative  proof  of  Prop.  9. 

In  the  line  D  B,  take  any  point  Z.  Make 
H  V,  equal  to  D  Z.$  Join  Z  H  and  V  D. 
Let  T  be  the  point  where  they  intersect 
each  other.  Join  A  T,  Then  this  shall 
bisect  the  angle  A. 
Proof  of  this. 

As  proved  in  Prop.  5,  the   angles   Z  H  D 
VA^  ^   ^*      ^^^  V  D  H  are  equal.     Therefore   D  T   is 
^'  » B     equal  to  H  T.**     Therefore  the  triangle  D- 

A  T  is  equal  to  the  triangle  H  A  T."     Therefore  the  Angle   A 
is  bisected. 

Note  that  in  this  proposition  it  is  not  necessary  that  the 
equilateral  triangle  which  is  described  on  ^  ^  should  be  de- 
scribed on  the   other  side   of  it,   remote  from  ar«     It  may   be 

♦  The  triangle  l^^f  being   equilateral,      t  ( I.  5).      t  (I.  5).        f  *An 
instance  is    an  objection  or  a  doubt,   whereby  is    letted  or  troubled  the 
construction  or  demonstration,  and  cmtaincth  an  untruth  or  an  impossibility: 
and  therefore  it  must  of  necessity  be  answered  unto  and  the  falsehood  there 
of,  made  manifcbt.'    Bii.    $  (1.  3).    **  (I.  6).    "  (I.  8). 
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described  on  that  side  of  ^  ^  which  is  nearer  to  «r.  Then  there 
arise  three  cases,  of  which  one  is  given  in  the  text  as  an  alter- 
native proof.  The  equilateral  triangle  ^  ^  ;*  shall  coincide 
with  the  triangle  9r  T  f  if  the  sides  «r  ^  and  9r  f  are  equal  to 
^  f ,  or  shall  fall  without  the  triangle  «r  ^  ^  if  the  sides  «r  ^ 
and  9r  fare  less  than  ^  f ,  or  shall  fall  within  the  triangle 
nr  7  f  if  the  sides  «r  ^  and  «r  f  be  less  than  ^  f  •  The  first 
case  is  the  one  given  in  the  text  as  an  alternative  proof.  The 
fiecond  is  as  follows; — 

Let  B  A  J  be  the  given  rectilineal  angle.    It  is  required  to 

bisect  it. 

In  A  By  take  any  point  D.  Make 
A  H  equal  to  A  D  (I.  3).  On  D  H 
describe  the  equilateral  triangle  D  Z  H 
(I.  1).  Join  Z  A  and  produce  it  to 
meet  D  H  in  V. 

In  the  triangles  D  Z  A  and  H  Z  A,  the  two  sides  D  Z 
and  Z  A  are  equal  to  the  two  sides  H  Z  and  Z  A,  and  the  base 
D  A  is  equal  to  the  base  H  A.  Therefore  the  angle  D  Z  A  is 
equal  to  the  angle  H  Z  A  (I.  8).  Again  in  the  triangles  D  Z  V 
and  V  Z  H,  the  two  sides  D  Z  and  Z  V  are  equal  to  the  two 
sides  H  Z  and  Z  V,  and  the  angle  D  Z  V  is  equal  to  the  angle 
HZV.  Therefore  the  base  D  V  is  equal  to  the  base  H  V 
(L  4).  Again  in  the  triangles  A  D  V  and  A  V  H,  the  two 
sides  A  D  and  A  V  are  equal  to  the  two  sides  H  A  and  A  V 
and  the  base  D  V  is  equal  to  the  base  H  V.  Therefore  the 
angle  D  A  V  is  equal  to  the  angle  V  A  H  (I.  8). 

The  third  case  is  as  under : — 

In  this  case  the  equilateral  triangle  D  Z  H 
falls  within  the  triangle  A  D  H.   In  the  two 

triangles  ADZ  and  A  Z  H,  the  angles  D- 
A  Z  and  H  A  Z  are  equal  (1.  8). 

Prop.  10  p.  16. 

Another  way  of  bisecting  a  given  straight 
line  is  as  under : — 

Let  A  B  be  the  given  straight  line.  It  is  required  to  bisect  it. 
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From  the  center  A  and  Uie.i?idias  A  B, 
describe  the  circle  BCD,  and  from  the 
center  B  and  the  radiuB  B  A,  descri^be  the 

circle  A  C  D  and  join  the  intersection- 
points  C  and  D.  Join  also  AC,  AD, 
BCandBD.    Let  CD  cut  A  B  in  E. 

In  the  triangles  A  C  D  and  B  C  D  the  angle  A  C  D  can  be 
proved  to  be  equal  to  the  angle  B  C  D  (I.  S\  and  then  in  the 
triangles  ACE  and  B  C  E,  the  base  A  £  can  be  proved  to  be 
equal  to  the  base  B  £  (I.  4). 

Prop.  11  p.  18. 

Alternative  prooH 

It  is  required  to  draw  a  straight  line  at  right  angles  to  «r  V 
from  the  point  ir. 

Ill  the  right  line  «r  9>  take  the  point  9.    Make  ir  V  equal 

^  to  ^  «r.    From  the  point  v,  draw 

the  straight  line  9  ip  at  right  angles 

to  9r  ii;  and  from  the  point  ^,  draw 

Y  IP  at  right  angles  to  «r  i|-^  Bisect 

the  angle  «r  V  C  ^  the  right  line 
isr  Vi  ai^d  the  angle  9r  7  |r  by  the  right  line  ?(  f .  §  Then  the 
point  f  is  the  point  where  the  lines  9  f  and  ^  ^  meet.  Again 
niake  9r  n  equal  to  ^  i^V  and  join  «r  n.  This  diall  be  at  right 
apgles  to  jn  «r. 

Proo£ 

In  the  triangle  «r  IT  V>  the  arms  «r  IT  And  ir  V  ^^^  the  angle 
«r  W  ATO  respectively  equal  to  the  arms  ^  ^  and  ^  |p  and 
the  angle  9  ^  ^  in  the  triangle  «  ^  ^.  Therefore  the  angle 
V  «r  ^  is  equal  to  the  angle  f  ^  ^.$  But  ^  ir  ^  is  a  right 
angle.  Therefore  the  angle  ^  ^  ^^  is  also  a  right  angle.  There- 
fore the  line  ^  ^  is  at  right  angles  to  vr  ^,  which  was  required 
to  be  done. 

This  alternative  proof  is  simply  a  particular  case  of  the  pro- 
position in  which  a  straight  line  is  drawn  at  right  angles  to  a 
given  straight  line  from  a  point  within  it,  the  point  being  one 
of  the  extremities  of  the  given  straight  line. 

♦  (Preceding  case).     |  (I.  9).    f  (I.  3).    $  {I.  i  ). 
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Bil.  metatiODS  this  case  and  proves  it  in  almost  a  similar 
manner.    His  proof  is  as  under : — 

Let  A  B  be  the  given  right  line  and  A 
be  the  given  point  in  it.  It  is  required  to 
driiW  a  stndght  line  at  right  angles  to  A  B 
from  the  point  A. 

In  A  B,  take  any  point  0.    Froni  C  draw 

C  B  at  right  angles  to  A  B.    From  C  E  cut 

"^  off  C  D  equal  to  C  A  (I.  3).    Bisect  the 

angle  A  C  D  by  the  line  C  F  (L  9).    From  the  point  D  draw 

D  F  at  right  angles  to  G  E,  meeting  G  F  in  F.    Join  F  A. 

Then  the  angle  at  A  is  a  right  angle.    Because  D  G  is  equal 
to'G  A  and  C  F  is  common  to  the  two  triangles  D  G  F  and 

AG  F  and  they  contain  equal  angles  at  C,  therefore  the  augle 
C  D  F  is  equal  to  the  angle  G  A  F  (I.  4).  But  the  angle  CDF 

ia «  right  angle  (  Con. );  therefore  the  angle  G  A  F  is  also  a 
right  angle.    Q.  E.  F. 

Prop.  12  p.  19. 

By  m^gltflW14^  we  should  understand  a  straight  line  of  un- 
limited lengthy  to  ensure  that  it  shall  meet  the  circle. 
Alternative  proof. 

In  the  right  line  9r  M,  take  any   point 
^.    Join  f  ^«     Making  ^  the  center 

with  the  radius  ^  ^,  describe   a  circle 

^  ^.     If  the  beginning  and  the  end   of 

the  circle  be  in  f  *  then  the  line  v  f 

is  a  perpendicular.    The  proof  of  this 
^    we  shall  give  in  the  Third  Book.t 
If  the  circle  does  not  end  in  f  ,  but  stops  with  |r,t    then 

bisect  the  line  f  fr  i^  the  point  ^. 

Join  the  right  line  ^  %  This  is  a  per- 
pendicular.   The  proof  of  this  is  as 

shewn  before  ( i.  e.  as  given  in  the 
first  case  in  the  text ). 

These  two  cases  arise  by  not  stick- 


•  I.  e.  if  the  circle  touches  the  Une  •^  ^  in  f .    t  (HI.     17).    J  i.  e.  if  th« 
circle  cata  the  straight  line  '^  ^  ia  the  points  9  and  f. 


14 

ing  to  the  words  '^^^4s<ir<^<<l^fti  ^1^  ^rfn'  p.  18  1. 19-20; 
but  by  taking  the  point  in  the  given  right  line. 

Bil,  notices  both  these  cases: — '  There  may  be  in  this  pro- 
position another  case.  For  if  it  be  so  that  on  the  other  side  of 
the  line  A  B»  there  be  no  space  tQ  take  a  point  in  but  only  on 
that  side  wherein  is  the  point  C*  &c.  The  first  case  where  the 
circle  touches  the  given  right  line  is  thus  proved : — 

^  If  it  so  happen  that  the  circle  which  is  described  do  not  cut 

the  line  but  touch   it,   then  taking  a 
point  without  the  point  E,   namely  the 

point  Q,  and  making  the  center  C,  and 
the  space  C  Q,  describe  a  part  of  the 

circumference  of  a  circle,  which  shall  of 
T     necessity  cut  the  line  A  B.'    Then  the 
case  will  be  similar  to  the  one  in  the  text. 

Prop.  13.  p.  20, 1. 13. 

HtiHi*l%l^H^41<l:=The  sum  of  these  angles  made  by  right 
lines.    ^sm^St^  is  here  equal  to  fjift^Nftd^mi- 

Prop.  15.  p.  21. 

*  Thales  Milesius,  the  philosopher,  was  the  first  iaventor  of 
this  proposition^  as  witnesseth  Eudemius,  but  yet  it  was  first 
demonstrated  by  Euclid.'     Bil. 

Bil.  notes  that  the  corollary  to  Prop.  XV.,  namely  if  two 
straight  lines  cut  one  another,  they  make  four  angles  equal  to 
four  right  angles,  gave  great  occasion  to  Fithagoras  to  find  out 
the  wonderful  proposition,  which  is  as  under: — 

*  Only  three  kinds  of  figures  of  many  angles,  namely,  an 
equilateral  triangle,  a  right-angled  figure  of  four  sides,  and  a 
figure  of  six  sides  having  equal  sides  and  equal  angles,  can  fiU 
the  whole  space  about  a  point,  their  angles  touching  the  same 
point.* 

*  CorreBponding  to  ^  la  the  text. 
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A 

Prop.  16  p.  22. 

After  having  proved  the  proposition  the  author  males  the 
following  remarks : — 

From  this  it  is  also  known  that  if  two  right  lines  drawn  from 
the  same  point  intersect  a  third  right  line,  then  the  two  angles 
formed  on  the  same  side  of  the  lines  shall  never  be  equah  The 
direction  here  is  to  be  taken  from  the  lines  drawn  from  the 

point. 
From  the  point  9|  are   drawn  the    lines  «r  H  and  ^  ir  and 

they  meet  the  line  ^  ^  in  the  points  i|    and 

^.    Then   the    angles  iir  v  ^  and    iir  ^  ^, 

formed  in  the  same  direction,   shall   not   be 
equal.  Because  the  triangle  «ri|ir  is  formed 

by  the  meeting  of  the  three  lines  («r  ^>  ^  ^, 
and  9  ^).     The    exterior   angle  iir  ^  ^   is 

greater    than   the   angle   «ri|  ^.      This  is 
proved.    Therefore  what  is  stated  is  proved. 

This  is  in  fact  another  way  of  putting  prop.  16,  Two 
corollaries  follow  this  prop,  as  mentioned  in  Bil. 

1.  It  is  not  possible  that  from  one  and  the  self-same  point 
should  be  drawn  to  one  and  the  self-same  right  line,  three 
equal  right  lines. 

A  B,  A  C,  and  A  D,  drawn  from  the  same 
point  A  to  the  right  line  B  D,  can  not  be  equal- 
For  if  A  B  is  equal  to  A  C,  the  angle  ABC 
shall  be  equal  to  the  angle  A  C  B  (I.  6). 
Similarly  if  A  B  be  equal  to  A  D,  the  angle 
A  B  D  shall  be  equal  to  the  angle  A  D  B  (1. 5). 
But  the  angle  A  B  D  has  been  proved  equal 
to  the  angle  A  C  B.  Therefore  the  angle  A  C  B  is  equal  to 
the  angle  A  D  B  or  A  D  C.    This  is  absurd  (1. 16). 
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2.  If  a  right  line  falling  upon  two  right  lines  do  make  the 
outward  angle  equal  to  the  inward  and  opposite  angle,  these 
right  lines  shall  not  make  a  triangle. 

A     Though  this  is  given  as  a  Cor.  by  BiL,  it 
is  really  the  converse  of  the  prop. 
Prop.  17.  p.  23. 
This    prop,    may  also  be    demonstrated 

without  producing  any  side  of  the    given 
triangle. 

In  B  C,  take  any  point  D.    Join  A  D. 

The  angle  A  D  C  is  greater  than  the   angle 

A  B  D;  (I.  16)  and  so  is  the    angle    A  D  B 

greater  than  the  angle  A  C  D.    Therefore  the 

two  angles  A  D  B   and  A  D  0  are  together 

greater  than  the  angles  ABC  and  A  C  B. 

B.      D  C    Biit  the  angles  A  D  B  and  ADC  are  together 

equal  to  two  right  angles  (I.  13).    Therefore  the  angles  ABC 
and  A  C  B  are  together  less  than  two  right  angles. 
Bil.  mentions  the  following  Cor.  to  this  prop. : — 

From  one  and  the  same  ppint  to  one  and  the  self-same  right 
line  can  not  be  drawn  two  .perpendicular  lines. 

Prop.  18  p.  .24. 

Alternative  proofs 

'^  Produce  the  right  line  «r9  to  the 

pointy.  Make«|'^  equal  to  «ni.* 
Join  ff  ^,  The  angles  «r  i|  t[ '  &sid 
«r  ^  V  are  equal.f '  But  the  angle 
«r  w  Y  is  greater  than  the  angle 
«r  9  9*.  Therefore  the  angle  «r  ^  ^ 
is  also  greater  than  the  angle  «r  ^9. 


Again  the  angle  «r  9  ir  ^s  greater  than  the    angle  «|  ^ 


Much  more  therefore  is  the  angle  «r 

«r  m  3r.    Q.  E.  D. 


r4 


greater  than  the  angle 


•  (1.8).   t  (I.  5).    t  (I.  16). 


1^ 


4^othernltenuttive  prcKif. 

With  *the  center «ritiid  the  nditiB 
%f  V,  describe  the  circle  ^^.  Pro- 
duce the  line  ^  9  iK>  meet  the  cir- 
cumference in  ^.    Join  .«r  ^. 

In  the  triangle  «r  V7>  the  angles 
^  and  ^  are  equal**    But  the  angle 

«r^^  IB  greater  than  the  angle 

«r  ^  v-t    Therefore  it  is  also  greater  than   the  angle  «t  w  T 
Q.  E.  D. 

Prop.  20  p.  26. 

Altematiye  proofl 

fr  Bisect  the  angle  «r  hy  the  right  line 

«r  ^4  Then  the  angle  n  ^  9  is  great- 
er than  the  angle  ^  ir  W-^  But  the 
c^glo  ^  ^  W  is  equal  to    the  angle 

"^  qf  «r  v*1f  Therefore  the  angle  «r  ^  W 
is  greater  than  the  angle  ^  «r  ^.  Then  the  side,  «f  9  shall  be 
greater  than  the  side  ;si  ^.§  Again  the  angle  «r  ^  ^  is  greater 
than  the  angle  ^  n  ^.11  But  the  angle  ^  «r  ;si  is  equal  to  the 
angle  ^  n  ^.%  Therefore  the  angle  «r  ^  ^  is  greater  than  the 
angle  ^  «i  w*  Therefore  the  side  Mm  is  greater  than  the  side 
If  ^.^  Therefore  the  sum  of  two  greater  sides  is  greater  than 
tl|e  third    This  was  what  we  wished. 

Note  that  in  this  alternative  proof,  the  proposition  is  proved 
without  producing  any  of  its  sides. 

This  alternative  proof  is  noticed  in  BiL's  edition. 
Another  altematiye  proof. 

^  If  the  sum  of  «|ir  and  «t  9r  be  not 

greater  than  ^  9,  then  it  must  be  ei* 
ther  equal  to  it  or  less  than  it.  Make 
^  ^  equal  to  w  «r«**    Join  n  ^. 

The  remainder  ^  ^  shall  be  either 
equal  to  ^  «r  or  greater  than  it    K  it 


»  (I.  S).    t  (I.  W).    t  (I.  ^).    t  (I.  16>.   T  (Com.).   §  (1.  19).  U  ( I.  *«). 
(I.  8). 
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be  equal  to  it,  the  angles  ^  «r  ^  and  v  «r  ^i  shall  be  equal  to 
the  angles  9  ^  «r  And  V  ^  bt  respectively.*  But  the  angles 
;si  ^  «l  and  V  ^  «l  are  together  equal  to  two  right  angles.t 
Therefore  the  angles  ^  «r  ^  fti^d  v  9r  7  shall  be  equal  to  two 
right  angles.  This  is  absurd.  Because  one  angle  of  a  triangle 
is  not  equal  to  two  right  angles.S 

If  the  line  9  ^  be  greater  than  the  line  n  ^,  the  angle 
9  9r  ^  shall  be  greater  than  the  angle  ^  ^  «r-"  Then  the  angle 
9  «r  V  shall  be  greater  than  the  sum  of  the  angles  v  ^  ar 
and  9  ^  «r-  But  these  are  equal  to  two  right  angles.§  There- 
fore the  angle  ^  9?  9  is  greater  than  two  right  angles.  This 
is  absurd.** 

In  this  alternative  proof,  which  is  reductio  ad  ahaurdum, 
it  is  assumed  that  one  angle  of  a  triangle  can  not  be  equal  to 
two  right  angles.  This  follows  from  the  17th  Prop,  in  which 
it  is  proved  that  any  two  angles  of  a  triangle  are  together  less 
than  two  right  angles. 

Bil.  makes  the  following  note  on  this  proposition  :— 

*  Epicurus  and  such  as  followed  him  derided  this  proposition, 
not  counting  it  worthy  to  be  added  in  the  number  of  proposi- 
tions of  Geometry  for  the  easiness  there-of,  for  that  it  is  mani- 
fest even  to  the  sense.  But  not  all  things  manifest  to  sense 
are*  straightway  as  manifest  to  reason  and  understanding.    It 

*  (I.  6).  t  (I-  13).  S  This  case  can  be  proved  in  another  way  also.  The 
exterior  angle  «rv«r  is  greater  than  the  interior  and  opposite  angle  W*rV 
(1. 16).  Similarly  the  angle  V  ^  «T  is  greater  than  the  angle  «r  «r  7  (I.  16). 
Therefore  the  angles  ^  7  ^  and  w  ^  VT  are  together  greater  than  the  angles 
V  «r  ^  and  «r  iri^.  But  they  are  equal  to  them  (I.  5).  This  is  absnid.  "  (1. 18). 
S  (I.  18).    **  The  second  case  may  also  be  proved  as  under: — 

If  possible,  let  A  B  and  A  C  be  together  less  than  B  C.    Hake  B  D  eqaal  to 

A  B  and  £  G  equal  to  A  C  (I.  3).    Then  the 

angles  BAD  and  B  D  A  are  equal  and  so  also 

are  the  angles  E  A  C  and  E  0  A  (I.  6).    But 

the  angle  B  D  A  is  greater  than  the  angle  D- 
A  0  and  therefore  greater  than  the  angle  SAG 

(L  16),  and  similarly  the  angle  0  E  A  is  great- 
er than  the  angle  B  A  E  and  therefore  also  greater  than  B  A  D  (1. 16).  There- 
lore  the  angles  B  D  A  and  G  E  A  are  together  greater  than  the  angles  BAD 
and  G  A  £.    But  they  have  been  proved  equal  to  them.    This  is  absurd. 
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pertaineth  to  one  who  is  a  teacher  of  sciences  by  proof  and  de* 
monstration  to  render  a  certain  and  undoubted  reason,  why  it 
so  appeareth  to  the  sense  and  in  that  only  consisteth  science/ 

Tod.  has  a  similar  note  from  Froclus.  Vide  Tod/s  '  Elements 
of  Euclid.'  p.  259- 

Prop.  21  p.  27. 

Alternative  proof. 

If  the  sum  of  w  ^  and  ^  n  be  not  less  than  the  sum  of  w  «l 

and  9r  lf>  it  must  either  be  equal  to 
it  or  greater  than  it.  Now  either 
of  the  two  lines  v  ff  and  ^  ^  is  or 

is  not  less  than  either  of  the 
two  lines  v  «r  and  «r  ^.     If   it  is, 

let  it  be  assumed  that  ^^  is  less 
^  ~"W  T     than  ^  «r*  Cut  oflF  «r  |r  equal  to  the 

difiference  between  if  ^  and  ^  9r  *  fThen  the  point  fr  shall  not 
ix>incide  with  the  point  ^.  For  if  it  does,  then  the  sum  of  v  bt 
and  «r  jf  shall  be  equal  to  ^  ^.  Therefore  the  sum  of  v  bt  and 
«f  ^  shall  be  less  than  the  line  ^  jf.  This  is  absurd,^  because 
the  sum  of  the  two  sides  of  a  triangle  is  greater  than  the  third. 
Again  the  point  fr  shall  not  fall  within  the  line  ^  n.  For  if -it 
falls,  then  the  sum  of  ^  «(  and  ^  ^  shall  be  much  smaller  than 
W  IT'!  ^^^^  ^  absurd.  Therefore  the  point  fr  shall  be  in 
the  line  «r  f*.    Join  ^  ^  and  ^  ^« 

Now  the  line  ^  ^,  which  is  equal  to  the  sum  of  the  lines 
Y  «r  and'«|  IT,  is  greater  than  ^  |r*    Therefore  the  angle  v  fT  ^ 

*  (L  3).  It  is  argued  that  the  sides  ?^  and  ^  ^r,  if  not  greater  than  ?«T 
and  ^%  mast  be  either  equal  to  them  or  less  than  thej.  In  either  case  9^ 
may  or  may  not  be  less  than  either  ^  «r  or  9f  V.  Let  it  be  less  than  ^  97. 
Then  ^  W  must  be  greater  than  *T  ^  (beoause  ^  7  and  7  ?  are  together  equal 
to  or  greater  than  ar  ^  and  9|  ?  and  ^  ^  is  less  than  ST  ^).  Make  9T  ^  equal 
to  1  ^— «l  «r.  t  Before  this,  sell.  *Produce  f  ^  to  meet  «T  «r  in  5.*  $  ^  V= 
Y^-.^9r  ,-.  V7=V«r+9T9.-.  V^=Y3T+«rf[  (assuming  f[  to  coincide  with 
U).  .-.  W  ll+aT  f[<^ ^  V  ^ ^<^ Ij.  §^^=WW+Bn?;  but  ^«T+«Tf< 
^ar+W^   (assuming  V  to  fall  within  5«r).     .-.  ^  ST+W  5<*  ^;  but  ^f[ 

^  ^;  much  more  .'.  ^«T+3T5<Cf  5. 
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is  greater  than  the  angle  w  ^  fr  *    When  w  V  u  equal  to  the 
Bum  of  V  «r  and  «r vr#  tben^^ghall  be  equal  to  or  greater  than 

H  fr*t  Therefore  the  angle  ^i^  if  shall 
be  equal  to  or  greater  than  the  angle 

^  ^  l^.V  K  V  ^  be  equal  to  ^  |r>  then 
the  angle  9  fr  T  shall  be  equal  to  the 
c^gle  9^9-    If  9  ^  be  greater  than 

9 1^,  then  the  angle  9  CT  T  >^^  ^ 
if""""""^"""^^""""^  greater  than  the  angle  9  ^  19.  And 
then  the  angle  w  V  ^  shall  be  greater  than  the  sum  of  the 
angles  v  ^  fr  and  9  ^  fr«S  This  is  absurd.  Because  the  sum 
of  the  angles  ^  ^  fr&iid  9  ^  fr  is  greater  than  two  right  angles, 
and  the  angle  v  fr  9  &lso  shall  be  greater  than  the  sum  of 
two  right  angles.  This  is  absurd,  because  one  angle  of  a  triangle 
is  much  less  than  the  sum  of  two  right  angles. 

Again  if  the  side  9  if  be  not  less  than  the  side  9  n,  and  the  line 
V  ^  be  not  less  than  the  line  ^^,  then  ^  ^  and  ^  ^  shall  be  equal 
to  or  greater  than  ^  «(  and  ^  «r.  Join  «(  ^.  As  was  proved  in 
the  first  case,  the  angle  v  9r  9  may  be  proved  to  be  equal  to 
or  greater  than  the  sum  of  the  angles  w  7  ^  cmd  «r  ^  IT*  It  is 
absurd  in  both  the  ways.  Because  the  sum  of  the  angles  w  l[  ti 
and  9  ^  «r  is  greater  than  two  right  angles,  and  the  angle  w  «r  V 
is  one  angle  of  a  triangle  and  has  become  eqiial  to  or  greater 
than  two  right  angles.  This  is  absurd.  Because  it  is  a  rule 
that  in  a  triangle  the  sum  of  any  two  angles  must  be  less  than 
two  right  angles.  Therefore  the  sum  of  the  lines  ^  ^  and  ^  ^ 
is  less  than  the  sum  of  the  lines  ^  sr  and  «r  9. 

Now,  the  line  «r  ^  should  be  produced  to  the  point  %  Then 
the  angle  v^  7  is  greater  than  the  angle  v«T7,§  and  the 
angle  9  ^  if  is  greater  than  the  angle  9  «r  ^.1  Therefore 
the  angle  w  ^  9  is  proved  to  be  greater  than  the  angle  ^^t(m• 
This  is  just  what  we  wished. 

Page  29  1.  2  ^li  ^Mii^^Ml^^ikil  3n?n — 

If  should  rather  have  been  put  as  ^^  ^Mii^^^A 


•  (I.  18).  t  Because  ^^+«r^  is  equal  to  or  less  than  «r^+«T«r  (by  aa- 
BumptioD).  ^  (I.  5  and  1. 18).  $  Because  the  angle  W9%  has  been  shewn 
to  be  greater  than  the  angle  Y^V.    §  (I.  16). 
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Note  that  if  straight  lines  are  drawn  from  both  the  extrem- 
ities of  a  side  of  a  triangle  to  a  point  within  the  triangle,  then 
alone  are  they  less  than  the  other  two  sides  of  a  triangle  and 
eontain  a  greater  angle.  If,  however,  one  straight  line  is  drawn 
fiKxn  one  extremity  of  a  side  of  a  triangle  and  the  other  from 
any  point  in  the  same  side,  to  a  point  within  the  triangle,  these 
two  are  not  necessarily  less  than  the  other  two  sides  of  the 
triangle.  They  may  sometimes  be  greater  than  the  other  two 
sides  of  the  triangle  and  may  sometimes  contain  a  smaller  angle. 

Let  A  B  C  be  a  right-angled 

triangle.    Take  any  point  D  in 

B  C  and  join  A  D. 

In  the  triangle  A  BD,  AD 
is  greater  than  A  B  (1. 19).  Cut  ofif  D  E  equal  to  A  B  (I.  8). 
Bisect  A  E  in  F  (L  10)  and  join  F  C. 

In  the  triangle  A  F  C,  A  F  and  F  C  are  together  greater 
than  A  0  (I.  20).  But  A  F  is  equal  to  F  E  (Con.),  therefore 
F  C  and  F  E  are  together  greater  than  A  C.  To  each  of  these 
unequals  add  E  D  or  A  B  which  is  equal  to  E  D.  Then  F  C, 
F  Ek  and  E  D  are  together  greater  than  A  C  and  A  B.  Q.  E.  D. 

Secondly,  let  A  B  C  be  an  isosceles  triangle  of  which  the 
A  base  B  C  is  greater  than  either 

of  the  two  equal  sides  A  B  and 
A  C.    Make  B  D  equal  to  A  B 

(I.  3).  Join  AD.  In  A  D,  take 
any  point  £.  Join  E  C.  Then  the  angle  C  E  D  shall  be  less 
than  the  angle  B  A  C. 

A  B  is  equal  to  B  D  (Con.).  Therefore  the  angle  B  A  D  is 
equal  to  the  angle  A  D  B  (I.  5).  But  the  angle  A  D  B  is 
greater  than  the  angle  C  E  D  (I.  16).  Therefore  the  angle 
B  A  D  is  also  greater  than  the  angle  C  E  D.  Much  more  there- 
fore  is  the  angle  B  A  C  greater  than  the  angle  C  E  D.  Q.  E.  D, 

Prop.  22  p.  29. 

After  having  proved  the  Fro.  the  author  observes  as  follows: — 

If  we  are  asked  why  the  three  given  lines  are  so  taken  that 
any  two  of  them  are  together  greater  than  the  third,  we  have 
to  remark  that  it  has  already  been  demonstrated  that  the  sum 
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of  any  two  sides  of  a  triangle  is  greater  than  the  third  side. 
It  is  therefore  that  the  two  circles  cut  each  other.  If  the  sum 
of  A  and  B  be  not  greater  than  J,  then  the  line  V  T  shall  be 
either  equal  to  or  greater  than  V  D.  Then  the  circle  K  T  L 
shall  make  the  circle  E  D  L  f all  within  itself.    It  will  touch 


.11 

J  B  A 


the  circle  K  D  L  in  the  point  D,  when  V  T  is  equal  to  V  D.  It 
will  go  beyond  D  when  V  T  is  greater  than  V  D.  It  will  not 
meet  the  other  circle  again. 

If  the  sum  of  the  lines  B  and  J  is  not  greater  than  A,  then  the 
circle  K  D  L  shall  make  the  circle  K  T  L  fall  within  it.  Why  ? 
If  D  Z  be  equal  to  Z  T,  then  the  circle  DEL  shall  touch  the 
other  circle  in  the  point  T.     If  D  Z  be  greater  than  Z  T,  then 

the  circle  DEL  shall  pass  beyond  the  point  T.  Then  too  the 
two  circles  shall  not  meet. 


I 


II 


J  B  A 


ff  B  A 


Again  if  the   sum   of  the  lines  A   and  J  be  not  greater 
than  the  line  B,  then  the  line  Z  Y  shall  be  equal  to  or  greater 
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than    the    sum  of    the 
lines  VT  and  ZD.  Then 

too  the  circles  shall  not 
meet     Thus    then  one 

circle  shall  not  make  an- 
other fall  within  it,  but 


the  two  circles  shall  stand  separate  if  V  Z  is  greater  than  the 
sum  of  V  T  and  Z  D. 
On  this  proposition  Bill,  observes  as  follows: — 

'In  this  proposition  the  adversary  per  adventure  will  cavil  that 
the  circles  shall  not  cut,  the  one  the  other  (which  thing  Euclid 
putteth  them  to  do)/  He  then  proves  that  the  circles  must 
cut  one  another  as  follows: — 

If  the  circles  do  not  cut  one  another,  they  will  either  touch 

one  another  or  shall  be  dis- 
tant, the  one  from  the  other. 

If  possible  let  them  touch 
one  another.  Then  because 
T  V  is  equal  to  V  Land  LZ 
to  Z  D,  they  being  the  radii 
of  the  circles,  therefore  T  V  and  Z  D  are  together  equal  to 
T  Z,  that  is,  A  and  J  are  together  equal  to  B,  which  they  are 
not  (Hyp.).    Therefore  the  circles  cannot  touch  one  another. 

Nor  can  they  be  distant  from  one  another.  If  possible,  let 
them  be  distant  from  one  another.  Then  because  T  Y  is  equal 
to  Y  L  and  M  Z  is  equal  to  Z  D,  they  being  the  radii  of  the 
circles,  therefore  T  Y  and  Z  D  are  together  equal  to  Y  L  and 
M  Z.  But  Y  L  and  M  Z  are  together  less  than  YZ.  Therefore 
T  Y  and  Z  D  are  together  less  than  Y  Z,  which  they  are 
not  (Hyp.).  Therefore  the  circles  shall  not  be  distant  from 
one  another.    They  must  therefore  cut  one  another.    Q.  E.  D. 

Prop.  24  p.  31. 

In  this  proposition  there  are  three  cases;  for  the  line  lf^ 
may  fall  either  above  ^  |r  or  on  it  or  under  it  The  first  case 
is  proved  first  and  the  second  and  third  cases  are  given  as  an 
alternative  proof;  because  Euclid  gave  only  one  case,  viz., 
that  m  which  f  ^  falls  above  the  line  ^  fr* 
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The  third  case  may  be  proved  without  joining  ^^  and  pro- 
ducing ^  if  and  ^  IT  to  9  &^<i  H-  ^^^  T  V  ^^^  9  C  ^^^  together 
less  than  ^  ^  and  n  f  (I.  21).  But  ^  |r  is  equal  to  ^  if  (Con.). 
Therefore  jfnis  greater  than  i^-  |r*  But  f  if  i^  equal  to  n  9. 
Therefore  w  is  greater  than  ^  fg.  Q.  E.  D. 
Prop.  26  p.  33. 
Alternative  proo£ 

With  the  center  ^,  at  the  radius  ^  ^,  describe  the  circle  fg^. 

Produce  ^|r  ^  ir-  Make  jf^ 
equal  to  ^  9.*  Again  with  the 
center  ^  and  radius  ^fg,  de^ 
scribe  the  circle  9  if.  The  circles 
intersect  one  another  in  the 
point  ^.  Draw  the  lines  ^^  and 
l^"  If.  Then  the  three  sides  of  the 
triangle  5"  ^  ^  are  equal  to  the  three  sides  of  the  triangle  wr  H- 
The  angle  f  ^  if  is  equal  to  the  angle  ^  «|  ^.f  But  the  angle 
^  ^  V  is  greater  than  the  angle  f  ^  fr*  Therefore  the  angle  7  «r  9 
is  greater  than  the  angle  f  ^  |r-    Q*  ^-  ^^ 

This  is  a  direct  proof  and  is  similar  to  that  of  Mechanicus, 
mentioned  by  BiL,  though  it  is  less  complicated  than  that  of 
Mechanicua 
Prop.  26  p.  36. 
Alternative  proof. 

If  «r  W  ifi  placed  on  ^  ^,  then  the  side  «(  ^  shall  fSskll  on  the 
^^  7  side  ^  fr  Aiid  the  side  ^  9  shall 

&11  on  the  side  f  fr*  Because  the 

angle  «i  is  assumed  to  be  equal 
to  the  angle  ^  and  the  angle  n  to 

jf,  and  the  side  «r  w  to  the  side 
7     ^  ^.  .Thus  the  angle  9  shall  coin- 
cide with  the  angle  fr  &nd  the  triangle  with  the  triangle. 

Again  if  the  side  w  is  assumed  to  be  equal  to  the  side  fff  fp 
and  the  angle  ^  be  placed  on  the  angle  jf  and  the  line  «r  7  on 
the  line  ^  ^,  then  the  point  9  shall  coincide  with  the  point  fr* 


•  (1. 3).   t  (I.  4). 
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Theo  the  angle  ^  shall  &11  on  the  angle  «(.  If  it  does  not  &11 
on  it,  it  fihall  tall  on  some  other  point,  as  on  the  point  ^.  Then 
the  angle  ^V  if  shall  be  equal  to  the  angle  vvrif.  This  is 
absurd.  Therefore  the  angle  ^  shall  fall  on  the  angle  jf  and 
the  angle  «r  on  the  angle  ^.  Then  the  two  triangles  are  equal.. 
This  is  just  what  we  wished. 

Prop.  i9  p.  87. 

The  proof  of  this  proposition  depends  upon  eight  proposi- 
tiona    The  first  of  these  is  as  follows : — 

Of  all  the  straight  lines  that  can  be  drawn  from  a  given 
point  on  a  given  straight  line,  the  perpendicular  is  the  shortest. 

Let  9r  be  the  given  point  and  ^  9  the  given 
straight  line.  From  the  point  «r,  draw  the 
perpendicular  «r  if.  Then  this  line  shall  be 
the  shortest  of  all  the  lines. 

Proof. 

7  Draw  the  line  «r  ^  from  the  point  «(.    Then 

<«lil  ;si  is  a  triangle  formed.  The  angle  9r  W  is  a  right  angle. 
Then  the  angle  «|  w  is  an  acute  angle.*  Therefore  the  side 
ir  V  is  less  than  the  side  «i  ^.f    This  is  just  what  we  wished. 

Prop.  II. 

If  two  perpendiculars  on  a  line  be  equal  and  if  a  straight 
line  should  be  drawn  on  the  top  of  these  two  perpendiculars, 
then  the  angles  formed  at  the  point  where  the  perpendiculars 
meet  the  line  at  the  top  shall  be  equal.§ 

Let  equal  perpendiculars  sr  ^  and  ^  ^  be  drawn  on  ^  ^.  Let 
«r  9  be  drawn,  joining  their  tops.  There  two  angles  are  formed. 
These  angles,  w  «l  H  and  ^  ^  9r,  shall  be  equal. 

Proof. 

Join  n  ^  and  ^  if.  They  meet  in  ^.  Then  in  the  triangle 
«rir ^^  the  sides  «r ^  and  if  ^  and  the  angle  9r ^ ^  are  equal 
to  the  sides  ^  ff  and  ^  ^  and  the  angle  ^  ^  ^r  in  the  triangle 
^  ^  9.  Therefore  the  sides  «r  ^  and  ^  9  are  equal,  and  the 
angles  «r  ?[  V  and  9  v  ^  are  equal  and  the  angles  v  9r  ^  and 

•  (I.  17).  t  (1.  19). 

§  The  enanoiation  may  be  better  worded  as  follows:^ 
The  line  joining  the  Iree  extremities  of  two  equal  perpendicalars  to  a  given 
straight  line  makes  equal  angles  with  the  perpendiculars. 
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H^^  are  equal*    Thus  in  the  triangle  i^^^,  the  angles 

>3r  '^  W  V  sii^d  f  V  7  &^6  equal.  Then  the  sides 

9r  (  and  ^  ^  are  equal.t  Therefore  the 
sides  «r  C  ^^^  ^  f  ^®  equal.^  Thus  in  the 
triangle  9r  f  ^  the  sides  «r  ^  and  f  9  are 
equal,  therefore  the  angles  |^  9r  9  and  |[-  wr 

are  equal.^  But  the  angles  ^^^  and  ^ ^ ^ 
^  have  already  been  proved  to  be  equal. 
Therefore  the  angles  n  «r  9  ai^d  ^  gr  «l  are  proved  equal.$  This 
is  just  what  we  wished. 

Prop.  III. 

If  two  perpendiculars  on  a  line  be  equal  and  if  a  straight 

line  be  drawn,  joining  their  tops  (free  extremities),  then  the 

angles  formed  by  this  line  with  the  perpendiculars  shall    be 
right  angles. 

^  On  the  line  ^  ^  are  drawn  the  per- 

f  pendiculars  9?  ^  and  ^  ^  and  «r  ^  is 
also  joined.  Then  the  angles  w  «f  9 
and  ^  n  9r  are  equal§  and  shall  be 
right  angles. 

Why? 

If  these  two  angles  are  not  right  angles,  then  they  shall  be 
both  obtuse  angles  or  acute  angles.  If  they  are  both  obtuse 
angles,  then  from  the  point  «r,  draw  the  straight  line  «r  1"  at 
right  angles  to  «r  ^.  II  This  straight  line  shall  fall  between  «r  ^ 
and  n  ^.  Then  the  angle  «r  f  ^  sliall  be  the  exterior  angle 
of  the  triangle  3Hr  ?".  This  angle  is  greater  than  the  angle 
«r  «r  ?■•  **  But  the  angle  «r  H  r  is  a  right  angle.  Therefore 
the  angle  «r  ?"  ^  is  an  obtuse  angle.  Again  from  the  point 
f  ,  draw  ?■  IT  at  right  angles  to  f  ^.  "  This  perpendicular  shall 
fall  between  the  right  lines  «r  W  ^^^  ^  ^-  ^he  angle  f  fr  ^ 
shall  also  be  an  obtuse  angle,*  being  greater  than  the  interior 
and  opposite  angle  jf^V-  ^^^^  ^^"^  the  point  |r,  draw 
IT  ^  at  right   angles   to  ^  ^,  and  from   the  point  ^,  draw  ^  ^ 

•  (I.  4).      t  (I.  6).      t  (3.  ax.),     t  (I-  6).      9    (2.  ax.).      §  (Prop.   11). 
(I.'ll).    *•  (1.   16),    Ml.  11).    •(!.  16). 
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at  right  angles  to  if  ^.*  Other  perpendiculars  should  be 
similarly  drawn.  From  the  points  «r>fr»  ^^^  9)  the  perpendiculars 
drawn  on  ^  ^  are  9r  i|,  fr  C  ^^^  ^  ?*  ^^  these  each  succeeding 
line  shall  be  greater  than  the  preceding  line  and  «r  W  shall 
be  the  smallest  of  all.  Why  ?  Because  in  the  triangle  «r  if  f 
the  angle  ^r  is  a  right  angle,  therefore  the  angle  ^  is  an  acute 
angl&t  Therefore  the  side  «r  i|  is  less  than  the  side  «c  ^,1 
Similarly  in  the  triangle  «r  W>  the  angle  9r  is  a  right  angle, 
therefore  the  angle  ff  is  an  acute  angle.§  Therefore  the  side 
9rir  ^^  ^^^  ^^^^  ^^®  ^^^^  tr  fT-^  Similarly  the  side  ^  ff  shall 
be  less  than  the  side  |r  7  ^^^  V  ^  ^^ss  than  ^  ^.  The  side  «c  ^ 
is  less  than  «r  f  >  9rir  ^^^  ^^^^  ^  fr>  sind  ^  ^  less  than  ^  if. 
Thus  each  succeeding  line  becomes  greater  than  the  preceding 
line.  The  distance  of  bt  ^  from  ^  ^  becomes  greater  in  the 
direction  of  ^  and  less  in  the  direction  of  ^. 

Again  if  the  angle  ^  n  «r  is  also  an 
obtuse  angle,  the  distance  of  the  line 
9r  It  from  the  line  ^r  ^  may  be  similarly 
shewn  to  be  greater  in  the  direction 
"^5  T  T  ^    of  3f«     But  it  has  already  been  proved 

that  the  distance  in  the  direction  of  9r  becomes  less.  This  is 
absurd,  being  inconsistent. 

If  the  angles  «r  and  ^  are  acute  angles,  then  also  perpendi- 
culars should  be  drawn  as  in  the 
preceding  case.H  The  first  per- 
pendicular should  be  drawn  from 
the  point  v  on  «r  ^*  These  per- 
pendiculars shall  be  between  the 
lines  9r  V  ai^d  ^  ^.  These  «r  ir» 
j[  fr>  and  ^  ^  shall  be  each  less 
than  the  preceding  one.  The 
line  9f  ^  shall  be  nearer  the  line 
V  ^  in  the  direction  of  ;9  and 
further  from  it  in  the  direction 

of  3f. 


•  (I.  II).  t  (I.  17).  t  (I-  19). 

it  In  this  case  they  are  drawn  to  the  opposite  side. 


§(I.  17).         ^(1.19). 
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Again  perpendiculars  should  be  drawn  from  the  point  ^. 
Thus  in  the  way  described  above  the  line  ^  9  shall  be  nearer 
to  the  line  v  ^  ii^  the  direction  of  «r  and  further  from  it  in  the 
direction  of  ^.  Thus  one  and  the  same  line  becomes  further 
from  and  also  nearer  to  another  line  in  the  same  direction. 
This  is  absurd,  being  inconsistent.  Therefore  it  is  proved  that 
the  angles  «f  and  9  are  right  anglea  This  is  just  what  we 
wished. 

Prop.  IV. 

The  opposite  sides  of  a  right-angled  quadrilateral  figure  are 
equal. 

In  the  right-angled  quadrilateral  figure  «r  ^r  7  V,  the  side» 
«r  ^  and  9  ^  shall  be  equal.     If  they  are  not  equal,  one  of 

»•  them  must  be  greater  than  the  other. 
Let  31  ^  be  the  greater  side.  From  it 
cut  oS  jf^  equal  to  «r  V*  Joi^i  «f  f • 
Then  the  angles  v  ^r  C  and  ^  f*  «r  shaB 
be  right  angles.!  Because  the  per- 
pendiculars «rv  ftiid  5"^  are  equal. 
But  the  angles  ^  «r  9  S'^d  ^  ^  9r  are 
assumed  to  be  right  angles.  Therefore  the  angles  v  «iif  and 
^  «r  ^  are  equal  But  the  angle  n  sriT  ^^  ^  P*^'*  ^  *^®  angle 
m^i^.  This  is  absurd.  Similarly  the  exterior  angle  n  f  ^  of 
the  triangle  n  ^  ?■  is  equal  to  the  interior  angle  ^^^.  This 
is  also  absurd.  Therefore  the  sides  «ri|  and  ^^are  equal. 
This  is  just  what  we  wished. 

Prop.  V. 

If  two  perpendiculars  be  drawn  to  a  line  and  a  straight  line 
be  draivn  across  the  perpendiculars,  of  the  four  angles  made  by 
the  line  with  each  perpendicular,  an  angle  made  in  one  direc- 
tion (  of  the  line  )  by  one  perpendicular  shall  be  equal  to  the 
angle  made  in  the  other  direction  (  of  the  line  )  by  the  other 
perpendicular,!  the  exterior  angle  made  by  one  perpendicular 
shall  be  equal  to  the  interior  angle  ( interior  and  opposite  angle 
on  the  same  side  of  the  line  )  and  the   interior  angles  (  on  the 

*  ( I.  3 ).       t  (  Prop.  III. ).       t  *•  <?•  the  alterate  angks  »hall  b«  equal. 
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same  side  of  the  meeting  line)  made  by  the  two  perpendiculars 
shall  be  together  eqaal  to  two  right  angles. 

To  the  line  ^  ff  are  drawn  the  perpendiculars  f  ^  and  n  ^ 

and  the  line  «|  ^  falls  on  them. 
Then  the  (alternate)  angles  ^if^ 
and  |[  ^  V  At  the  points  ^  and  ^ 
shall  be  equal,  the  exterior  angle 
«l  ^  ^  shall  be  equal  to  the  interior 

angle  «|  tTIT  (  ^^  ^^^  same  side  of 
the  line  «r  w  )  and  the  sum  of  the 

( interior  )  angles  ^  v if  and  ^  ^  cT  (on  the  same  side  of  the 

line  9m)  shall  be  equal  to  two  right  angle& 

Proof 

If  the  lines  ^  fr  &ud  if  ^  be  equal,  then  the  four  angles  form* 
ed  by  them  (  with  ^f  ^  and  ^fs)  shall  be  right  angles.* 
Then  what  we  wished  to  prove  is  evident. 

If  the  line  9  fr  be  not  equal  to  ^  ^,  but  if  ^  ^  be  the  greater 
of  the  two,  then  from  ^  ^,  cut  off  ^  ^  equal  to  ^  ^T-t  J^i^ 
%  ^.  Cut  ofif  ^  9  equal  to  ^  ^.  Join  ^r  ^«  Then  ^  9  ff  ^  is 
a  right-angled  quadrilateral  figure.  I  In  the  triangle  7  er  9> 
the  sides  ^  9  and  ^  ^  and  the  angle  ^  are  equal  to  the  sides 
W>  ^  7  and  the  angle  9  in  the  triangle  7  ^  ^.  Therefore  the 
angles  9^9  and  ^  ff  wr  &re  equal.§  But  the  angle  v  7  ^  is 
equal  to  the  angle  9f  ^  ^.IT  Therefore  the  angles  9r  ^  9  and 
V  ^  |[  are  equal.  ||  Again  the  angles  ^  v  9  ftud  «r  7  9  are 
together  equal  to  two  right  angles.  S  Therefore  the  angles 
K^^  and  if  9  ^  are  together  equal  to  two  right  anglea  This 
is  just  what  was  wished. 

Cor.  The  line  which  is  perpendicular  to  one  of  the  two  per- 
pendiculars is  also  perpendicular  to  the  other. 

Prop.  VL 

If  the  four  angles  formed  by  the  intersection  of  two  lines  be 
not  right  angles,  then  a  perpendicular  on  one  of  the  lines  shall 
meet  the  other  line  in  the  direction  of  the  acute  angle. 


♦  (  Prop,  m  ).        t  (  T.  3  ).        J  (  Prop.  IH  ). 
|(Ax.l).        $(1. 13). 


§(1.4).        1(1.16). 


The  two  lines  «  ^  aDd  9  ^  meet  in  fg.  The  angle  ar  f  V  10 
an  acute  angle.  The  angle 
3T  ^  V  is  an  obtuse  angle. 
Let  the  perpendicular  ^  w 
be  drawn  on  the  line  qi  ^. 
Then  this  perpendicular 
shall  meet  the   line  «  ^  in 

a        W        V        ■        *  the  direction  of  tj,* 

Proo£ 

In  the  line  v  T>  ^^^  ^°7  point  g.  Draw  the  perpendicular 
W  *  on  51  ^.f 

Let  it  be  considered  whether  this  perpendicular  shall  fall 
between  the  points  f|  and  |f ,  or  on  the  point  9,  or  beyond 
the  point  i^r- 

If  it  falls  between  ^r  and  ^,  take  another  line  and  divide  it 
into  parts  equal  to  ^  c,  so  that  these  parts  may  be  more  than 
those  I  into  which  if  ff  can  be  divided.  Let  them  be  q  tf,  im, 
lg  9,  and  9  9.  In  the  line  «t  ^  make  v  cr,  9  ar  &Dd  ^  ^ 
equal  to  ^  n-^  From  tbe  poiuts  ^,  vr,  and  *c  draw  the 
perpendiculars  R9,  «)?,  and  *r^  on  the  line  m^-%  Prom 
the  point  v,  draw  the  perpendicular  v  ir  o&  the  perpendicular 
fl  7.11  Then  in  the  triangle  if  ff  v,  the  angle  f  w  is  equal  to 
the  angle  ^  9  ^,$  the  angle  y  v  v  is  equal  to  the  angle 
f[  If  9,**  and  the  side  |f  v  is  equal  to  the  side  tr  Vtff  Therefore 
(  V  LB  equal  to  ^  ^.^  But  9  q  is  equal  to  m  v.§§  Therefore  9  ^ 
and  Y  9  are  equal  Similarly  9  it  and  it  ^  are  equal.  Thus  all 
tbe  divisions  of  f  ir  sre  mutually  equal  and  are  also  equal  to 
tbe  parts  of  ^  ^.  Therefore  the  lines  f  tf  and  ^  ^  are  equal. 
But  q  IT  i^  greater  than  ^  ff.^^  Therefore^ if  is  greater 
than  ^  ^.  Therefore  the  perpendicular  *e  7  is  beyond  the 
points  ^  and  5;  and  tbe  perpendicular  q  ^  is  within  the 
triangle  ^  ^  f-.     Therefore  the  perpendicular  q  ^,  being  pro- 

*  W  It '  baing  an  acDte  angle,  and  not  in  tbe  direction  of  «,  V  f  «  being 
obtnae.  +(1.12).  lEqualto^*.  ((I-3)-  1(1.12}. 

I  ( 1.12 ).  « In  the  triangle  ff  «  ^  ( Prop.  V. ).  ■•  Thej  belOR  right 

•nglet.  tt  ( Con. }.  JJ  ( I-  26  ).        §g  ( Prop.  IV. ).        ^^  Becaiwe 

W  V  1<  diTided  into  a  greater  number  ol  parts  than  f  W- 
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duced,  meets  the  line  ^  f ,  that  is^  it  meets  the  line  nr  i|.   This 
is  just  what  we  wished. 

Again  if  the  perpendicular  ^  ^  falls  on  the  point  9  then  ^  9 
and  ff  7  shall  coincide.  Then  there  shall  of  course  be  a  meet- 
ing (  of  the  perpendicular  with  «r  w  in  the  direction  of  bt  ).  If 
the  perpendicular  cT  ^  is  beyond  the  points  9  and  ^,  then  the 
perpendicular  ^  9  shall  be  within  the  triangle  ^r  ^  C  ^^^  ^^^^^ 
necessarily  meet  (  the  line  «r  W  in  the  direction  of  «r  ).  This 
is  just  what  we  wished. 

Prop.  VII. 

If  a  straight  line  falls  upon  two  other  straight  lines  and  if 
the  interior  angles  on  one  side  are  less  than  two  right  angles, 
then  the  two  straight  lines  shall  meet  in  that  direction  only. 

^  T  _        I^et  the  line  ^  9  fall  upon  the 

two  lines  ^r  7  and  ^  ^^  and  let  the 
^  interior  angles  «r  ^  9  and  n  9  C 
on  the  same  side  (of  the  line  ^  9) 
be  less  than  two  right  angles, 
then  the  line  «r  7  shall  meet 
^  ^  in  the  direction  of  «r  and  ^. 

Proof. 

Of  the  two  angles  mentioned  above,  one  is  either  a  right 
angle  or  an  obtuse  angle  or  an  acute  angle.  If  one  is  a  right 
angle,  the  other  shall  be  an  acute  angle.  Then  the  two  lines 
shall  necessarily  meet  in  the  direction  of  the  angles.  If  one 
angle  is  an  obtuse  angle,  let  ^r  f  9  be  assumed  as  that  angle. 
From  the  point  ^  draw  the  perpendicular  if  ^  on  bt  w  and  from 
the  point  9,  draw  the  perpendicular  9  ^  on  ^r  ^*  Now  ^  9 
£9ills  upon  the  two  perpendiculars  ^  9  and  ^  ^.  Then  the 
angles  ^  f  9  and  9  9  f  are  equal.f  But  the  angles  9r  ^  9 
and  99^  are  less  than  two  right  angles,^  and  the  angle 
«r  f  ^  is  a  right  angle. §  Therefore  the  angles  ^  f  9  and 
U*  9  ^  are  together  less  than  one  right  angle.  Therefore  the 
angles  f  9  ?r  and  f  9  ^  are  together  less  than  one  right 
angle.  But  the  angle  dr  cf  9  is  a  right  angle.  Therefore  the 
lines  BT  ^  and  ^  ^  shall  meet  in  the  direction  of  «r  and  ^. 


♦  ( 1. 12. ). 


t  t  Prop.  V. ). 


I  (  Hyp..). 


§  ( C0D8. ). 
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If  both  the  angles  be  acute,  then  draw  from  the  point  if  the 

perpendicular  ^  w  on  the  line  ^  ^  and 
from  9  draw  the  perpendicular  9  ff  on 
the  line  ^  ^.*  Now  the  angles  v  9  f 
and  9  ^  ^  are  together  equal  to  the 
angle  ^  9  if  ^f  and  because  the  angle 
"5  S*  W  ^  ^r  V  is  a  right  angle^  therefore  the 
angles  aur  C  *°^  IT  ^  W  a^  together  equal  to  a  right  angle. 
Take  away  these  angles  from  the  angles  «r  f  l[r  ^^^  ^VW' 
Then  the  remaining  angle  bt  f  ^  is  an  acute  angle.  The  angle 
vv  ^  r  ^  ^  right  angle.  Then  the  lines  «r  7  and  ^  ^  shall 
meet  in  the  direction  of  «r  and  ^. 

Alternative  Proof. 

If  both  the^angles  nr  C  9  ai^d  ir^T  ^  be  acute,  then  from  the 

point  ^  draw  the  perpendi- 
^  j^  y    cular  ^  ip  on  the  line  if  ^.| 

Then  the  angle  ^  ^  9  is  a 
right  angle,  and  the  angle 
^  9  ^  is  an  acute  angle. 
Then  the  lines  ^  7  and  9  ir  shall  meet  in  the  direction  of  ^. 
Therefore  the  lines  f  9r  and  9  9  shall  also  meet  in  the 
direction  of  ^. 

An  alternative  proof  of  Prop.  VII.  is  based  upon  eight  pro- 
positions.    Of  these  five  are  those  given  above. 

Prop.  VL 

If  one  of  the  arms  of  an  acute  angle  be  divided  into  as  many 
equal  parts  as  we  wish  and  if  from  the  points  making  those 
parts  perpendiculars  be  drawn  on  the  second  arm  of  the  angle, 
then  these  perpendiculars  shall  divide  the  second  arm  into 
equal  parts. 


Let  ^  «r  ^  be  an  acute  angle. 


Let  one  of  its  arms  bt  7  be 
divided  into  equal  parts  «r  ^^ 
^  f  9  and  ^  ^.  From  the  points 
^,  ^,  and  9  let  the  perpendi- 
culars ^  ^,  ^  ^,  and  9  ir  be 
drawn    on  9iir-     Then  these 


*  ( L  12  ).  t  Becaase  the  angle  fT  f  7  is  equal  to  the  aogle  ^  W 

(Prop.  v.).        t  (Cons.).  §  (1-12). 
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perpendiculars  shall  divide  the  arm  «r  n  into  the  equal  parts, 

«rir>  ^  V,  and ^ ^. 

Ptoof. 

At  the  point  ^  in  the  line  f  ^  make  the  angle  ^'  ^  ^  equal 
to  the  angle  «r.*  Let  ^  ^  meet  ^  ^  in  7.  Now  in  the  triangles 
«r  ir  ^  and  ^  ^  ^',  the  angle  «r  is  equal  to  the  angle  if  ^  ^,t 
and  the  angle  bt  ^  W  i>9  equal  to  the  angle  7  ^  ^4  and  the 
side  «i^  is  equal  to  the  side  '^  9-.  Therefore  the  side  ^^ 
shall  be  equal  to  the  side  ^  ^.§  Now  as  the  angle  «r  ^  ^  i»  a 
right  angle,  the  angle  ^  ^  ^  is  also  a  right  angle,  being  equal 
to  it  Then  ly  ip  ^  ^  is  a  right-angled  quadrilateral  figure. 
Therefore  the  side  ^  ip  is  equal  to  the  side  ^  ^.T  Therefore 
«r  7  is  equal  to  ^  ^,  similarly  fr  ^  shall  be  equal  to  bt  ^.  This 
is  just  what  we  wished 

Prop.  VIL 

If  a  point  be  taken  within  the  two  arms  of  an  angle,  it  is 
possible  to  draw  a  line  passing  through  that  point,  equally 
meeting  the  two  arms. 

Let  ly  be  a  point  within  the  two  arms  «r  W  and  ^  ir  of  the 
angle  «r  9  ^-     With  the  center  ^  and  the   radius  ^  '^  describe 

the  arc  y  ^  V-  Join  the  line  ^  9.  Bisect 
the  angle  y  w  IT  by  the  line  ^  ^.||  Both 
the  parts  shall  be  acute  angles  $  In  the 
triangles  f  ^  ^  and  ^r  W  ^>  ^^^  sides  y  ir 
and  w  ^  and  the  angle  ^  ^  ^  are  equal 
IP  to  the  sides  ^  ^  and  ^  ^  and  the  angle 
^^^.  Therefore  the  angles  ^  if  ^  and 
^  ^  9  are  equal.**  Therefore  they  are 
right  angles.  Produce  the  line  ^^to 
the  point  ^.  Let  this  line  meet  the  arc 
^^^  in  the  point  if.  Take  a  line 
representing  the  multiple  of  ^  ir>  such 
that  it  may  be  greater  than  the  line  ^^n^  Let  that  line  be 
BT  W  drawn  elsewhere.    Divide  the  line  7  «r  into  parts  equal  to 


» 


*  ( I.  23 ).        t  (  Con. ).        t  ( Prop.  V. ).      §  (  L  26  ).      ^  (  Prop.  IV.  )• 
I  ( L  10 ).  S  Because  the  whole  is  an  acute  angle.  **  ( L  *  )• 
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ir  ^  or  its  multiples.  Let  them  be  ^  |f  and  if  7.  From  the 
points  f  and  ^  draw  the  perpendiculars  ^  i|  and  ip  9  on  the 
line  ^  ^.  These  perpendiculars  shall  divide  the  line  i|  ii*  into 
equal  parts  ^  i|  and  ^  9.*  These  parts  are  equal  to  the  parts 
of  9r  ^t  Therefore  the  two  parts  together  shall  be  greater 
than  ^  ^.  Therefore  the  perpendicular  ^  9  shall  fall  beyond 
the  line  ^  if.  Cut  off  from  the  side  ^  w*  7  ^  equal  to  ^  ^  and 
draw  the  line  9  ^.  Then  in  the  triangles  ^  ip  9  and  mf  m  the 
sides  ^  ^  and  ^  9  and  the  angle  ^^  t^  are  equal  to  the  sides 
97  7  and  ^  9  and  the  angle  97  ^  9.  Therefore  the  angles  ?f  ^- 
7  and  ^  9  97  are  equaL§  But  the  angle  ^  9  ip  is  a  right  angle. 
Therefore  also  the  angle  7  9  97  is  a  right  angle.  Therefore  the 
line  7  ?gr  97  is  one  straight  line.lT  Produce  the  line  i|  ^  to  9r> 
At  the  point  ^  in  the  line  «r  7>  make  the  angle  «r  ^  ^  equal 
to  the  angle  ^  «r  9-11  Then  the  lines  ^  ^  and  7  97  are 
parallel.^  Produce  the  line  ^  ^  so  that  it  may  go  beyond  the 
triangle  7  7  97.  Let  it  meet  the  side  ^  7  in  tf^  and  97  97  in  ^. 
Thus  the  line  ^  1^  9  passing  through  the  point  1^  meets  the 
arms  b7  w  &i^d  ^  vV  (  equally,  i.  e,  making  the  angles  w  ^  7  and 
^  9  ^  equal,  they  having  respectively  equal  to  the  equal  angles 
^  ip  9  and  97  97  9  ).     This  is  precisely  what  we  wished. 

Prop.  VIIL 

If  a  straight  line  falls  upon  two  other  straight  lines  and 
makes  the  two  interior  angles  on  the  same  side  of  it  together 
less  than  two  right  angles,  then  the  two  straight  lines  shall 
meet  in  that  direction  only  ( in  which  are  the  angles  which  are 
together  less  than  two  right  angles  ). 

Let  ^  ^  fall  upon  the  two  straight  lines  9r  9  and  ^  ^  so  that 

5  the  two  ( interior  )  angles  97- 
^  ^  and  ^  ^  ^  (  on  the  same 
side  of  the  line  97  ^  )  are  to- 
gether less  than  two  right 
anglea  Then  the  two-  lines 
^    ^  ^  ^     ^  ( «f  ^  and  31  ?[ )  shall  meet 

in  the  direction  of  ^  and  n. 

•  ( Preceding  Prop. ).        f  Hecause  ar  9  is  a  multiple  of  7  V.  J  ( 1. 3), 

§(1.4.)        ^(I.  14).  11(1.23).  $(1.27). 
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Proof. 

Produce  the  line  w  ^  on  both  the  sides  to  the  points  ^  and 
fr*  From  ir  UTi  cut  off  ^  ^  equal  to  ^  ^.*  Now  the  angles 
H  ^  ^  and  ir  7  ^  &re  together  less  than  two  right  angleaf  But 
the  angles  nr  ir  ^  and  «r  ^  f  ^e  together  equal  to  two  right 
angles.^  Theref<»re  the  angle  «r  ^  |f  is  greater  than  the  angle 
9  ^  ir«  -^^  ibe  point  i(  in  the  line  ^  ir  make  the  angle  w  W  9 
equal  to  the  angle  9  ^  w§  9  ^  <^<1  W 1^  &re  the  arms  of  the 
angle  w  (v  9 1^)*  Through  the  point  ^  (  within  the  arms  of  the 
cu^glo  W 1^  )»  draw  the  line  vv  V  meeting  the  two  arms  (  v  ^ 
and  w  IT  }•  ^ovr  the  angle  v  ^  ^  is  greater  than  the  angle 
H  w(  ^.H  At  the  point  if  make  the  angle  ^if  v,  equal  to  the  angle 
H  w  V^l  Produce  the  line  if  if  so  that  it  inay  meet  the  line 
ff  H  in  ^    Then  the  lines  «r  W  ^^^  ^  Y  shall  meet  one  another. 

Proof. 

Place  the  line  ^  ^  on  the  line  ^  w(.  Then  the  line  ^  ^  shall 
£gi11  on  the  line  n  ^  (  or  rather  w  V  )»  ^^^  the  line  ^  «r  shall  fall 
on  the  line  if  9.    Therefore  the  lines  «r  ^  and  9  ^  shall  meet. 

Thus  end  the  eight  propoeition& 

The  above  propositions,  some  of  which  are  very  intricate,  are 
necessitated  by  the  particular  form  in  which  the  twelfth  axiom 
is  given  in  the  text.  (  Vide  p.  3  of  the  Notes  ). 

It  will  be  seen  that  though  it  is  stated  in  the  text  (  p.  37 
tlHhMqftligf^:  Ir^tq'k^  )  that  the  proof  of  the  29th  Prop,  de- 
pends upon  eight  propositions,  only  seven  are  given*  The  next 
eight  Propositions,  of  which  five  are  common,  make  up  the 
alternative  proof  of  the  seventh.  These  seven  propositions 
of  both  classes,  go  to  prove  the  twelfth  axiom  as  given  by 
Euclid,  on  which  rests  the  proof  of  the  29th  Prop.  Thus 
«llf^:  ^  is  clearly  an  error.  It  should  be  99^7:  ^!-  The 
error  may  have  arisen  from  the  fetct  that  there  are  eight  proposi- 
tions which  make  up  the  alternative  proof  of  the  seventh. 

•(L3).       t(Hyp.).       :t(1.13).       §(1.23).         5(I.16),?f^^ 
being  the  exterior  aog^e  of  the  triangle  ^^^*       |t  ( 1. 28 ). 
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P.  48  Prop.  29. 

L.  22.  After  g^aJiqiftlh^y  understand  n%t^in  i.  e.  on  the 

same  side  of  the  line. 

P.  49  Prop.  30. 

BiL  observes  that  the  Prop,  may  be  proved  even  by  a  princi- 
ple only.  For  if  the  two  straight  lines  concur  on  any  one  side, 
they  should  concur  also  with  the  middle  line,  and  should  not 
be  parallel  to  it,  which  they  are  supposed  to  be. 

The  two  parallel  lines  which  are  compared  to  one  are  in  the 

text  placed  in  the  extremes  and 
the  parallel  to  which  they  are 
compared  is  placed  in  the  middle. 
But  the  Prop,  can  also  be  proved 

J  'Y Y  by  changing  the  position  of  the 

lines.  Let  A  B  aud  C  D  be  both 
^  parallel  to  E  F.  Let  G  H  K  fall 
upon  them.  Now  because  either 
of  the  angles  E  H  D  and  H  G  B 
^ —  ^  fi  1!  f  is  equal  to  the  angle*  H  K  E 
(L  29.)  for  they  are  alternate  angles,  therefore  they  are 
equal  to  one  another.  (L  Ax. )  Therefore  A  B  is  parallel 
to  CD.   (L28.)    Q.RD. 

P.  50  Prop.  31. 

ftl^Weil  is  simply  equivalent  to  ^. 

P.  50  Prop.  32. 

-= Opposite,  not  adjacent. 


Ch 


Altemative  proof. 

From  the  point  nr^  draw  «r  ^,  parallel  to  ^  ^.*    Then  the 

angle  i^  «r  W  is  equal  to  the  angle  ^.f 

"^  And  the  angle  i^  9rir  is  equal  to  the 

angle    nr  ^  ^.^     Therefore     the    angle 

«r  9  ^  is  equal  to  the  angles  «r  and  ir* 

This  was  just  what  we  wished. 


( 1. 31 ). 


t(l.29). 


X  (129). 
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BiL  mentions  another  alternative  proof  as  follows: — 
Let  A  B  C  be  a  triangle.  Produce  B  0  to  E.  In  B  C,  take 
A^         ^  any  point  F.    From  F  draw  F  D, 

parallel  to  A  B  ( I.  31 ).  Join  A  F. 

Now  because  F  D  is  parallel  to  A  B 

and  A  F  meets  them,  therefore  the 
alternate  angles  B  A  F  and  A  F  D 
are  equal  ( I.  29  ).  Again  because 
®  ^  D  F  is  parallel  to  A  B  and  B  C 
meets  them,  therefore  the  exterior  angle  D  F  C  is  equal 
to  the  interior  and  opposite  angle  A  B  F  ( I.  29  ).  Therefore 
the  whole  angle  A  F  C  is  equal  to  the  angles  FAB  and  A  B- 
F.  Similarly  if  from  the  point  F  a  straight  line  be  drawn  paral- 
lel to  C  A,  it  may  be  proved  that  the  angle  A  F  B  is  equal  to 
the  angles  F  A  C  and  A  C  F.  Therefore  the  angles  A  F  B  and 
A  F  C  are  equal  to  the  three  angles  of  the  triangle  (A  B  C),  But 
the  angles  A  F  B  and  A  F  0  are  together  equal  to  two  right 
angles  ( I.  13 ),  therefore  the  three  interior  angles  of  the 
triangle  A  B  C  are  together  equal  to  two  right  angles.  But 
the  angles  A  C  F  and  ACE  are  also  together  equal  to  two 
right  angles  (  L  13  ),  therefore  the  angles  A  0  F  and  A  C  E 
are  equal  to  the  three  interior  angles  of  the  triangle  ABC. 
Takeaway  the  common  angle  A  C  B.  Then  the  remaining 
angle  A  C  E  is  equal  to  the  angles  A  B  C  and  C  A  B.  Q.  E.  D. 
Endemus  affirms  that  the  latter  portion  of  this  theorem,  viz., 
the  three  interior  angles  of  a  triangle  are  together  equal  to 
two  right  angles,  was  first  found  out  by  Pithagoras,  who  demon- 
strated it  as  follows : 

Let  A  B  C  be  a  triangle.    Through  the  point  A,  draw  D  E, 

parallel  to  B  C.  ( I  31) .    Now  be- 

^  A E  cause  D  E  is  parallel  to  B  C,  and 

A  B  and  A  C  fall  upon  them,  therefore ' 
the  alternate  angles  are    equal  (L 
29 ).     Therefore   the    angle  D  X  B 
is  equal  to  the  angle  ABC  and  the 
angle  E  A  C  is  equal  to  the   angle 

A  C  B.    To  each  of  these  ecuals,  add  the  angle  B  A  C.    Then 
the  angles  D  A  B,  B  A  C,  and  C  A  E,  i.  e.  the  angles  DAB 
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and  B  A  E,  are  equal  to  the  three  interior  angles  of  the  triaagle 
ABC.  But  the  angles  DAB  and  B  A  E  are  together  equal 
to  two  right  angles  (L  13).  Therefore  the  three  interior 
angles  of  the  triangle  A  B  C  are  together  equal  to  two  right 
angles.  Q.  E.  D. 

The  converse  of  this  Prop,  ean  also  be  proved.  It  will  be  as 
follows  :— 

If  the  eztmor  aiigle  of  a  triangle  be  equal  to  the  two  interior 
opposite  angles,  one  of  the  sides  of  the  triangle  is  produced 
and  the  line  without  the  triangle  is  in  the  same  straight  line 
with  the  side  of  the  triangle.  And  if  the  three  interior  angles 
of  a  rectilineal  figure  be  equal  to  two  right  angles,  the  recti- 
lineal figure  is  a  triangle. 

Let  A  B  C  be  a  triangle,  and  let  the  exterior  angle  A  C  D 

be  equal  to  the  two  interior  opposite 
angles,  ABC  and  B  A  C.  Then 
B  C  is  produced  to  D  and  C  D  is 
in  the  same  straight  line  with  B  C 
or  B  C  D  is  one  right  line. 

For  since  the  angle  A  C  D  is 
equal  to  the  two  angles  ABC-  and 
B  A  C,  add  to  each  of  these  equals  the  angle  A  C  B.  Then 
the  angles  A  C  D  and  A  C  B  are  together  equal  to  the  three 
interior  angles  of  the  triangle  ABC.  But  the  three  interior 
angles  of  the  triangle  A  B  C  are  together  equal  to  two  right 
angles  (  Hyp. ),  therefore  the  angles  A  C  D  and  A  C  B  are 
together  equal  to  two  right  angles.  Therefore  CD  is  in  the 
same  straight  line  with  B  C  ( I.  14 ). 

Again  suppose  A  B  C  to  be  a  rectilineal  figure,  having  only 

three  angles,  at  the  points  A,  B,  and  C 
and  these  together  equal  to  two  right 
angles.  Then  A  B  C  is  a  triangle.  First 
A  C  is  one  right  line.  For  in  it,  take  any 
point  D  and  join  B  D.  Now  in  the 
triangles  A  B  D  and  BCD,  the  three 
interior  angles  are  together  equal  to  two 
right  angles  ( I.  32  )  and  the  angles  at 
A,  B  and  C  are  together  equal  to  two  right  angles  (  Hyp. ) 
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therefore  the  remainiBg  angles,  viz.,  A  D  B  and  G  D  B  are 
together  equal  to  two  right  angles.  Therefore  A  D  C  is  one 
right  line  ( 1. 14  )•  Similarly  A  B  may  be  proved  to  be  one 
right  line  and  so  may  B  C  be  proved  to  be  one  right  line. 
Therefore  the  figure  A  B  C  is  a  triangle.  Q.  E.  D. 

From  this  Prop,  it  is  evident  that  every  pentagon  which  is 
80  described  that  each  side  of  it  intersects  two  of  the  other 
aides,  has  its  five  angles  equal  to  two  right  angles. 

Let  A  B  C  D  E  be  snch  a  pentagon  as  is  required.    Then  all 

its  five  angles  shall  be  together  equal 
to  two  right  angles. 

Now  the  exterior  angle  A  F  G  is 
equal  to  the  two  interior  opposite 
angles  at  B  and  D  in  the  triangle 
B  F  D  (L  82).  Similarly  the  exterior 
angle  F  G  A  id  equal  to  the  two  in- 
terior opposite  angles  at  0  and  E  in  the  triangle  C  G  E 

( I.  32  ).  But  the  two  angles  A  F  G  and  F  G  A  together  with 
the  angle  G  A  F  are  the  three  interior  angles  of  the  triangle 
A  G  F  and  are  therefore  equal  to  two  right  angles  (  I.  32  ). 
Therefore  the  four  angles  at  the  point  BODE  together  with 
the  angle  at  the  point  A  are  together  equal  to  two  right  angles. 
Q.E.D. 

By  the  aid  of  this  Prop,  a  right  angle  can  be  trisected. 

Let  A  B  C  be  a  right  angle.  It  is 
required  to  trisect  it 

In  B  Ci  take  any  point  D.  Upon  B- 
D,  describe  the  equilateral  triangle  B* 
D  E  ( 1. 1  >  Bisect  the  angle  E  B  D 
by  the  line  B  F  ( L  9 ).  Then  the 
right  angle  A  B  C  is  divided  into  three 
equal  parts  by  the  lines  B  E  and  B  F. 

The  triangle  E  B  D  is  equilateral  and  therefore  equiangular. 
The  angle  E  B  D  is  therefore  two  thirds  of  a  right  angle  (L  32). 
Therefore  the  remaining  angle  A  B  C  is  one  third  of  a  right 
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angle.  But  the  angle  E  B  D  is  bisected.  Therefore  the  two 
angles  E  B  F  and  F  B  D  are«  each,  one  third  of  a  right  angle. 
Q.KF. 

Prop  33  p.  51. 

Alternative  proof. 

Join  «r  7  t^i^d.  w  9  cutting  each  other  in  f;.    Then  in  the 

w  triangles  «tC^  ^^^  ^C^  ^^^  angle  «rc^ 
is  equal  to  the  angle  9  ^^*  and  the  angle  «r  n  f 
is  equal  to  the  angle  ^  ^  f;,f  and  the  side  iv  W 
is  equal  to  ^  ^.  Then  the  side  nr  C  ^^  equal  to 
^  f  and  w  C  ^^  ^  ft-  Again  in  the  triangles 
"?  M  Y  9  ai^d  9  f  7,  the  sides  nr  f  and  C  9  and 
the  angle  «r  ^  ^  &re  respectively  equal  to  the  sides  ^  ^ 
and  ^  f  and  the  angle  9  f  7.  Therefore  the  sides  iv  9  &i^d 
^  ^  are  equal  and  the  angles  «r  sT  f  ^^^  ^  ^  f;  are  equal§. 
Therefore  the  side  nr  ^  is  parallel  to  the  side  ^  ^f .  This  was 
exactly  what  we  wished. 
Prop.  34  p.  52. 
Alternative  proof. 

If  the  side  nm  be  not  equal  to  ^  ^,  let  it  be  equed  to 

^  ^.  Draw  the  line  nr  f  •  This  line 
shall  be  parallel  to  ^  ^.  But  the  line 
W  ir  is  parallel  to  nr  ^.  Therefore  the 
lines  «r  ^  and  nr  ^  are  parallel.  This 
is  absurd.  Similarly  the  line  m  ^ 
^  gr      shall  be  equal  to  the  line  ^  5f. 

If  the  angle  w  «r  ^  be  not  equal  to  the  angle  ^  ^  ^1  let  the 
angle  w  ^  C  ^^  equal  to  the  angle  w  ^  7*11  Join  «r  9*  Then 
the  angles  ^  nr  ^  and  ^  vir  IT  are  equal$  and  the  angle  ^  «|  f; 
is  equal  to  the  angle  nr  sr  9**«  But  the  angle  9  nr  ^  is  equal 
to  the  angle  «r  ^  W*  This  too  is  absurd.  Similarly  the  angle 
IT  is  equal  to  the  angle  ^.  The  triangle  «r  ^  ^  is  equal  to  the 
triangle  «r  w  ^-    This  was  exactly  what  we  wished. 


♦  (1.16). 

II  (I.  28). 


t  (1.29). 
$  (1.29). 


X  (L26). 
••  ( I.  29 ). 


§  (1.4). 


If  (1.27). 
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This  alternative  proof  is  tbe  indirect  proof  of  the  Prop. 

A  parallelogram  is  either  a  square  or  an  oblong  or  a  rhmobus 

A S     ^^  *  rhomboid.     In   a  square 

and  in  an  oblong,  the  diame- 
ters are  equal.  In  the  square 
and  in  the  oblong  A  B  D  C, 
the  diameters  B  C  and  A  D 
may  be  shewn  to  be  equal  by 
applying  Prop.  4  to  the 
3    triangles  ABC  and  A  C  D. 

But  in  a  rhombus  and  in  a  rhomboid,  the  diameters  are  not 

A 


C  C 

equal.  In  tbe  rhombus  and  the  rhomboid  A  B  C  D,  the  dia- 
meters A  C  and  B  D  may  be  proved  to  be  unequal  by  applying 
Prop.  24  to  the  triangles  A  B  C  and  B  C  D. 

Similarly  it  may  be  shewn  that  in  a  square  and  in  a  rhombus 
the  diameters  not  only  divide  the  figures  into  two  equal  parts, 
bnt  they  also  bisect  the  angles.  But  in  an  oblong  and  a  rhom- 
boidi  the  diameters  do  not  bisect  the  angles. 

BiL  shews  that  the  converse  of  this  Prop,  after  Proclus  is  as 

follows: — 

If  a  rectilineal  figure  whatever  have  its  opposite  sides  and 
angles  equal,  then  it  is  a  parallelogram. 

Let  A  B  D  C  be  a  rectilineal  figure,  having  its  opposite  sides 

and  angles  equal.  Then  it  shall  be 
a  parallelogram.  Join  A  D.  In  the 
triangles  A  B  D  and  A  C  D,  the 
angles  BAD  and  B  D  A  may  be 
proved  to  be  respectively  equal  to 
the  angles  A  D  C  and  C  A  D  ( 1. 8  ). 
Therefore  A  B  is  parallel  to  C  D  and  A  C  to  B  D  ( L  27 ). 
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Prop.  85  p.  58-54. 

In  the  first  case  in  which  the  point  f;  falls  outside  «r  ^,  and 
^  ^  and  if  ^  cut  one  another  in  if ,  firom  the  two  equal  triangles 
nr  Hlf  and  ir  ^  l^i  ^i^t  take  away  the  triangle  ir  ^  C  <^^  ^^^ 
add  the  triangle  w  W  ^^  ^nd  the  result  will  be  the  two  paral- 
lelograms iv  ^  ir  ^  ^^d  c  ^  ^  i?  which  are  equal  to  one  another. 

In  the  second  case  the  points  ^  and  ^  coincida  Here  the 
parallelograms  will  be  obtained  simply  by  adding  the  triangle 
^  ^  ir  to  the  equal  triangles  «r  W  ^  ^^^  ^  ^  fT* 

In  the  third  case  in  which  the  point  ^  falls  between  «r  ^ 
and  nr  ^i  the  parallelograms  will  be  obtained  by  adding  the 
four-sided  figure  c^^Y  ^  ^^^  equal  triangles  «rwf  ftnd 

Prop.  86  p.  54-55. 

For  this  Prop,  many  figures  are  possible,  such  as  the  follow- 
ing:— 
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Prop.  38  p.  55-66. 

With  the  help  of  this  Prop,  a  triangle  may  be  divided  into 
two  equal  parts. 

Let  A  B  C  be  a  triangle.     It  is  required  to  divide  it  into 
^        ^       j^  two  equal  parts.    Bisect  BCinD(I.  10)  and 

join  A  D.  Through  A  draw  H  A  K  parallel  to 
B  C  ( I.  33  ).  Then  the  triangles  A  B  D  and 
A  D  C  are  equal  ( I.  38  ).  Similarly  by  bisect- 
ing A  B  and  A  C  in  E  and  F  and  joining  E  C 
and  F  B,  and  drawing  parallels  through  C  and 
B  to  A  B  and  A  C  the  triangles  E  B  C  and 
A  E  C  and  the  triangles  A  B  F  and  B  F  C  may 
be  proved  to  be  equal. 

Prop.  39  p.  56. 

This  Prop,  and  the  next  one  are  the  converse  of  Prop.  37 
and  38  respectively. 

In  this  Prop,  what  is  stated  with  regard  to  triangles  is 
applicable  to  parallelograms  also. 

If  upon  the  same  base  and  on  the  same  side  of  it,  there  be 
two  equal  perallelograms,  then  they  shall  be  between  the  same 
parallels. 

Upon  the  same  base  A  B  and  on  the  same .  side  of  it,  let 

there  be  two  equal  parallelograms  A  B  D  C 
and  A  B  E  Q.  Then  they  shall  be  between 
the  same  parallels.  If  they  are  not  between 
the  same  parallels,  let  one  of  them  be  set 
either  within  or  without  Let  the  paral- 
lelogram B  F  which  is  equal  to  the  paralle- 
logram A  B  D  C  be  set  within  the  same 
parallel  lines.  Then  B  F  shall  be  proved 
equal  to  A  B  E  G  which  is  absurd  ( 9  ax. ).  Therefore  the 
parallelograms  A  B  D  C  and  A  B  E  G  shall  be  between  the 
same  parallels. 

By  the  help  of  this  Prop,  it  may  be  proved  that  if  a  right 
line  divide  two  sides  of  a  triangle  into  two  equal  parts,  it  shall 
be  equidistant  to  the  third  side.  Bil.  mentions  this  as  an 
addition  of  Campanus. 
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Let  A  B  C  be  a  triangle  and  let  the  riglit  line  D  E  divide 

the  two  sides  A  B  and  B  C  into  two  equal 
parts  in  the  points  D  and  E.  Then  D  E  shall 
be  parallel  to  A  C.  Join  A  E  and  D  C.  The 
triangles  B  D  E  and  A  D  E  are  equal  ( I.  38) 
and  so  are  the  triangles  B  D  E  and  C  D  £ 
(I.  38).  Therefore  the  triangles  A  D  E  and 
C  D  E  are  equal  ( I.  Aoc  ),  Therefore  A  C  is 
parallel  to  D  E  (  I,  39.)-    Q.  K  D, 


Prop.  41  p.  57, 

This  prop,  has  two  cases;  for  the  base  being  one,  the  triangle 
may  have  its  vertex  without  the  parallelogram  or  within.  The 
first  case  is  proved  in  the  book.  The  figure  for  the  second 
case  is  as  under — 

The  parallelogram  A  D  is  double  of  the  triangle  A  C  D  (I.  34). 

A E     JB  But  the  triangle  A  C  D  is  equal  to 

the  triangle  E  C  D  ( I.  37  )•  There- 
fore the  parallelogram  AD  is 
double  of  the  triangle  E  C  D. 
Q.  E.  D, 


Prog.  43  p.  58-59. 

This  prop,  has  three  cases  only.  The  parallelograms  about 
the  diameter  may  either  touch  one  another  in  a  point  or  are 
severed  from  one  another  by  a  certain  part  of  the  diameter  or 
cut  one  another.  The  first  case  is  the  one  proved  in  the  text 
The  second  case  is  represented  by  the  following  figure: — 

In  this  case  the  complements  A  G  L  K  E  and  B  F  E  L  H 

f^ E        C         *r®  ^^^  parallelograms.    But  they 

can  be  proved  to  be  equal  in  the 
same  way  as  in  the  case  in  the  text. 
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The  following  is  the  figure  for  the  third  case: — 

In  this  case  the  parallelogram  E  F  cuts  the  parallelogram  Q- 

A      T C       H.  In  this  case  the  trapezium  G  M- 

L  D  may  be  proved  to  be  equal  to 
the  trapezium  L  N  H  D  and  finally 
the  complement  A  M  to  thecomple* 
ment  E  H. 

It  may  be  noted  that  in  each  of  the  three  cases  the  paralle- 
lograms about  the  diameter  may  not  have  one  angle  common 
with  the  whole  parallelogram;  still  the  demonstration  in  each 
of  these  cases  will  be  the  same.  The  following  will  be  the 
figures  for  these  cases: — 


rv 

^ 

\ 

\ 

. 

bj 

Prop.  46  p.  60. 

Squares  described  on  equal  lines  are  equal. 

Let  A  B  and  C  D  be  equal.    Then  the  squares  E  A  and  C  F 

^  EH  F       ^^^^^  ^    equal   to 

one  another.  The 
triangles  A  B  G 
and  C  D  H  are  equal 
(  I.  4  )  and  their 
doubles   are  equal. 

QED. 
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The  converse  of  this  is  also  true.  If  the  squares  be  equal,  the 
lines  upon  which  they  are  described  are  also  equal. 

Let  A  F  and  C  G  be  equal  squares  described  upon  the  lines 

A  B  and  B  C.  Then  the  lines 
shall  be  equal.  Put  the  lines  A  B 
and  B  C  in  such  a  way  that  they 
may  form  one  straight  line.  Then 
F  Band  BO  shall  also  be  in  one 
and  the  same  straight  line  (  1. 14  )• 
Join  A  F,  F  C,  C  G,  and  G  A. 

The  triangle  A  B  F  is  equal  to  the  triangle  C  B  G  (  1. 34 
and  7  Ax.  ).  To  each  of  these  equals  add  the  triangle  B  C  F. 
Then  the  whole  triangle  A  F  C  is  equal  to  the  whole  triangle 
G  F  C,  and  they  are  upon  the  same  base  C  F.  Therefore  C  F 
is  parallel  to  A  G  (  I.  39  ).  Again  the  alternate  angles  A  F  G 
and  F  G  0  are  equal,  each  being  half  a  right  angle.  Therefore 
A  F  is  paraUel  to  C  G  (I.  27).  Therefore  AF  is  equal  to  C  0 
(  I.  34  ).  Now  in  the  triangles  A  B  F  and  C  B  G  the  angles 
B  A  F  and  A  F  B  are  equal  to  the  alternate  angles  B  C  G  and 
C  G  B  respectively  and  the  sides  adjacent  to  these  angles  are 
equal,  viz.,  G  C  and  A  F;  therefore  A  B  is  equal  to  B  C  and 
GBtoBF(I.  26).    Q.  E.D. 

Prop.  47  p.  62. 

Alternative  proof. 

In  this  case  the  triangle  and  the  square  on  the  hypotenuse 
are  to  be  placed  as  in  the  above  case;  and  the  line  «r  9  also  is 
to  be  drawn  as  in  the  above  case.  But  the  square  v  |r  ^^ 
«rw  is  to  be  placed  on  the  triangle.*  Now  the  side  f  «r 
may  be  either  equal  to  or  greater  or  less  than  ^  «r-  Then 
in  these  cases  ^  will  respectively  coincide  with  ^  or  &U 
outside  «r  V  or  in  the  line  «r  V*  Join  ^  ir.  Now  the  angles 
«r  W  W  and  mr  ^  are  right  anglesf  and  therefore  equaL  Take 
away  the  common  angle  ^  w  9  ^^  both.  Then  the  remainiog 
angle  «r  W  9  is  equal  to  the  remaining  angle  w  W  7-  Again 
«r W  is  equal  to  ir  W  and  w 9  to  ir  ^  and  the  angle  «rW9  is  equal 


*  In  other  words,  the  sqaares  on  «C  W  uid  W  V  should  be  described  on  the 
same  side  as  is  the  triangle  W  ir.  f  Both  being  angles  of  sqoarei. 
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to  the  angle  ^  w  ^  (  i^  the  triangles  «fir «  fti^d  W  9  ^  X  there- 
fore the  angle  w  9  Y  ^^  equal  to  the  right  angle  w  «rir-  There- 
fore ^  K  fr  ^8  one  straight  line  *  and  is  parallel  to  «r  wt  L^t  ^ 
ir  fr  ™e®t  «r  ^  i^  the  point  ir-  Now  when  «r  9  is  equal  to  «r  V 
the  angle  if  «r  9  ^  e^^^  *^  the  angle  ^nm,  the  angle  «|  fr  W 
is  a  right  angle,  the  point  ^  will  coincide  with  m  and  ^  v  9 


shall  be  one  straight  line.  Or  (  i.  e.  in  other  cases  )  the  point 
9  shall  not  be  on  ^  or  shall  be  another  point  (  in  other  words, 
the  two  points  shall  not  coincide  with  one  another  ),  If  «|  w 
be  greater  than  «r  ^>  the  point  9  shall  be  on  the  line  fr  W>  or 
shall  fell  without  the  line  fr  W  (  when  «r  « is  greater  than  «r  w). 
Thus  in  all  the  three  figures  the  figures  ^  «r  ir  ^  and  w«r^^ 
shall  be  equaLJ  Similarly  the  figures  ir«r  ^r^and^ir^^ 
shall  be  equaL§  Then  the  figure  w  «r  fr  9  sball  be  equal  to  the 
figure  w  7  9  ^*  Again  in  the  same  way  the  square  on  the  side 
^  H  shall  be  equal  to  the  quadrilateral  figure  9  9. 

Another  alternative  (  p.  63  ). 
In  this  case  the  square  on  the  hypotenuse  is  to  be  placed  on 


^  ^ 


the  triangle  (i.  e.  is  to  be  described  on  the  upper  side  of  the 


•(1.14). 


t(i.»). 


t(1.36). 


S(L35). 
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hypotenuse)  and  the  square  on  the  side  «r  W  ^s  to  be  placed 
outside  the  triangle.  Produce*  the  line  ir  «!•  It  will  meet  the 
point  ^  if  «r  W  is  equal  to  «r  9-  Or  it  will  meet  the  line  ^  ^ 
inilP  if  «ll[  is  greater  than  «|  n.  Or  it  will  meet  the  line  ^  w  iu 
ip  if  «l  ^  is  less  than  «|  n. 

Thus  in  all  the  three  cases  the  perpendicular  ir  9  ifi  to  be 
drawn  on  «r  W»  ^ud  from  the  point  ^  the  perpendicular  ^  ir  on 
the  line  ir  ^-t  Again  the  line  «r  li  is  to  be  so  drawn  that 
it  will  meet  the  line  ^  ir  iu  the  point  ^.*  In  the  triangles 
^  ir  W &ud  «iir  V  the  side  ^ ^  is  equal  to  ir ^,  the  angle  ^  is 
equal  to  «|,^  and  the  angle  ^  w  W  is  equal  to  the  angle  n  ir  «r>§ 
therefore  the  sides  «r  9  ftud  ^  ir  ^^^  equal,f  and  the  figure  «|  ^ 
IT  ^  shall  be  the  square  on  «|  ir  and  fall  outside  the  triangle. 
Again  produce  the  sides  ir  ^  and  «|  9  so  as  to  meet  in  the 
point  ^.  Then  the  figure  ^  w  V  ?r  is  equal  to  the  square  «|  9. 
If  If. II  But  the  figure  ^  9  «r  ?r  is  equal  to  the  figure  ^  w  if  9-1! 
Therefore  the  square  on«r^(«l9W)  is  equal  to  the  figure 

Another  alternative  (  p.  64  ). 
The  square  on  «rir  is  to  be  placed  on  the  triangle.    In  this 


case  the  point  ^**  shall  coincide  with  ^,  if  the  two  sides  are 
equal,  or  fall  outside  the  side  «|  ^  if  «|i|  is  greater  than  «r  V» 
or  fall  on  urir  if  «r  ^  is  less  than  nr  ^.    Now  the  angle  ir  «r  9 

*  The  fignre  thus  constnjcted  shall  he  proved  to  be  a  square  on  V  w. 
t  (1. 12 ).  t  Both  being  right  angles.  §  Take  away  the  angle  W  V  from  the 
right  angles  ^WW  and  ^  V  IT  and  there  will  remain  the  equal  angles  %  W  Wand 
ItW^.  1(1.26).  11(1.35).  » SlmiUrl J  the  square  of  ai  ^ 

may  be  proved  to  be  equal  to  W  f  9. 

•*  One  of  the  angular  points  of  the  square  on  51 W. 
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shall  be  equal  to  the  angle  m  9  «r>*  Then  produce  the  lind  at  ^ 
80  as  to  meet  ^^  (  or  f^fiT  produced  )  in  9.  Then  the  point 
m  shall  coincide  tvith  ir  if  V  ^  is  equal  to  «r  9  or  fall  on  frir  if 
«r  W  is  greater  than  «r  ^,  or  fall  outside  fr  W  if  «l  W  is  less  than 
m  V.     Then  produce  ^  n  and  fr  9  so  as  to  meet  in  ^. 

Then  in  the  triangles  «r  W  ^  &i^d  «|  9  fr  ^he  side  «|  w  is  equal 
to  «r  fr  a.nd  the  angles  9  «l  fT  &i^d  «r  W  ^  to  «r  W  ^^d  fr  «ni 
respectively^  therefore  nr  7  is  equal  to  ^  n.f  ir  9»  which  is 
equal  to  ^  ir  is,  equal  to  «|  9$.  The  figure  «r  ?r  is  equal  to  j^  if  §. 
It  is  also  equal  to  the  square  ^^^  fr^.  Then  the  figure  J^^i» 
equal  to  the  square  on  the  side  «r  W* 

Similarly  the  square  on  the  side  «r  ^  shall  be  equal  to  the 
figure  n  ^.  Again  the  square  on  «|  ^  should  be  placed  on  the 
triangle  «r  W  V  or  outside  the  triangle  «r  W  9<  This  was  just 
what  we  wished. 

Another  alternative  (  p.  65  ). 

In  the  foregoing  cases  the  proof  was  given  by  dividing  the 
square  on  the  hypotenuse  into  two  parts  by  the  line  «r  9.  Now 
the  proof  shall  be  given  without  dividing  the  square  on  the 
hypotenuse  into  two  parts. 

Let  the  square  on  the  hypotenuse  be  placed  on  the  triangleS. 


♦  From  the  right  angles  ^  W  IT  and  W  WIT,  take  away  the  alternate  angles 
^  W  «r  and  WW  which  are  eqnal  (  I.  29  ),  then  the  remaining  angles  V  W 
and  ^9tlf  shall  be  equal. 

t{1.26). 

t  In  the  triangles  ac  W  ^  and  W  W  W,  the  angles  ar  and  W  are  eqaal  being 
right  angles  and  the  angles  WWW  and  3r  W  V  are  equal,  sinoe  each  of  them,  plus 
W  W  ir  is  a  right  angle,  and  the  side  QT  W  is  equal  to  W  W,  therefore  W  IT  is  equal 
to  W  W  (  I.  26  ).  But  W  «=^  W.-.  W  '»=W  W.  But  ^  W=W  ir=3T  HT  .-.  W  W=«r  V, 

§(L86). 

5(1-35). 

$  And  the  square  on  «r  W  outside  the  triangle. 
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Produce  ^  «r  so  that  it  may  meet  the  square  ia  the  point  9.  If 
«r  ^  is  equal  to  «|  9,  the  point  9  shall  coincide  with  ^.  If  w 
and  V  ir  are  unequal,  the  point  9  shall  fall  on  ^  ^  or  ^  ir*  From 
the  point  ^,  draw  the  perpendicular  ^  fr  on  the  side  «|  9.  Pro- 
duce this  perpendicular  on  both  the  sides.  Again  on  this 
perpendicular  ( produced )  draw  the  two  perpendiculars  ^  m 
and  1^  ^  from  the  points  ir  and  ^.  From  the  point  |^,  draw 
the  perpendicular  |^  9  on  the  line  ir  vf-  ^hen  when  the  sides 
«r  W  ai^d  «r  9  ai^e  equal,  the  perpendicular  |^  9  shall  meet  the 
point  «|  and  1^9  «lir  shall  be  one  straight  line.  But  if  the 
two  sides  be  unequal,  the  perpendicular  f^igp  shall  Csill  on 
a  point  other  than  vf  ( i.  6.  the  points  9  and  «|  shall 
not  coincide  ).  In  the  triangles  «r  W  ir>  9  ^  ^i  7  Y  C»  <^d 
9^1^,  the  sides  ir  9i  W  Y>  ^  W  ^°^  |[  v  are  equal,  the 
angles  «|,  9,  m,  and  9  are  equal,  and  the  remaining  angles 
are  also  equal|,  therefore  these  four  trangles  are  equal.  There- 
fore the  figure  «r  9  is  a  square.  It  is  the  square  on  «|  %  The 
figure  tp  li  is  also  a  square.  It  is  the  square  on  «if  ^  These 
two  squares  are  equal  to  the  square  ^  ^. 

Proo£ 

The  sum  of  the  triangles  ^^^  and  ^  li  c  ^  equal  to  the 
sum  of  the  triangles  «r  ^  9  and  ^  ^  9.  If  the  rest  of  the  figure 
be. added  to  the  first  two  triangles,  then  it  would  form  the  first 
two  squares;  and  if  it  be  added  to  the  second  two  triftDglea 
then  it  would  form  the  square  on  the  hypotenuse. 

•(1.12). 
t(l.l2). 

I  In  the  triangles  ^T  t  V  and  ^M%  the  angles  ^T  W  IT  and  ^  W  W  are  equal 
bacause  they  both  make  op  a  right  angle  with  the  angle  W^.  SimUarly  in 
the  triangles  QT  7  IT  and  9  V  f ,  the  angles  ar  W  ir  and  9  V  f  are  equal,  because 
they  make  np  a  right  angle  with  the  angle  ^TlT  W«  In  the  triangles  V  7  W  and 
^  V  f ,  all  the  angles  at  ^  are  equal  to  two  right  angles  and  are  therefore  equal 
to  the  angles  of  ^  V  f .  From  these  take  away  the  right  angles  Y  ^  f  and  If  W, 
then  the  angles  W  ^W+Vf  fsV  Y(+V  f  Y.     Therefore  the  angle  9f- 
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Another  alternative  (  p.  66  ). 
If  the  two  sides  «r  1  ^^^  «f  9  ^^^^  unequal  and  the  square  on  ir  V 

is  not  made  to  fall  on 
the  side  «r  W  ^  the  square 
on  «|  9  is  not  made  to 
&11  on  «|  ^,  then  the  side 
>f  «r  should  be  so  pro- 
duced that  it  may  meet 
9  C  ( <>^  ^  f  produced  ) 
in  the  point  if.  From  the 
points  ^  and  ^  draw  the  perpendiculars  |^  fr  and  ^  «  on  the  line 
^  «l*  (  or  w  «r  produced  ).  Produce  |^  ^,  and  from  the  point  ^ 
draw  the  perpendicular  ^  ^  on  the  line  ^  ff.^  Make  fr  W  equal  to 
IT  ^,  and  draw  mi^  parallel  to  ^  ^  This  line  (  or  this  line  pro- 
duced )  shall  meet  ^  w  (or  ^  ir  produced  )  in  the  point  «r.  From 
the  point  tf  draw  the  perpendicular  ^  9  on  the  line  ip  9*. 
Then  the  triangles  «r  9  9>  ^  ?(  W>  ^^^  ^  ^W  ^^^'^  ^  equal§^ 
The  squares  9  fr  &ud  ^  ^  shall  be  the  squares  on  «r  H  &^d  ir  V« 
Again  the  triangles  9  ^  «r  &i^d  «|  v  if  are  equal  to  one  another 
and  so  are  the  triangles  ^  «r  9  ^^^  C  ^  V*  Then  the  sum  of 
the  triangles  w  «r  ai^d  ^  w  9  is  equal  to  the  sum  of  the 
square  9  jg  and  the  triangle  |^  if  fr.ir  This  ( The  square  9- 
ir+ the  triangle  f  iffr  )  is  equal  to  the  triangle  m  if  mW-  The 
triangle  9  ^  ip  is  to  be  added  to  the  first  sum,  fT  ^  9  to  the 
second  sum,  and  the  figure  ^  9  if  c  to  both  the  sums  when  vr* 
9  is  greater  than  «r  9»  ft^^d  one  part  (^99  putting  ^  where 
IT  V  meets  ^  |^  )  of  the  figure  ^  ^  fri^  is  to  be  added  and  the 
other  (  9  ir  C  )  to  be  subtracted  when  vf  ^  is  less  than  «|  9.$ 

•  ( 1. 12 ).  t(l.  8.).  t(L«l). 

§  Tbey  can  be  proTed  equal  In  the  same  way  as  in  tbe  pnoeding  oaae. 
II  '.'ThetriangteeirWir4-WfrsW«. 

f  www+f  wir=irfr+f  WIT 

.'.irff+irw-*^.  (when  arw  7ir»). 
w  «r+f  w  ir +w  ^  f +^  ir  w— fr  w  f 
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Then  the  two  fiqaares  Bhall  be  equal    to  the  square  on  the 
hypotenuse. 

Another  alternative  (  [x  67  ). 

If  the  square  on  one  side  should  fall  into  the    square  on  the 

other  side,  then  make  up 
the  figures  as  in  the 
above  case.  But  ^^ 
must  be  made  equal  to 
^t*^  Draw  IIP  9  and  f  9 
parallel  respectively  to 
^  IT  and  ^  ^.  Produce 
them  so  as  to  meet  in  the  point  9.  Then  the  line  9  9  (or  9  9 
produced)  shall  meet  the  line  7  C  (  ^^  7  7  produced  )  in  the 
point  «r. 

Now  the  three  triangles  (  Vf  w  9i  W  ^ ?r>  and  W  ^  c)  being 
equal,  |^  9  and  «|  9  being  (consequently)  equal,  and  the 
angles  being  equal,  it  is  proved  that  the  two  triangles  ^  9  it 
and  9  «|  ;r  are  equal  to  one  another.  Again  ^  9  and  ^  fr  being 
equal,  the  triangles  ^  9  «r  and  f  |r  if  are  equal  to  one  an- 
other^ Then  the  sum  of  the  triangles  ^  iri^  and  ;t  isr  ^  is 
equal  to  the  sum  of  the  square  tf  9  and  |^  ir  fT*  This  sum  (i.  e. 
the  latter  sum  )  is  equal  to  the  triangle  n  if  9§.  To  the  first 
sum  (if  9+1^  «r  it)  add  the  triangle  ^  If  ^  and  to  the  second 
sum  (^  if  If)  add  the  triangle  ff  ^  w  ftnd  add  the  figure  ^  ^  9iT  to 
both  the  sums  if  m  if  is  greater  than  «r  ir;  but  if  «r  if  is  less  than 
«f  ir,  then  add  one  part  ( ?f  9  9,  9  being  the  point  where  ^  ( 
meets  ff  9)  to  both   the  sums  and  subtract  the   other  part 

♦(1.3).      t(r.  81). 

t  <W=<%  <WY<r=<9f  ir,  and  <ffirs<9f  If  (both  being  eqoalto 
<W  f  7}  f  Y  9  and  W  f  Y  being  alternate  angles  and  9  f  W  and  V  f  ^  make  up 
each  a  right  angle  with  ^  f  V ).  Therefore  the  lemaintng  angles  V  ^  IT  and  ^  f  • 
if  are  equal,  and  the  third  angles  ^  if  I?  and  f  W  if  are  equal  (I.  32  and  3  ax. ). 
This  proof  applies  to  the  case  in  which  IT  W>9lir.  In  the  other  ca8e<  V  ^  V 
may  be  shown  to  be  eqaal  to<if  ^  |f  as  under:— 

Angles  at  ^  and  f  are  together  equal  to  two  right  angles.  From  these  take 
away  %  Y  <r  and  ir  f  7  which  are  each  a  right  angle.  Then<im?+<^V' 
If  =  <|r f W+ <9 f If.  Bat<W^|f=<Wf  ^(1,29)  and<Wf  «r=<»f' 
(both  makiog  up  one  right  angle  with  the  complement  Y  f  9).  Therefore  <if  %■ 
«=  <|f  f  w. 

§  Because  the  former  sum  is  equal  to  the  triangle  9  W  If. 
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(  9  9  f  )  f^o^  ^^^  ^^^  8ums.    Then  the  squalres  ir  9  and  ^  9 
are  equal  to  the  square  ^  ^. 

Page  67  L.  18  ^[^iftft  ==  S.^^fiKll^lil^lli^  =  To  both  the  sums 
mentioned  before. 

Another  alternative  (  p.  68  ). 

In  this  case  the  figures  are  to  be  so  described  that  the  square 
on  the  hypotenuse  may  not  fall  on  the  triangle  and  the  square 
on  one  side  may  fali  on  the  triangle. 

As  the  square  «|  fr  W  i|  on  the  side  m  ^  falls  on  the  triangle. 


Then  the  point  |r  shall  coincide  with  the  point  ir  when  the 
two  sides  are  equal.  If  the  two  sides  are  unequal,  then  the 
point  IT  stall  either  fall  within  the  side  «r  ir  or  without  it 
Join  ^  If.  Then  it  can  be  proved  as  shewn  before  that  7  w  fT 
is  one  straight  line.  From  the  point  ^  draw  the  perpendi- 
culars :r  15  and  f  ^  on  this  line  (  ^  ^  ij  )  and  on  «r  nt  (  or  «r  IT 
produced  )•  Then  ^  ip  ir  W  shall  be  one  straight  line  when  the 
two  sides  are  equal.  Then  the  two  sides  are  unequal,  the  per- 
pendicular |[  ip  shall  fall  within  fr  ^  ori|  ^.  Now  the  four  trian- 
gle8(iir^9,  W^f^^C'A^d^C^)  l>eing  equal^^ip  and 
f  9  being  (  consequently  )  equal,  it  is  proved  that  the  figure  9- 
ipr  is  the  square  on  the  side  «|  ^.  Again  the  sum  of  the  trian- 
gles «r  W  9  And  ig^^  being  equal  to  the  sum  of  the  triangles 
IIT  ^  l(  and  ir  9  ^>  l>y  adding  the  two  remaining  figures  it  is 
■ '    '■  —     «     '      ■  ■ 

»'.  w»+^fr=^irwhen«ri>aTir. 

^*+t'rir+'?^f+^WV(fr  being  the  point  where  ^  f  meets  V  W ) 
t(I.  12). 


'.•r»-< 
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proved  that  the  squares  on  the  two  sides  are  eqaal   to   the 
square  on  the  hypotenuse. 

Another  alternative  (  p.  68-9  ). 

In  this  case  it  is  desired  that  the  square  of  none  of  the  sides 
should  fall  on  the  triangle.  Describe  the  triangle.  Describe  the 
square  on  the  hjrpotenuse.  Produce  the  two  sides.  From  the 
points  ^  and  f ,  draw  the  perpendiculars  ^  fr  and  f  ^  on  the 
two  side^.    Draw  ^  9  and  |^  ^  parallel  to  the  two   sides.f 


These  two  shall  meet  in  the  point  9  and  shall  meet  the  lines 
^  f  and  n  if  (  or  ^  f  and  ir  ^  produced  )  in  the  points  9?  and 
if.  Then  the  points  %  ^,  if  and  the  points  :^,  9,  n  shall  coin- 
cide with  one  another  if  the  two  sides  (  of  the  given  triangle  ) 
are  equaL  If  the  two  sides  are  unequal,  each  set  of  these 
three  points  shall  form  a  triangle.  Now  the  equality  of  the 
triangles  «r  ir  V>  vr  ^  Wi  9  ^  f  » c^nd  w  V  C  ^^  proved.  Therefore 
the  figures  |r  9  And  tpir  are  the  squares  on  the  two  sides,  v is 
and  n  9  being  equal^  and  the  angles  being  equal§,  it  is  proved 
that  the  triangles  9  ip  if  and  ir  9  «r  ^^  equal.  Similarly  the 
triangles  ^  «r  l(  ^i^d  f  ir  9  &i^e  equal.f    If  the  triangle  «r  V  C 

.     ♦(1.12).  t(1.31). 

I  «f  w=»  w,  w  «=ir  ir=f  ^=fr  ^,\m  w— «r  «=«r  ^r— ?r  «r.-.w  «=ir  v. 

§  <aT5fw+<wir flax  angle. 
<ir5f  w+<aTW5fax  angle. 

.-.  <ir  w=  <ar  w  V ».  e.  <m  w  w. 

One  angle  in  both  is  a  right  angle  .'.  aU  the  angles  are  equal. 

f  <w^«r=<^irf  (L29).     <w^irairw^(L29)    <irwY« 

<f  7  If  18  both  make  ap  a  right  angle  with  <W  W  H. 

other  angles  and  one  side  may  be  proved  equal  in  both,  so  the  triangle 
are  eqaal  ( I.  26 ). 


id 

be  subtracted  from  both  the  figures,  then  the  remaining  figure 
7  9  9T  sir  shall  be  equal  to  the  triangle  ?(  9  ^.  It  shall  also  be 
equal  to  the  triangle  9  9  ^  (  for  the  triangle  ^  9  f  is  equal  to 
the  triangle  of  9  |^  )•  It  shall  also  be  equal  to  the  sum  of  the 
figure  «r  W  C  9  ^^^  ^^^  triangle  ^mw{.  If  the  two  equal 
triangles  ^  tp  ^  ^^^  ^  V  W  be  added  respectively  to  the  two 
preceding  equals  and  the  figure  if  9  ?(  9  and  the  triangle  n  tp  |[ 
be  added  to  the  two  preceding  figures,  then  the  square  on  the 
hypotenuse  shall  be  equal  to  the  squares  on  the  two  sides^. 

It  may  be  noted  that  the  latter  part  of  the  proof  does  not 
apply  to  the  third  figure  in  which  «r  W  is  less  than  «r  V* 

For  the  third  figure  the  proof  may  be  modified  as  under;-^ 


f  V  w  w==^  f  ir  w. 

f  «  W  ir+^  9  f +^  IT  W  (W  being  the  point  where  9  V  »««*«  WX) 


firw-ifirf-^irf-irirf 
=irirf 


» 


>f 
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Another  alternative  (  p.  70. ) 

In  this  case  if  the  square  on  cne  side  falls  on  the  other,  then 

if  the  two  sides  are 
equal,  the  case  is 
clear.  But  if  the 
sides  be  unequal, 
produce  the  side 
^^.  On  vrv  (or 
«l  ^  produced  )  draw 
the  perpendiculars 
j^  IT  and  ^  ir  from  the  points  ^  and  |^.*  Let  |^  ir  ^^^^  W  H 
(  produced  if  necessary  )  meet  in  if.  Again  from  the  point  ^ 
draw  the  perpendicular  ^  fr  on  |^  ir>  from  ^,  draw  the  perpendi- 
cular 9iion^9(or?^fr  produced  )  and  from  ^  draw  the  per- 
pendicular n  9  on  1^  If.*  Make  ^  9|  equal  to  ^  %;  in  the  direc- 
tion of  ir.f  Draw  the  line  «r  ^T  9  T  parallel  to  ^  ip.^  ^"^his 
line  shall  meet  the  line  ^  if  (  or  ^  ^  produced  )  in  the  point  7, 
i|  li  (  or  ^  ip  produced  )  in  ^,  and  |^  ir  ii^  iT-  Then  it  is  certain 
that  the  triangles  «r  W  9>  9  C  ^«  9  ¥  Y>  9  7  Wi  Ai^d  ^  9  ip  are 
equal.  Therefore  the  figures  ip  ^  and  ^  9  are  the  squares  on 
the  two  sides  (  of  the  given  right-angled  triangle  ).  Again  ^  ^ 
and  ^  1^  being  equal  and  the  angles  being  equal,  the  triangles 
H  ^  if  and  9  9  ^  are  proved  equal.  Again  ir  9  ^^^  W  W  bdng 
equal  and  the  angles  being  equal,  the  triangles  w  ^  9  and  if  if  i| 
are  equal  to  one  another.  Then  the  sum  of  the  triangles  ^^^ 
and  ^  ?f  ip  is  equal  to  the  sum  of  the  four-sided  figure  «r  ^  and 
the  triangle  ^  ^  ^,^  This  ( the  latter  )  sum  is  equal  to  the 
triangle  |[  ^  nt,%  Again  the  triangle  fr  ^  w  should  be  added 
tx)  the  first  sum  and  ?r  ^  C  ^o  the  second  sum  and  the  figure 
9  Y  9  ^  to  both  the  sums  if  «|  ^  is  greater  than  «|  ^;  but  if  it 
be  less,  then  one  part  (  ^  9  ^»  ^  being  the  point  in  which  f  ^ 
meets  i|  ^  )  is  to  be  added  and  the  other  (w^t)^  tobe  sub- 


*  (1.12). 
t(I3). 
t  (I* 31). 
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tracted.    Then  the  sqaares  ^^  and  frfrare  equal  to  the 
square  ^  if.* 

In  the  cases  shewn  above^  other  alternatives  are  possible  but 
they  are  passed  over  through  the  fear  of  prolixity. 

Another  alternative  (  p.  70-1 ). 

When  the  squares  of  the  sides  fall  on  themselves,  then  there 
are  eight  cases.  In  the  first  case,  having  drawn  the  figure  in 
such  a  way  that  the  square  of  the  hypotenuse  falls  on  the 
triangle,  produce  the  sides  ir  m  and  ^  «r  so  that  they  may  meet 
the  square  on  the  hypotenuse  in  the  points  ^  and  if.  The 
points  ^  and  ^  shall  fall  respectively  on  |f  and  ^  if  the  two 
sides  are  equal  or  shall  fall  on  the  two  sides  ( produced  if 
necessary )  if  the  two  sides  are  unequal.    From  the  points  ^ 


and  Iff  draw  the  perpendiculars  ^  ff  and  ^  ff  oi^  both  the  sides 
thus  produced.f  Produce  these  two  (  perpendiculars  ^  ff  and 
ff().  From  the  points  ^  and  n,  draw  the  perpendiculars  ^  ^ 
and  9  vt  so  that  they  may  meet  the  produced  perpendiculars 
in  the  points  ^  and  m.  When  the  two  sides  are  unequal,  let 
IT  «r  be  assumed  to  be  greater  than  «|  ^.  From  the  poiut  |[ 
draw  the  perpendicular  |^  ^  on  the  line  ^  |r-t  This  perpendi- 
cular shall  £sill  on  a  point  other  than  «r  when  the  two  sides  are 
unequal,  and  shall  &11  on  the  point  «r  when  the  sides  are 
equal. 

.MTv+irw«wf. 

t(I12). 
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Now  the  figures  9  m  and  «|  ir  <ure  squares  aud  equal  to  the 
square  on  the  line  ^  ^  when  the  two  sides  are  equal.  When 
they  are  unequal,  then  the  figures  «r  W  ^^^  V  V  ^^^^^  ^  squares 
and  the  figure  9  m  shall  be  right-angled,  but  shall  have  its 
sides  unequal  Again  the  triangles  «|  w  V»  li  C  V>  9  C  ^»  ^^^ 
il  9  ^  are  equal.  The  triangles  «r  9  9T  ^^^  9  ^  «r  &i^  equal  as 
the  angles  are  equal  and  the  sides  «r  V  ^^^  9  C  ^^  equal. 
Then  9  «r  ^^^  C  ^  ^^^^  ^^  equal.  Therefore  ^T  C  ^^^  ^  7  ^^^^' 
be  equal.  Therefore  the  triangles  f  «r  ?r  &i^<l  7^9  '^^^U  ^^ 
equal.  The  triangles  «i  9  ir  has  already  been  proved  equal  to 
the  triangle  fr  ^  H*  If  to  these  two  the  figure  9  «|  f  9T  be 
added,  then  the  figure  if  «|  «r  C  ^^^'^  ^  equal  to  the  triangle 
1^  ^  ^  and  also  to  the  triangle  ^99  and  consequently  to  the 
figure  im  7  9  ftud  to  the  triangle  if  ^  ff*.  If  to  these  two  be 
respectively  added  the  triangles  vf  w  9  t^nd  9 1|  ^,  then  the 
figure  if  «rir  C  together  with  the  triangle  «r  W  V  shall  be  equal 
to  the  figure  9T  9  li  fT  together  with  the  triangles  ^  ir  IT  And 
^^^.  Again  add  to  both  the  figure  ^  ir  «r  ^T  ^^^  the  triangle 
«r  9  97*  Then  firom  the  first  sum  will  arise  the  square  tf  ^  and 
firom  the  second  the  squares  «|  ^  and  «r  ip.  This  was  just  what 
was  wished. 

In  the  same  way  it  may  be  proved  when  ir  «l  is  less  than  ir  ir< 

Another  alternative  (  p.  72-3  ). 

When  the  square  of  the  hypotenuse  and  one  square,  named 
«r  IT,  fall  upon  the  triangle,  and  when  the  two  sides  are  equal, 
then  what  I  wish  to  prove  is  evident  Why  ?  Because  the  tri- 
angles that  are  formed  are  equal.  Of  these,  the  sum  of  the 
two  triangles  is  equal  to  the  square  on  a  side  and  the  sum  of 
the  four  triangles  is  equal  to  the  square  on  the  hypotenuse. 


VAfT'^Aw^ir. 
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fiat  if  «rir  is  greater  than  «i  9,  then  describe  the  square  of  it 
Produce  9  «r  so  that  it  may  cut  the  line  ^  ^  in  ;r  ^^^  89  o^^ 
From  the  points  ^  and  |[  draw  the  perpendiculars  ^  9  and  f  9 
on  that  line.*  From  the  point  9,  draw  the  perpendicular  9- 
%  on  the  line  «i  ;v.  Again  from  the  point  f  (baw  the  perpen- 
dicular |[iik  on  the  perpendicular  ^  9.*  Again  produce  the  line 
V  «r  so  that  it  may  cut  n  ^i^  ^he  point  «r  ^^^  meet  the  per- 
pendicular in  9.  The  figure  vf  ip  ^^7  he  proved  to  be  a  square 
as  before.  Join  9  ^  and  ^  «|.  m^  and  ^  9  being  equal  and 
the  angles  «r  9  9T  <uid  9  f  H  being  equal,  the  triangles  mim 
and  9 1^  if  are  proved  equal  Then  by  adding  to  these  equals 
the  figure  9  «r  9r  C  ^^  ^  proved  that  the  figure  ir  «r  «r  f  is 
equal  to  the  triangle  9  ir  C  ^^^  consequently  to  the  triangle 
f  ir  ^  Again  9  97  and  ip  if  being  equal,  the  remaining  parts 
a  If  and  ^  ^  are  equal.  Owing  to  this  equality  of  the  sides 
and  the  equality  of  the  angles,  the  triangles  ^  9  if  and  |[  9T  9 
are  equal  Again  the  angles  ^  w  «r  and  9  w  W  being  equal  and 
f  ^  and  ^  9  being  equal  and  ^  ^  and  ^  «r  being  equal,  the 
triangles  ^  IT  «l  and  ^irv  ^^  equal  Again  the  remaining 
angles  ^  vf  ^  and  9  ir  fr  being  equal  and  the  angles  ^  and  fr 
being  right  angles  and  the  sides  «|  ^  and  ir  9  being  equal,  it  is 
proved  that  the  triangles  «r  7  9  and  9  9  |r  are  equal.  Therefore 
^  IT  And  «r  9  are  equal  to  n  i|  and  ir  fT*  ^he  triangle  ^  9  if 
is  equal  to  the  triangle  f  «r  tf*  ^hen  the  sum  of  the  figure  ^  ih 
«r  if  and  the  triangle  |^  if  ff  is  equal  to  the  figure  n  W  9  fT-  ^^ 
each  of  these  add  the  figure  «r  v  9  9.  Then  the  figure  ^  w  «r- 
If  and  the  triangle  |^  9  9  or  its  equivalent,  the  figure  if  «f  if  |^;t 
in  otiier  words,  the  figure  ^  if  «r|[  is  equal  to  the  figures  ^  w  W- 
ff  and  if  9  li  9.  Again  add  the  triangle  9  «r  v  to  these  equals. 
Then  the  square  of  the  hypotenuse  shall  be  equal  to  the 
squares  of  the  two  sides. 

If  tiie  side  if  f  is  less  than  «f  if,  then  produce  the  smaller 
side  so  that  it  may  cut  the  line  ^  f  in  if  and  go  out.  From  ^ 
and  ^  draw  on  it  the  perpendiculara  ^  ^  and  ^  ff . j  Produce  9- 
(  and  firom  ^  draw  on  it  the  perpendicular  ^f  ^;,l     Then  it  is 

MI.12). 

t  ABpioTed  before. 
t(ll2J. 
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certain  that  the  triangles  «r  W  gr,  *  C  5r,  and  ^ 
Therefore  ^r  9  is  a  square.    The  triangle  ?f  ^  if 
triangle  wilir-    Therefore  ^^  and  irir  are 
triangle  if  9  f  is  equal  to  the  triangle  «r  9  fr- 
sum  of  the  triangles  w  ^  7  and  «r  fT  9  is  equal 
the  triangles  9  f  ir*  if  rf  r»  »^d  W  iHT-    Add 
figure  to  both  these  equals.    Then  the  square 
tenuse  shall  be  equal  to  the  squares  on  the  two 

Another  alternative  (  p.  74-5  ). 


9  W  are  equal, 
is  equal  to  the 
equal;  and  the 

Therefore  the 
to  the  sum  of 
the  remaining 

on  the  hypo- 
sidea 


The  squares  on  the  three  sides  fall  on  the  triangle.    If  the 

two  sides  be  equal,  then 
the  squares  on  the  two 
sides  shall  be  equal  and 
what  is  desired  to  be 
proved  is  evident  But 
if  one  side  is  greater  or 
smaller  than  the  other, 
as  vrir greater  than «r m, 
then  describe  the  squares 

as  mentioned  before. 
Produce  9  %»  to  9  and 

9  %;  to  if.  From  the  point 
1^,  draw  the  perpendicular  ?^ ;f  on  «iir ;*  and  from  ^  draw  the 
perpendicular  ^  ^  on  ^  «r**  Produce  ^  «t  so  as  to  meet  f  fr  in 
9T-  Then  there  shall  be  four  triangles  of  the  square  ^  ^.  They 
shall  be  equal  as  shown  in  the  preceding  casea  if  91*  shall  be 
the  remaining  figure.  It  shall  be  the  square  on  the  difference 
of  the  sides  «|  ^  and  «|  ^.f  Join  9  ^.  Then  the  figures  «r  9 
and  «r9f  shall  be  divided  into  four  triangles.  These  four 
triangles  shall  be  equal  to  the  four  triangles  first  spoken  of. 
The  remaining  square  9  sr  shall  be  equal  to  the  square  cr  T- 
Thus  the;square  ^  ?(  is  proved  equal  to  the  squares  «|  ^  and 
«r  %>•    This  was  just  what  was  wished. 


•  (1.12). 

t  Both  fT  5T  and  5r  sr  are  equal  to  ^  W— a?  ^Tv^  'T=9r  W  and  ^  W=W  ^; 
andW«f=3r^.    Thus  fT  T  being  equal  to  T  3r,  the  figure  TT  isaaquai-e  on 

WW  — ai^r. 
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Another  alternative  (  p.  75 ). 

The  squares  on  the  two  sides  fall  on  the  triangle,  but  the 

square  on  the  hypotenuse 
does  not  fall  on  it.  When 
the  two  sides  are  equal,  it 
comes  to  the  above-men- 
tioned case.  When  the 
side  «|  v  is  greater  than 
«r^>  then  describe  the 
squarea  Join  ^  ^  and  ^- 
^.    Then  it  is  clear  that 

7  7  9  is  one  straight  line  and  c  7  cT  is  ^o  one  straight  line. 
Produce  g|  ^  to  9.  Then  the  square  ^  ^  shall  be  divided  into 
four  triangles  and  the  square  ^  ip*  shall  be  between  them. 
Again  join  ^  ^.  Then  the  figures  «r  9  and  «r  TT  shall  be  divid- 
ed  into  four  equal  triangles,  and  these  four  triangles  shall  be 
equal  to  the  above  mentioned  four  triangles.  If  to  both  these 
the  square  ^  ^  be  added,  then  what  was  desired  to  be  proved 
shall  be  evident. 

Another  alternative  (  p.  75-6 ). 

The  square  of  one  side  falls  on  the  triangle.    When  the  two 

sides  are  equal,  the 
case  is  evident.  If  «|- 
^  is  greater  than  n  9, 
then  describe  the 
squares.  Join  ^  ^.  Then 
it  is  clear  that  ^  ^  |r 
is  one    straight  line. 

Produce  «|  9.    On  it 

draw    the    perpendi- 
cular ^  Tf.f  Draw  the  perpendicular  ^  9  on  ^  ir*t  ^be  triangles 

^  9  9)  ^  W  ?»  9  7  C>  ^^^  9r  9  C  ^^  equal  The  square  9  it  is 
equal  to  the  square  «|  ^.l  To  the  triangles  ^  9  ^  and  im%,  add 
the  triangle  9  ^  ir-    Then  the  triangle  ^  ;r  C  ^  equal  to  the 

*  Wir=0  9  and  W  ?5=^  ^  .-.^r  ^Ta^;^. 
t(L12). 

t  v9fs9r9rand9fs«rf. 
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square  v  ^  together  with  the  triangle  « ir  |r  or  to  its  eqaiva- 
lent,  i.  e.  the  square  «r  m  together  with  the  triangle  w  |^  ^o 
the  first  of  these  equals  add  the  triangle  ^7[^  and  to  the 
second,  «r  V  ^9  ^t^^  ^^  the  remaining  figure  (^  if  w)  ^ 
both  these  equals,  then  what  was  desired  to  be  proved  would  be 
evident 

But  if  «r  V  is  less  than  n  9,  then  describe  the  squares.    Join 

^  ^.  In  the  above-mentioned  manner  it 
may  be  proved  that  the  figure  ^  ^  9  if 
together  with  the  triangle  9  |r  9T  i^  ecpsl 
to  the  square  «|  ^,^  and  the  triangle  ^^^ 
is  equal  to  the  square  n  9  together  with 
the  triangle  if  9  ^.f  Therefore  what  was 
desired  to  be  proved- is  evident 


Another  alternative  (  p.  76-7  ). 

Describe  the  squares  in  such  a  way  that  the  square  of  none 

of  the  sides  may  fall  on  the  triangle.  Pro- 
duce w  IT  t^x^d  7  If  to  meet  in  9,  and  pro- 
duce w  W  tknd  7  V  to  meet  in  if.    Then 
the  square  ^  ^  shall  be  the  square  on  the 
sum  of  the  two  sides  (  of  the  given  right- 
angled  triangle  ).    Produce  «f  w  and  if  9. 
^  From  the  points  ^  and  ^  draw  on  both 
the  perpendiculars  ^  w  and  ^  ^4   Produce 
the  perpendiculars  so  as  to  meet  in  if. 
The  triangles  If  ^  3f,  ir  ^  c  IT^  C»  ^^  ^ 
^  If  are  equal    The  square  w  9  is  equal 
to  the  square  ^  7.    Join  |r  ^.    The  triangles  |r  9  Wi  If  if  ir*  f  * 
«f  If,  and  ^  If  If  are  equal.    They  are  also  equal  to  the  above- 
mentioned  four  triangles.    From  both  the  squares  take  these 


*  VWiiaeqaaraandeqaaltoiri?.    Vf  WW+W WITsir  Vf  Wir(v  X- 

«fsfirw)+W9irsvw=ir«. 

tWW^=s«fWW/.WW^+WWW=WW^+WWW.    /.t^lfs«fV+«fV«« 
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four  tsriangles.  The  remftining  squares  ^  «i  and  «ri|; shall  be 
equal  to  the  square  ^  j[.  This  was  just  what  was  wished  Thus 
eight  cases  are  proved. 

Another  alternative  (  p.  77  ). 

The  square  on  the  hypotenuse  should  be  so  described  that  it 

may  not  flail  on  the  triangla  Produce 
H  ^  and  n  9.  From  the  points  ^  and 
^  drop  perpendiculars  ^  ^  and  ^  i|  on 
both.*  Produce  the  perpendiculars  so 
as  to  meet  in  if.  Then  the  square  «|  n 
is  the  square  on  the  sum  of  the  two 
sides  ( «r  W  t^d  «|  9  ),  and  the  four 
^  triangles  are  equal    The  sum  of  any 

two  of  these  triangles  is  equal  to  the  rectangle  of  the  two  sidea 
The  sum  of  the  four  triangles  is  equal  to  double  the  rectangle 
of  the  two  sides.  From  the  square  «r  If >  ^^^  away  double  the 
rectangle  of  the  two  sidea  The  remaining  square  ^  f  shall  be 
equal  to  the  sum  of  the  squares  of  the  two  side&f  This  was 
just  what  was  wished. 

Another  alternative  (  p.  77-8  ). 

The  square  on  the  hypotenuse  should  be  described  on  the 
f ^        triangla    From  the  point  ^  draw  the  per- 
pendicular ^  IT  en  «|  ^.  J    From  |[  draw  the 
perpendicular  |[  w  on  ^  ^.X  Produce  «  «r  to 

H  (  so  as  to  meet  w  C  ^^  IT  )-  ^^  ^^  middle 
is  formed  a  square  which  is  equal  to  the 
difference  of  the  two  8ide&§  Thus  the  four 
triangles  are  equal.  The  sum  of  any  two  of 
these  triangles  is  equal  to  the  rectangle  of  the  two  side&  The 
sum  of  the  four  triangles  is  equal  to  double  the  rectangle  of 

•  (1.12). 

t  (AT)a(AB+AJ)S=s(AB)>+(AJ)S+2AB.  AJ.  Sabtract  2AB.  AJ  from 
both  tb«M  eqoalf . 

.%  (AT)— 2AB-AJ=:(AB)«+(AJ)». 
t(I.l2). 

.MTir  is  a  sqttie 00  n  w««ir  V. 
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the  two  sides.  This  together  with  the  square  on  the  difference 
of  the  two  sides  is  equal  to  the  sum  of  the  squares  on  the  two 
sidea  Because  if  to  this  the  square  ^  n  be  added,  then  the 
square  ^  « is  equal  to  the  sum  of  the  squares  on  the  two  sides.* 

Prop.  48  p.  78. 

The  prop,  may  be  proved  indirectly  also  as  under — 

Let  A  B  C  be  a  triangle  in  which  the  square  on  AC  is  equal 
^      to  the    squares  on  A  B  and  B  C.    Then 
ABC  shall  be  a  right  angle. 

For  if  it  be  not  a  right  angle,  let  it  be  an 
obtuse  angle.    From  B  draw  B  D  at  right 

angles  to  B  C  ( 1. 11 ).  Make  B  D  equal 
to  A  B  (I.  3 )  and  join  D  C.  Then  the 
square  on  D  C  is  equal  to  the  squares  on 

D  B  and  B  C  ( L  47  )  and  consequently  to 
the  squares  on  A  B  and  B  C,  because  D  B  is  equal  to  A  B 
(  Cona  ).  Therefore  D  C  is  equal  to  AC  (  1  Ax.).  This  is 
absurd  ( I.  24 ),  because  the  angle  A  B  C  is  greater  than 
the  angle  D  B  C. 


*  4  Triangle8s2AB*AJ. 
4  TriaDgle8+(AB— AJ)9s2AB-iLr+(AB)>+(AJ)3 i-i2AB\AJs(AB)*+(AJ)^. 


\ 


\ 
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BOOK  II. 


Prop.  L  p.  79. 


Alternative  proof. 


The  line  ^  9  is  made  up  of  the  parts  w  ^9  ^  f,  and  ^  9. 

^ y         -X — 3"     Therefore  the  sum  of  the  rectangles 

contained  by  the  parts  of  this  Ime 
and  the  line  9f  must  be  equal  to  the 
rectangle  contained  by  the  line  «| 
and  the  whole  line  ^  ^. 

This  alternative  proof  is  based  upon  general  principles. 

Prop.  n.  p.  80. 

Alternative  proo£ 

Make  the  line  ^  equal  to  the  line  n  ^.    Then  the  rectangle 

jT        contained  by  the  lines  ^  and  «|  ^  is  equal 

to  the  square  on  the  line  n  9,    This  is 

equal  to  the  rectangles  contained  by  the 

line  ^  and  the  parts  of  the  line  «|  9.* 

Prop.  III.  p.  80-1. 

jlOi^M^^l-ft^ffc^^t  mentioned  before.  The  rectangle  is  the 
product  of  the  whole  "^^  which  is  the  multiplicand  and  a  part 
of  it  (ft3i»4a^l)  which  is  the  multiplier  (ijiii^;^).  Msa  A. 
and  B.  read  ?>fH!T«v  fo^  j^^l»>^^^f^  dHa^4-ft^»^^t  (the 
aforesaid  part ). 

Alternative  proof. 

Let  the  line  j  be  equal  to  ir  W«    The  rectangle  contained  by 

^  and  «|  v  is  equal  to  that  contained  by  «r  W 
^    and  ^  9.    But  the  rectangle  contained  by 
^^  and  ^  9  is  equal  to  the  sum  of  the 
rectangles  contained  by  the  lines  ^  and  w(^ 


V 


W 
^ 
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and  7  and  9  v.    Of  these  two  rectangles  one  is  the  Tectangle 
contained  «|  9  and  9  ^  and  the  second,  the  square  on  9  ^•^ 

The  alternative  proofs  of  Prop.  2  and  Prop.  3  show  that  they 
are  particular  cases  of  Prop.  1. 

Prop.  IV.  p.  81-2. 

On  this  prop.  BiL  has  the  following  note : — 

*  This  proposition  is  of  infinite  use  chiefly  in  surd  numbers. 
By  help  of  it  is  made  in  the  addition  and  subt^ction,  also 
multiplication  in  Binomials  and  residuals.  And  by  help  hereof 
also  is  demonstrated  that  kind  of  equation,  which  is,  when 
there  are  three  denominations  in  natural  order,  or  equally 
distant,  and  two  of  the  greater  denominations  are  equal  to  the 
third  being  less.  On  this  proposition  is  grounded  the  extrac- 
tion of  square  roots.  And  many  other  things  are  also  by  it 
demonstrated' 

Alternative  proo£ 

The  rectangle  «r  V*  ^  91  is  equal  to  the  sum  of  the  square 

on  «|  9  and  the  rectangle  91  9. 9  ^.f  Again 
the  rectangle  «r  9.  w  is  equal  to  the 
square  on  ^ 9  and  the  rectangle  «iir.  w4 
Then  the  sum  of  the  rectangles  «r  w.  «r  9 
and  «r  W*  7  V|  which  is  equal  to  the  square 
on  «|  Y,§  is  equal  to  the  squares  on  «|  ^  and 
9  ^  and  twice  the  rectangle  «|  9.  9  if* 

Prop.  V.  p.  82-3. 

Alternative  proo£ 

The  rectangle  «| ^.  ^  ^  is  equal  to  the  rectangle  «iir-  ^  Wi 

3! S — jr     that  is,  to  the  rectangle  9  if •  ^  ^ 

and  the  rectangle  ^  Y*  7  w-^  To 
both  these  equal  rectangles  add  the 
square  on  ^^.  Then  what  is  the 
result  ?  The  rectangle  «r  7*  ^  W  and 

•  ^z=m  w.  ^. «  w=s3r  w.  «r  w.   But  w  v=ar  3r+ V  w.  .•.^.  «r  3r+^.  ir  w=s 

ww.iTW./.^w.  3rir+(3rw)3=3rw.  arw.orarw.  vws^rir.  3rw+(ww>«. 

t(iL3).  $(n.  3).  §(iLS).  lf{n.i). 
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the  square  on  9  ^  are  equal  to  the  rectangles  g|  9.  ^  ^1  and 
9 1[.  ^  9  together  with  the  square  on  n  7«  But  the  rectangle 
^  7. 7  9  ^T^^  the  square  onir  ^  Are  equal  to  the  rectangle 
vl W.  9  ^*  Also  the  rectangles  9  v.  ^  ^  and  «  ^.  ^  ^  are 
equal  to  the  square  on  ^  ^.f  Therefore  the  rectangle  «r  Y*  ^  9 
and  the  square  on  9  ^  are  equal  to  the  square  on  ^  ^4 

Prop.  VI  p.  83. 

Alternative  proo£ 

The  rectangle  «r  7*  9  ^  is  equal  to  the  rectangle  «r  9*  W* 

tvT  ?    ?   which  is  equal  to  twice  the  rectangle 
5^22  -  ^  '•§  '  ^  ^^^  *^®  square  on  9  ^.H    To 

both  these  equals  add  the  square  on 
^9.  What  is  the  result?  The  rec- 
T  Hr  tangle  «r  7.  W  ^  ^^^  the  square  on  9  ^ 
are  equal  to  twice  the  rectangle  ^  w.  9  ^  ^i^d  the  squares  on 
^  ir  fti^d  ^  <(»  which  (  i,  e.  twice  the  rectangle  ^  ^.  ^  ^  and  the 
squares  on  9  ^  and  9  ^  )  are  equal  to  the  square  on  ^  ^.|| 

Prop.  VII.  p.  84. 

Alternative  proof. 

The  square  on  9f  9  is  equal  to  the  squares  on  «r  n  and  9  ^ 
S    and  twice  the  rectangle  9f  9.  ^  9  $    To  both 
these  equals  add  the  square  on  ^  ^.    Then 
the  squares  on  9f  9  and  ^  ^  are  equal  to  twice 
the  square  on  n  ^,  twice  the  rectangle  w(  v. 
?        '^    ^     ^  ^  and  the  square  on  «r  Sf.    But  the  square 
on  n  ^  and  the  rectangle  «r  ^*  9  W  a^G  equal   to  the  rectaugle 

♦(118).  t(n.2). 

t  3i^.^w=ar^.  ^W+5»ar.^W(n.  1). 

But  ^^.«rw+(^^)a=^W.  ir^(II.3)    and  3rw.  ^^+^W.^W 

/.ar^.^w+(3r^)2=(;srV)2. 
S  va»w=2^w.  ^  (II.  3).  II  (II.  4). 

$(U.  4). 


«T  V-  ir  V*    Therefore  the  squares  on  iw  and  ii  ^  ai^  equal 
to  twice  the  rectangle  w.  at  V  and  the  square  on  vim-f 
Prop.  Vni.  p.  84-5. 

The  rectangle  <i  t*  W  3f  is  equal  to  the  rectangle  vr  n-  3  « 

and   the  square   on  g  ^.X    But  four  times 

the  rectangle  •{  «.   ai  w  JB  equal  to  twice 

the  rectangle  sr^T-V^lS   and  four  times 

the  square  on  ar  W  is  equal  to  the  square  on 

gi^.ir    Therefore  four  times   the  rectangle 

H  ^.  W  is  equal  to  twice  the  rectangle 

«  a-  91  7  and  the  square  on  or  T-    '^'^  ^th  these  equals  add 

the  square  on  «i  ir.    Then  four  times  the  rectangle  «r  w-  W 

and  the  square  on  am  are   equal  to  the  sum   of  twice  the 

rectangle  «t  g.  7  ^  and  the  squares  on  n  9  and  a  ^.    But  the 

sum  is  the  square  on  «|  ^.|| 

Prop.  IX.  p.  85-87. 

Another  alternative. 
On  w  ^  and  ^  ^  describe  the  squares  ^  fi  and  ^  9.S    Cut  off 
<JT    ^     TS    ai  ^  equal  to  ^  ^.**  Join  ai  5-.  Produce 
the  line  ti  if  to  the  point  9.    Draw  ^  ^ 
and  gr  3  parallel  to  the   line  «r  ^,  and 
W  IT  *  ^  parallel  to  «[  ^.ff 


The  figures  ^  9  and  ^  9  are  eqiial.$S    Also  the  four  figures 

Ma  3). 

+  (ww)»=(ww)»+(aiw)'+aww.ww(ii.4), 

Add  (w  ¥).*■.[»«>»+(««  )a=(arw)s+2(»^(*+aww.wwj 

bnt  ( ar  V  }> + w  «.  9  v= ar  V.  w  *  ( II.  3 ). 

.■.»(vw)»+'aiT  *w=*3r«.arw. 

.-.( 3rw)a+{  »»)»=(»  »)'+«»  r  WW. 
1(11.3).  %  ■.■W?=sww,orarf=ian.  ^  ■.»?=»»« 

II  «w.«w=a(».aTw+(aTWj»{IL3). 

.■.4  3T*.  «V=4  W.ai«  +  4   («V)*;  butt  tlH.  W=S9iar.  W, 

ud  4{ww)»=(WTis.-.  t  WW. war=2mr. wT+(WT)*.   Add  (wi^ 

to  both  .-.  4«¥.  W3I  +  (WW)3  =  2  3IW.  W  ?  +  (  WT}»  +  («  W)  *;  bat  (WW)* 

+  (»^)»+2ww.wT=(WT)Mil-  *)  ■■■  i«w.ww+(«*)*=(an)». 

«(1.46).  "(1.3).  tKI.31). 

tt  -.The  line  W  T=T  *  ( because  3»at =WW  and  W  51= W  ^ ). 
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«l    C    «    ^    W 


^Tf  99)  91T  ftnd  ^  ^  are  equal.  Similarly  also  the  figures  ^^^ 
9  9}  9r  9T  and  m  ^  are  equal.  The  sum  of  the  figures  ^  it[f,  and 
9  9,  makes  up  five  figures  and  they  are  equal  to  the  squares 
on  «r  9  and  sr  ^,  The  remaining  five  figures  are  equal  to  the 
preceding  five  figures  The  ten  figures  together  make  up  the 
squares  ^  ^  and  ^  fj.  Therefore  the  squares  on  9f  ^  and  ^  ^ 
are  equal  to  twice  the  squares  on  «r  9  and  ^  ^.  This  is  just 
what  we  required. 

Another  alternative. 

From  the  line  ^  ^,  cut  off  gr  c  ^q^al  ^^  ^  ^.*    Then  twice 

the  rectangle  «r  9-  9  ^  and  the  square 
on  9f  ^  are  equal  to  the  squares  on  ^r  ^ 
and  ^  ^.f  Of  these  ^  f  is  equal  to  ^  ^ 
and  «rc  is  equal  to  ^^.  Therefore  twice  the  rectangle  ^  ^.  ^  ^ 
and  the  square  on  ^  9  are  equal  to  the  squares  on  «r  9  and  ^  ^. 
Add  the  squares  on  9f  ^  and  ^  <(  to  both.  Then  twice  the 
rectangle  «v  9.  ^  ^  and  the  squares  on  «r  ^,  ^  ^,  and  ^  9,  which 
are  equal  to  the  squares  on  «r  7  and  ^  ^,J  are  equal  to  the  sum 
of  twice  the  square  on  «r  ^  and  twice  the  square  on  gr  ^. 

Prop.  X.  p.  87-89. 

Alternative  proof. 

On  «r  ^  and  ^  ^  describe  the  squares  ^  y  and  ^  ^.§     Draw 
^        ^        ^   ^       the  diameter  ^  ^.     From   the  points  ^ 

and  ^  draw   the   lines  ^  m  and  ^  ^ 
parallel  to  the  line  ^  ^,^  and  from  the 

points  9T  and  ^  draw  the  lines  9T  ^  ^ 
and  if  9  ^  parallel  to  ^  ^.H  .It  is  clear 
that  the  figures  ^  ^  and  ^  ^  are  equal. 
It  is  also  clear  that  the  figures  9  9,  ^  9T> 
9r  9)  and  tt  ^  are  equal.  Similarly  the  figures  ^  tt,  vr^,  ^  f 
and  if  i|F  are  also  equal.  But  the  sum  of  the  figures  ^  9.  and 
^  m  makes  five  of  the  preceding  figures  and  is  equal  to  the 
squares  on  «r  ^  and  gr  ^)  the  remaining  five  figures  are  equal 
to  these  five  figures;  and  all  these  figures  are  equal  to  the  sum 
of  the  figures  ^  y  and  <f  ^.     Therefore  the   sum  of  the  squares 


•  (1.3). 
^^(11.4). 


t  ( II.  7  ). 

§(r.  40). 


1  ( I.  31 ). 
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on  «|  ^  and  ^  ^  is  eqaal  to  twice  the  square  «|  9  and  twice  the 
square  on  ^  ^. 

Another  Alternative. 
Divide  the  line  ^  ^  into  two  in  the  point  ^.*  Then  twice  the 

rectangle  ir  W*  ^  ^  ^^^  ^^®  square  on 
^        3r        W        ^    W  ^  or  twice  the  rectangle  «r  ^-  ^  V  w^d 

the  square  on  9  ^  are  equal  to  the  squares 
on  ir  9  fti^d  n  ^  and  consequently  equal  to  the  squares  on  «r  iT 
and  ir  7*  7o  both  these  equals  add  the  sum  of  the  squares  on 
«r  ^  and  ^  ^.  Then  the  sum  of  the  squares  on  n  ^  and  9  ^ 
shall  be  equal  to  the  sum  of  twice  the  square  on  n  9  and  twice 
the  square  on  ^  ^,1 

Prop.  XL  p.  89-91. 

Describe  the  square  9f  ^.§    Bisect  ^  ^  in  the  point  f-.IT  Join 

the  line  f  «r«  Make  f  ^  equal  to  y  ^.||  Join 
9  ^.S  By  this  line  «r  W  is  divided  into  two 
Buch  parts  (  as  are  required  )  in  the  point  ^. 

Proofc 

Draw  the  line  fr  ^  parallel  to  the  line  ^  «r.** 
Produce  the  line  ^  «r  so  that  it  may  meet  the 
line  ^  cT  ill  ^^^  point  ^.  Again  from  the  point 
^  draw  the  line  €r  7  9  parallel  to  9  ^.ft  The 
figures  ^  ^  and  ^  ^  are  equal  to  one  another.JJ  To  both  these 
add  the  figure  ^  ^.  Then  the  figure  ^  ^  is  equal  to  the  figure 
«r  ^.  ^  ^  being  bisected  in  y  and  ^  ^  being  joined  to  it,  it 
may  be  proved  that  the  rectangle  ^  fr-  fT  W  is  equal  to  the 
figure  ^r  ^,§§  aiid  consequently  to  the  rectangle  ^^.fx  ^.ITIf 

♦  Sell,  and  produce  it  so  that  IT  V=ar  ^.  f  ( H.  7 ). 

t  2  5rw.5r^+(w^)2=(^w)«+(^^)Mn.7);but5^w=3r3r. 

/.  231^.  5sr^+(  w^)2=(aTir)«+(^^)*.  Addtoboth(3r5r)2+(ir^)». 

/.  2ar^.5srar+(W'T)2+(3i^)»+(^^)2=2<  (3T^)2+2  (^^)^i   but 

...  (a?^)2  +  {W^)a  =  2(3|5Sr)«+2(^^).*       §  (1.46).       1(1. 10). 
II  ( I.  3. ).         I  Soil,  meeting  W W  in  ^.       **  ( I.  81 ).  ft  ( 1-  31 ). 

tl  (1.43).         §§  v^ir.irw+(^f)«=(f^)Mn.  6). 

=(3ff  )^vf  ir=3rf  (Con.). 

=(aTW)2  +  (Wf  )2(1.47). 
Take  away  (  W  f  )*  from  both  these  equals. 
/.  ^  IT,  IT  W= ( 3T  ^  )^  =  3T  ^.      H  •.*  ar  ^  has  been  proved  equal  to  ff  ^» 
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By  this  proof  the  equality  of  ^r  7  sukI  fr  V  is  settled  and  the 
equality  of  the  lines  9  ^  and  ^  «|  is  also  proved.*  9  ^  has 
been  proved  equal  to  9  7.  ^  7  is  the  rectangle  «|  ^.  ^  ^  and 
this  is  equal  to  the  square  on  n  if  .f 

It  will  be  easily  noticed  that  this  Prop,  gives  a  geometrical 
construction  for  the  solution  of  a  particular  quadratic  equation. 
The  solution  is  required  in  the  construction  of  a  regular  decagon. 

On  this  Prop,  depends  the  demonstration  of  the  well-known 
10th  prop,  of  the  4th  Book.  Many  uses  of  a  line  thus  divided 
will  be  found  in  Book  XIU. 

Prop.  XIIL  p.  91-92. 

Generally  three  cases  of  this  prop,  are  given ;  Euclid  gives 
only  the  first  case  and  the  second  and  third  cases  are  supplied 
by  Simson.  Vide  Tod.  p.  270. 

Prop.  XIV.  p.  92-93. 

Alternative  Proof, 

Describe  a  triangle  equal  to  the  given  figure.    Let  «r  7  ir  7- 

^  be  the  figure.  In  this  figure  make 
triangles,  thus  one  triangle  is  «r  ^  ^1 
another  is  ^r  ^  ^9  and  the  third  ^- 
^  ^.  These  are  the  triangles  forme4- 
Again  form  a  triangle  equal  to  the 
^  ^"^r       '^?l   sum  of  the  triangles  ^  ^  ^  and  bi- 

^  ^  in  the  way  mentioned.  Thus : — Produce  the  line  ^  31 .  From 
the  point  ^  draw  the  line  ^  ^,  parallel  to  the  line  ^  ^.{  These 
lines  shall  meet  in  the  point  |r-  Again  draw  the  line  «r  fr- 
Then  the  triangles  «r  W  ^  and  «|  ^  ^  are  equal.||  Therefore 
the  triangle  «r  ^  ^  is  equal  to  the  sum  of  the  triangles  «r  9  IT 
and  «r  ^  7- 


•  v^  IT.  IT  W=ir  fT.  fT  f» ;  but  ^  W=^  fT  (  I.  34  ). 
/.IT  V=^  ^ ;  but  IT  w=?r  ar  (  I.  34  ). 

t  vfr  V  is  the  square  on  3T  ^r,  ^  ^  and  ^  ST  being  pro  red  equal. 

t  (1.31). 

II  ( I.  37 )  V  they  are  upon  the  same  base  ^  ^  and  between  the  same 
parallels  V  W  and  a?  ^. 
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Again  in  the  same  way  describe  another  triangle  equal  to 
the  sum  of  the  triangles  «l  |r  7  ^^^  ^  7  ¥•  Proceed  to  de^- 
ecribe  a  triangle  in  the  same  way  so  long  as  it  may  be  equal  to 
the  assumed  figure.  Now  a  square  equal  to  the  triangle  should 
be  described.    Thus : — 

In  the  triangle  «|  ^  9,  draw  from  «|  the  perpendicular  «r  ^ 

on  9  ^*  Produce  this  perpendicular  so  far 
as  ^  ^  may  be  equal  to  half  of  ^  ^.  With 
«r  C  ^  diameter,  describe  the  semi-circle 

«r  ir  C*  ^^^  circle  shall  meet  the  line 
^  9  in  the  point  ^.  Then  ^  ^  shall  form 
a  side  of  the  square  which  is  to  be  de- 
scribed. Because  the  square  on  ^  fr  is 
equal  to  the  rectangle  9r  ^i  <(  C*'t*  This  rectangle  «r  7-  7  C  ^^ 
equal  to  the  rectangle  contained  byoif^  and  half  9^;  and 
the  rectangle  contained  by  9f  ^  and  half  ^  9  is  the  area  of  the 
triangle.    This  is  just  what  we  wished. 

'  By  the  aid  of  this  Prop,  we  may  determine  a  line  such  that 
the  square  on  that  line  is  equal  in  area  to  any  given  rectilineal 
figure  or  we  can  square  any  such  figure.  As  of  two  squares  that 
is  greater  which  has  a  greater  side,  it  follows  that  now  the  com- 
parison of  two  areas  has  been  reduced  to  the  comparison  of 
two  lines. 

The  problem  of  reducing  other  areas  to  squares  is  frequently 
met  with  among  Greek  Mathematicians.  We  need  only  men- 
tion the  problem  of  squaring  the  circle. 

In  the  present  day  the  comparison  of  areas  is  performed  in 
a  similar  way  by  reducing  all  areas  to  rectangles  having  a 
common  base.  Their  altitudes  give  them  a  measure  of  their 
areas.*    Ency.  Bri.  p.  376. 


♦(1. 12). 

t  V  By  completing  the  circle  and  producing  IT  7  to  meet  the  circumfer- 
ence in  ^,  it  can  be  proved  as  in  Book  HI.  Prop.  3  and  Prop.  35,  that  |r^^  = 
W^-  ^  H  and  IT  ^.  ^  W=3?  ^.  T  f .  IT  ^^  =  31  ^.  ^  f . 
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BOOK  III. 
Prop.  L  p.  94. 

li.  18-19.  omit  ^4j»)m$fijt4  Vn%'   I^  ^B  omitted  in  Y.  and  B. 

From  this  prop,  it  follows  that  if  two  chords  intersect  each 
other  BO  as  to  form  four  right-angled  figures  and  if  one  of  them 
bisects  the  other  (  in  other  words,  if  one  chord  bisects  another 
at  right  angles ),  then  one  of  the  chords  passes  through  the 
centre.  It  also  follows  that  a  perpendicular  issuing  firom  the 
extremity  of  half  a  chord  passes  through  the  centre. 

Prop.  III.  p.  95-96. 

Alternative  proof 

K  the  line  fr  C  bisects  the  chord  or  ^,  but  is  not  perpendicu- 
lar to  it,  let  it  be  assumed  that 
from  the  point  ^^  ^  ^  is  the  per- 
pendicular to  the  chord  ^  ^. 
Then  by  the  meeting  of  the  two 
lines  ^  ^  and  ^  ^  two  right 
angles  are  formed  and  f  ^  also  bisects  the  other  line  and  still 
neither  of  the  two  passes  through  the  centre.  This  is  absurd.* 
If  the  line  frif  is  a  perpendicular  on  the  chord  ^  ^  but  does 
not  bisect  it,  then  let  it  be  assumed  that  «|  <(  is  bisected  in  the 
point  M$.  From  this  point  ^  draw  the  line  ^  ^  parallel  to  the 
line  fr  j-.f  Then  this  line  ^  ^  shall  be  perpendicular  to  the 
line  ^  ^.J  One  line  bisects  another  at  right  angles  and  yet 
neither  of  them  passes  through  the  centre.  This  is  absurd. 
Prop.  lY.  P.  97. 

Alternative  proof. 
From  the  point  ^  draw  the  perpendicular  i^  i|p  on  the  line 
^  ^  ^  and  1^  9  on  the  line  ^  fr-§    Then  these 

two  perpendiculars  shall  meet  at  the  centrcIT 
Then  the  point  ^  shall  be  the  centre  of  the 
circle.  But  the  centre  is  elsewhere.?  There- 
fore this  is  incorrect.  What  we  wish  to 
prove  is  alone  proper. 


•( Cor.  Ist.  Prop. )  t  ( I.  81  )•  t  (  I.  29  ).  §(I.  H). 

^  Because  it  is  assumed  that  the  two  chords  9  7  and  ^IT  bisect  each  other. 
Perpendiculars  passing  through  the  point  of  intersection  of  the  chords  mast 
pass  through  the  center  (  Cor.  Prop.  I ).  ${  llyp. ). 
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Prop.  V.  p.  98. 

Another  alternative  (p.  101-2.) 
Produce  the  line  |r  f  to  ^  and  ^.    Now  |f|r  is  leas  than  ^  ^^ 

and  therefore  shall  be  also  less  than  the 
linef^.*  ItCj-ir)  is  equal  to^^.f 
But  ^^  IB  greater  than  ^  i|.J  This  is 
absurd. 

Prop.  8,  p.  99-102. 

Another  alternative  (p.  101-2). 

In  the  circle  «rw>  9  is  the  centre.    ^  is  assumed  as  a  point 

(  within  or  without  the  cir- 
cle other  than  the  centre  ). 
The  greatest  line  passing 
through  the  centre  is  ^  «r- 
The  smallest  line  not  pass- 
ing through  the  centre  is 
^  ^.  In  one  and  the  same 
direction    of   the    greatest 

line  dmw  the  lines  ^  ^  and 
^  ^.  Join  the  lines  m  ^  and  ip  ^.  Then  the  angles  ^  «r  ^ 
and  ^H"  91  are  equal.§  Therefore  the  angle  ^  ^  ir  is  greater 
than  the  angle  ^  ^  ^.IT  Therefore  the  line  ^  ^  is  greater  than 
^  If.ll  Again  draw  the  lines  ip  n*  and  ^  ^.  Then  the  angles 
^  ^  ^  and  ^  ^  If  are  equal.  The  angle  ^  ^  ^  is  less  than 
one  of  them  (  ^  f  ^  )  and  the  angle  ^  fr  C  ^^  greater  than  one 
of  them  (  ^  ^  ^  ).$  Therefore  ^  y  is  greater  than  ^  ff .**  Again 
on  one  side  of  the  line  ^  ^  draw  the  lines  ^  ^  and  ^  fg.  Join 
^  ^  and  ^  fs  and  also  ^  ^  and  ^  ^.    Then   the  angles  9  if  if 

and  ^^^  are  equal.ff    Therefore  the  angle  ^  ^  ^  is  less  than 

-  ■    -  ■     ^—  I  ■     ■'■      —^■^—       ^^—^—— 

*  Because  the  radii  1[  7  and  1[  ^  are  equal. 

t  Because  ^  is  assumed  as  the  center  of  both  the  circle?. 

XW^  being  equal  to  ^  ^  and  less  than  f  V,  ^  ^  is  also  less  than  ^  V.  This 
is  absurd.  §  (  I.  5  ).  ^  Because  the  angle  ^  ^  ^r  is  greater  than  the 

angle  ^  f  ^T.  ||  ( I-  1^  )•  9  ^ci'-  therefore  the  angle  ?  IT  f  is  greater 

than^^ir.  *•(!.  19).  tt(I.  B). 
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the  angle  ^  w.  Therefore  ^  9  is  less  than  ^  4(*  Similarly 
^  ^  may  be  shewn  to  be  less  than  ^  9.  If  on  two  sides-f*  two 
equal  angles  are  made^  then  the  two  sides  subtending  the 
two  angles  shall  be  equal  ;§  and  there  shall  be  no  third  line 
equal  to  these  two.  Why  ?  Because  two  lines  on  one  sidelT 
cannot  be  equal. 

This  alternative  proof  is  a  common  proof  of  the  7th  and  8th 
propositions. 

Prop.  9  p.  102-3. 

Two  Proofs  are  given,  one,  direct  and  the  other,  indirect.  The 
direct  proof  is  as  under: — 

Let  9  be  the  point  in  the  circle  «r  W  ^^^^  let  ^  9, 9  ^  and  9- 

^  be  equal.  Join  9  ^  and  9  ip  and  bisect 
the  lines  in  the  points  ^  and  ^,9  Join  sr  n* 
and  ^  ^.  Then  the  sides  of  the  triangles  ^. 
1^  9  ^  and  9  ^  ir  &f 6  equal.  Then  the  angles 
also  are  equal  to  one  another.||  Therefore 
the  two  angles  at  ^  are  equal.  Then  the 
line  ^  fr  bisects  the  line  9  ^  at  right  angles. 
Therefore  9  n*  shall  pass  through  the  centre.**  Produce  this 
line  to  the  points  «r  and  ^.  Similarly  it  may  be  proved  that  the 
line  ir  ^  passes  through  the  centre.  Produce  the  line  sr  ^  also 
to  the  points  ^  and  ^.  Then  the  lines  ^  ^  and  ^  ^  shall  pass 
through  the  centre.  These  two  lines  shall  not  meet  in  a  point 
other  than  ^,    Therefore  ^  is  the  centre  of  the  circle. 

This  direct  proof  is  found  in  some  recent  English  editions  of 
Geometry. 

Prop.  10.  p.  103-4. 

This  is  proved,  in  two  ways.    One  of  them  ( the  second  )  is 
found  in  all  English  works.    The  other  is  as  under. — 

*  ( 1. 19 ).    When  the  point  ^  is  outside  the  circle,  7  V  may  be  shewn  to 
be  less  than  ^  W  as  follows  :— ^'T+^T  «r> ^  W+^  ^  ( I.  20 ).    but  irT=ir  W.'. 

«tv>YV.   or«rw<^«r. 

t  Of  the  line  passing  through  the  center. 

X  Scil.  at  the  center.  §  ( L  4 ). 

^  Of  the  greatest  or  the  shortest  line. 

t(I.  10).  11(1.8).  ••(Cor.III.l  ). 
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Two  circlesi^cannot  cut  one  another  in  more  thau  two  points 

If  they  do,  then  let  the  two  circles  be  9|- 
^  and  ^  ^.  Let  them  cut  one  another 
in  the  points  f ,  fr»  ^,  and  ff.  Join  f  n 
and  fr  V*  Bisect  them  in  the  points  ^ 
and  ^*  From  these  two  points  draw 
the  perpendiculars  ^  ^  and  9  ^.f  These 
two  perpendiculars  shall  pass  through  the 
centre.J  By  these  two  perpendiculars  the  chord  of  the  arcs  f- 
^  fr  and  fr  W  of  the  circle  «r  ^  and  the  chord  of  the  arcs  ^  9- 
fr  and  fr  9r  7  of  the  circle  ^  ^  are  bisected.  Then  the  two 
circles  have  the  same  center.     This  is  absurd.§ 

Prop.  11.  p.  104. 

Propositions  11  and  12  in  English   books  are  given  as  one 

in  the  text. 

fr  is  not  the  centre  of  the  circle  «r  ^.*l 
From  this  are  drawn  two  lines  fr  Br  and  ^  ^ 
to  the  circumference  of  the  circle.  The  line 
fr  ^  is  opposite  the  centre,  but  it  does  not 
pass  through  the  centre.  Therefore  it  is  less 
than  fr  «r*ll  Therefore  it  is  also  less  than  fr  fT-S  'I'his  is  absurd. 
What  we  wished  to  prove  was  alone  proper. 

Prop,  12  p.  105, 

Alternative  proof. 

f"  is  the  centre  of  the  circle  «r  ^'     Then  fr  cannot  be  the 

center  of  that  circle.  Therefore  |r  ^ 
is  greater  than  fr  ^.**  fT  is  the  centre 
of  the  circle  ^  ^.  Therefore  fr  9  ^^^ 
fr  ^  are  equal.     This  is  absurd.ff 


♦(1.10).  t(I.U).  t(Cor.in.l).  §(111.5). 

^  Because  it  is  the  center  of  the  smaUer  circle  3r  W  and  these  two  circles 
cannot  have  the  same  center  ( III.  6 ).  ||  ( III.  7  ). 

$  Becaase  IT  ^  is  equal  to  IT  V,  IT  being  the  center  of  the  smaller  circle, 

••(III.  7). 

ft  Because  W  V  bft9  already  been  proved  to  be  greater  than  W  Y* 
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Again  let  ^  be  the  centre  of  the  circle  9  ^.  Join  the  line  |f* 
^.  This  shall  pass  through  the  points  ^  and  ^•*   This  is  absurd. 

Prop.  13  p.  106. 

Alternative  proof. 

If  ^  ^  and  f  9  be  equal,  but  ^  ^T  ^^^  77  be  not  equal,  then 

let  7  fr  be  greater  than  ^  ^.  Then  the  angle 
^  shall  be  greater  than  ^  and  the  angle  ^ 
shall  be  greater  than  ^.f  Then  the  angle  ^- 
tf  ^  shall  be  less  than  the  angle  f  V  9.  t  The 
two  sides  ^  ^  and  ^  ^  are  equal  to  the  two 
sides  ff  7  and  ^  ^,  Then  ^  ^  shall  be  less 
than  f  9.§     This  is  absurd. 

If  ^  fr  and  c|  7  are  equal,  but  ^  ^  and  f*  9  be  not  equal, 
then  9  ^  and  i^  9  shall  not  also  be  equaLIT  Then  their  squares 
also  shall  not  be  equal.  But  the  squares  of  ^  ^  and  ^  7  are 
equal.  Therefore  the  squares  of  c|  ^  and  7  9  shall  not  be  equal. 
But  they  are  equal.    This  is  absurd. 

Prop.  14  p.  107-8. 

Two  proofs  are  given,  of  which  one  is  almost  the  same  that 
is  found  in  English  books.    They  are  as  under: — 

First  proof. 

Let  3T  ^  be  the  given  circle,  and  ^  ^  its  diameter.  The  chord 

^  ^  is  nearer  to  the  center  than  ^  ^,  which 
is  more  remote.  7  is  the  center.  From  the 
center  draw  the  perpendiculars  1^  9  and  %  97. 
The  perpendicular  1^^  is  less  than^pif.ll  From 
^Zf  ( the  greater  )  cut  off  7  7  equal  to  7  9 
(  the  less  ).$  Through  the  point  ^  draw  the 
line  7  9  9T  parallel  to  ^  ^.**    The  line  9  n  shall  be  equal  to 


•  ( m.  11 ). 
t(1.25). 

t  (I.32aiid3  Ax.)  §(1.24). 

^  Because  they  are  halves  of  V  7  and  ^  |r  ( III.  8  )  and  halves  of  anequals 
are  unequal. 

0  f  V  being  nearer  the  center  than  ?  ^. 
$(1.3).  ••  ( 1 31  ). 
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the  line  f  ^.*  Join  i^  9,  9  9T>  V  «r  sind  9  9.  Then  the  sum  of 
9  ^  and  9T  cF>  which  is  equal  to  ^  ^,  shall  be  greater  than  ^  inf 
and  (  consequently  )  greater  than  |[  fr4  Again  in  the  triangles 
^  ^  n,  and  ir  V  9^  the  sides  7  9>  9  7>  7  n  and  i^  ^  are  equal- 
But  the  angle  n  V  9  ^^  greater  than  the  angle  ^^^.  There- 
fore ^  9T>  which  is  equal  to  f  9,  is  greater  than  ir  ^.§  f  9  ^^ 
proved  to  be  greater  than  ^  9.  This  was  just  what  we  required. 

Second  proof. 

Let  nrv  be  the  given  circle  ^  ^  its  diameter,  and  jf  its  center. 

Let  the  chord  fr  7  be  parallel  to  the  chord  7- 
^.  On  it  ( fr  7  )  drop  a  perpendicular  from 
the  point  ^.IT  This  perpendicular  shall  not 
meet  the  chord  in  the  point  fr«  Why?  Because 
if  l[  fr  is  joined,  the  angles  9  and  ^  in  the 
triangle  |p  ^  fr  shall  be  equal.H  Then  these 
two  sball  be  right  angles.  This  is  absurd.S  Nor 

shall  the  perpendicular  fall  between  the  points  fr  and  ^  like  9- 
fr-  Why  ?  Because  cT  ^  f  shall  be  a  right  angle.**  If  f  9  is 
joined  and  produced  to  9  and  9  ^  is  joined,  then  the  angle  f- 
9  9,  which  is  equal  to  the  angle  |[  9  ^,ff  shall  be  greater  than 
a  right  angle.^  The  angle  f  9  9  is  less  than  the  angle  799 
and  greater  than  the  angle  f  «  9.    This  is  incorrect  §§  There- 


* 


(in.l3).  tL20).  t  V  f  ir=fT »r.  §(L24). 

1(1.12).  11(1.5).  $(1.17). 

**  It  beiDg  equal  to  the  alternate  angle  9W|r  orV^ITiasV  and  9  will 
coincide  when  the  perpendicular  from  9r  on  IT  V  falls  between  V  and  V  as 

9r  V.  ft  ( I.  5  ).  $t  Becaase  f  V  W  is  a  right  angle. 

§§  V  7  ia  parallel  to  W  9  and  V  fS  falls  upon  them,  therefore  the  angles  ( If' 
ft  and  9r  W  are  together  equal  to  two  right  angles  ( I.  29  )•  But  f  9r  V  is  a 
right  angle;  therefore  9r  W  9  is  also  a  right  angle.  Thns  f  W  is  less'  than  a 
right  angle,  being  less  than  W  V,  and  greater  than  an  obtuse  angle,  being 
greater  than  f  W  ( 1. 16  ). 
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fore  the  perpendicular  shall  fall  outside  as  ^  9.  Similarly  the 
perpendicular  ^  j^  from  ^  shall  fall  outside.  The  line  ^^,  equal 
to  9  9r,  shall  be  greater  than  fr  ?•  ^^  the  very  same  manner 
the  line  fr  «r  sl^^U  be  greater  than  another  line,  more  remote 
(  from  the  center  ),  if  it  be  parallel  to  it.  If  it  be  not  parallel, 
it  should  be  made  parallel  This  may  be  proved  in  the  manner 
shewn  above. 

Prop.  14.  p.  108-9. 

*^W4ieitHamf^<iMld^ft^*l   ^tlw4d<lm:=The  angle    within 
the  circle  between  the  diameter  and  the  circumference. 


m^>g|P|g:  €>gn  =  The  angle  formed  between  the  diameter  and 
the  perpendicular  drawn  to  it  from  its  extremity,  the  angle  at 
the  point  of  contact. 

Alternative  proof  (  p.  109  ). 

It  has  already  been  proved  by  us  that  of  the  lines  drawn 

from  a  given  point  on  a  given  straight  line, 

the  perpendicular  is  the  least.    Therefore 

whatever  line  is  drawn  from  the  point  f[  on 

^  fr  shall  fall  outside  the  circle.    Why? 

j^   Because  it  shall  be  greater  than  half  the 

^  ^    diameter  (ip  ^  in  this  case).    Therefore  the 

perpendicular  ^  9  shall  not  fall  within  the  circle.*  Again 
whatever  line  shall  fall  between  the  perpendicular  ^  fr  and  the 
diameter  ^  9  shall  necessarily  fall  within  the  circle  (like  ^  «r)« 
Whyl  Because  the  perpendicular  that  shall  be  drawn  from  the 
point  f  on  this  line  (^  «r)  shall  be  less  than  half  the  diameter 
(if  ^ ).t  Therefore  no  line  shall  fall  between  the  perpendicular 
^  fr  ai^d  the  circumference. 

*  All  the  lines  from  ^  on  f  IT  faUing  oatside  the  circle,  f  It  mnst  fall  oat-^ 
side. 

t  Because  f  7  is  not  a  prependicnlar  on  this  line  and  therefore  greater 
than  any  perpendicalar  from  ^  on  this  line.  Bat  ^  Y  is  eqaal  to  ^  V.  Therefore 
the  perpendicular  from  ^  on  this  line  shall  be  less  than  ^  V.  Bat  V  is  a  point 
on  the  circumference.  Therefore  the  perpendicalar  must  meet  the  line  ( Y  9r ) 
within  the  circle,  and  therefore  ^  ^  shall  fall  within  the  circle. 
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Prop.  16.  p.  110. 

Alternative  proof. 

Join  the  line  «r  ^  and   produce  it  to  ^.     Describe  a  square 

equal  to  the  rectangle  «r  ;*.  «r  ^.*  From 
die  cut  off  «r  ^  equal  to  a  side  of  the  squaraf 
From  the  center  «r  and  radius  «r  ^  describe 
the  circle  ^  ^.  Join  «r  ^.  This  shall  be 
the  tangent  required.  Why  ?  The  sum  of 
the  rectangle  |p  sf.  «r  9  which  is  equal  to 
the  square  on  9T  ^l  and  the  square  ^  ^ 
which  is  equal  to  the  square  ^  ^§  is  equal 
to  the  square  on  ^  sr^.  Therefore  the  angle 
«Y  ^^  is  a  right  angle.H     Therefore  «r  ^  touches  the  circle.$ 

Prop.  17.  p.  110-1. 

Alternative  proof  (p.  Ill  ). 

If  ^  ^  is  not  a  perpendicular  on  ^  ^,  then  from  the  point  ^ 
qpy        <r  ^      draw  the  perpendicular  ^  ^  on  ^  If .   Then 

^'i^  this  perpendicular  also  shall  touch  the 
circumference  in  the  point  ^,  and  it  shall 
fall  between   the  first  perpendicular  and 

the  circumference   on  one  side  of  i^  ^  or 
^  ^.  This  is  absurd. 

The  line  of  argument  adopted  is  as  imder : — ^If  to  ^  9,  a 
radius,  9  ^,  a  tangent  drawn  from  the  point  of  contact  ^  be 
not  perpendicular,  let  ^  ^  be  drawn  perpendicular  to  it  Then 
there  are  two  tangents  from  ^,  which  is  absurd.    (III.  15). 

Prop,  22  p.  113. 

The  prop,  teaches  us  that  there  cannot  be  two  unequal  simi- 
lar segments  on  one  line  on  the  same  side  of  it. 

It  can  also  be  proved  that  there  cannot  be  two  unequal  simi- 
lar segments  on  one  line  on  the  opposite  sides  of  it. 

♦  (  n.  14  ).  t  (  L  8  ). 

t  Because  it  is  equal  to  if  9  and  3f  V  is  equal  to  af  W. 

§  ^  IT  beiug  equal  to  ^  Y. 

^  f  3r-3T  fr+(T  <r)^=(t  ^r)^  (n.  6);  but  f  ar.  ar  fr=(3r  ir)^  and  (f  m^=i^' 

(  L  48  ).  $  ( III,  16  Cor. ). 


81 


If  possible  let  there  be  two  unequal  similar  segments  ABC 

and  A  D  C  on  the  same  line  A  C  and 
on  the  opposite  sides  of  it,  and  let 
A  D  C  be  the  greater  of  the  two.  Bisect 
A  C  in  E  ( I-  10  ),  and  from  E  draw 
E  B  and  E  D  at  right  angles  to  A  C 
(1.11).  Join  A  B,BC,  AD  and  CD. 
The  segment  ADC  being  greater  than 
the  segment  ABC,  the  perpendicular  D  E  is  greater  than  the 
perpendicular  B  E.  From  D  E  cut  off  E  F  equal  to  E  B  ( I. 
3).  Join  A  F  and  C  F.  The  triangles  A  B  E  and  A  E  F  are 
equal  and  so  are  the  triangles  B  E  C  and  E  C  F  ( I.  4  ).  There- 
fore the  angle  A  B  E  is  equal  to  the  angle  A  F  E  and  the 
angle  E  B  C  to  the  angle  E  F  G.  Therefore  the  whole  angle 
A  B  C  is  equal  to  the  whole  angle  A  F  C  (  2  Ax. ).  But  the 
angle  A  F  C  is  greater  than  the  angle  A  D  C  ( I.  21  ).  There- 
fore the  apgle  A  B  C  is  also  greater  than  the  angle  ADC.  But 
it  is  equal  to  it,  as  the  segments  are  similar  (  Hyp.  ).  This  is 
absurd.  Therefore  there  cannot  be  two  unequal  segments  &C. 
Q.  E.  D. 

Prop.  23  p.  113-4. 

The  prop,  is  proved  in  another  way  as  follows  by  Pelitarius: — 

Let  the  similar  segments  A  B  K  and  C  D  E  be  upon  equal 
JC  IS  straight  lines  A  B  and  C  D. 

Then,  they  shall  be  equal. 
For,  if  they  are  not  equal,  let 
C  E  D  be  the  greater.  Bisect 
A  B  and  C  D  in  F  and  G 
^    respectively    (I.  10)    and 

from  F  and  G  draw  F  K  and  G  E  at  right  angles  to  A  B  and 
C  D  respectively  ( 1. 11 ).  Join  A  K,  K  B,  C  E  and  E  D.  Then 
the  segment  C  E  D  being  greater  than  the  segment  A  K  B, 
the  perpendicular  G  E  is  greater  than  the  perpendicular  F  K. 
From  G  E  cut  oflf  G  H  equal  to  F  K  (  I.  3  ).  Join  C  H  and 
H  D.  In  the  triangles  A  K  F  and  C  G  H,  the  angle  C  H  G 
may  be  shown  to  be  equal  to  the  angle  A  K  F  and  similarly 
the  angle  D  H  G  may  be  proved  to  be  equal  to  the  angle 
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B  E  F  ( I.  4  ).  Therefore  the  whole  angle  C  H  D  is  equal  to 
the  whole  angle  A  K  B  (  2  Ax. ).  But  the  angle  C  H  D  is 
greater  than  the  angle  C  E  D  ( I.  21 ).  Therefore  also  the 
angle  A  K  B  is  greater  than  the  angle  C  E  D.  But  they  are 
equal,  because  the  segments  are  similar  (Hjrp. ).  This  is 
absurd.  Therefore  similar  segments  of  circles  on  equal  chords 
must  be  equal     Q.  E.  D. 

Prop.  24  p.  114-5. 

Another  proof. 

Let  A  B  C  be  the  circumference  of  the  given  segment.    In 

it  take  any  three  points  A,  B,  and  C.  Join 
A  B  and  B  C.  Bisect  them  in  the  points 
D  and  E  ( 1. 10  )  and  from  D  and  E  draw  D- 
F  and  E  F  at  right  angles  to  A  B  and  C  D 
respectively  ( 1. 11 ).  Join  D  R  Then  as 
the  angles  B  D  F    and  B  E  F  are  right 

angles  (  Con&  ),  ^^^  ^  ^  divides  them,  the  angles  made  by  D- 

E  with  the  two  perpendiculars  are  less  than  two  right  angles. 

Therefore  the  perpendiculars  shall  meet  ( 12  ax. ).    Let  them 

meet  in  F.     Now  because  D  F  bisects  A  B  at  right  angles,  the 

center  of  the  circle  is  in  the  line  D  F  ( III.  1  cor.  ).    For  the 

same  reason   the  center  of  the  circle  is  in  E  F.    Therefore  F, 

the  intersection  of  the  two  lines  is  the  center  of  the  circle. 

Compane  gives  another  way  to  find  out  the  circle,  which  is 
almost  the  same  as  above : — 

Let  A  B  be  the  given  segment.     In  it  take  only  two  lines  A- 

C  and  B  D.  Bisect  them  in  E  and  F 
respectively  (  L  10 )  and  from  E  and  F 
draw  E  G  and  F  H  at  right  angles  to  A 
C  and  B  D  ( I.  11 ).  Let  the  perpen- 
A\^  H>^  ^^R  /"  diculars  cut  one  another  in  K.  Then 
the  center  of  the  circle  is  in  either  of  the  perpendiculars  E  6 
and  F  H  ( III.  1  cor.  )•  and  therefore,  the  intersection  of  the 
two  lines  is  the  center. 
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But  if  E  G  and  F  H  do  not  cut  one  another  but  form  one 

straight  line  as  G  H,  then  too  the  center 
of  the  circle  shall  he  in  both  the  perpen- 
diculars E  G  and  F  H  ( III.  1  cor. ). 
therefore  E,  the  bisection  point  of  G  H, 
is  the  center. 

Prop.  28  p.  116-7. 

wfft^i  =»  Construction. 

Prop.  30  p.  117-8. 

t'W^HM^Mnli  ^:  ^:=The  angle  in  a  segment. 

Alternative  proof  ( p.  119  ). 

In  the  triangle  «r  ^  v,  the  angle  ^  is  a  right  angle.  With  «r  ^ 

as  diameter  describe  a  circle.    It  shall 
pass  through  the  point  ^.    If  it  does 

not  pass  through  it,  let  it  be  otherwise. 
'^  Produce  «r  ^  to  meet  the  circumference 

in  If.   Join  ^  ^.  Then  the  exterior'  and  interior  angles  of  the 
trianglo  shall  be  equal.*    This  is  absurd. 

This  alternative  proof  is  the  converse  of  the  first  part  of  the 
Prop. 

Another  way  of  putting  the  converse  of  the  first  case  is  as 
follows: — 

If  a  right-angled  triangle  be  inscribed  in  a  circle,  the  side 
opposite  to  the  right  angle  shall  be  a  diameter  of  the  circle. 


*  The  angle  ^  ^  9,  the  exterior  angle  of  the  triangle  W  tr  ^  is  a  right 
angle  (  Hyp. )  and  the  angle  ar  W  t  is  a  right  angle,  being  an  angle  in  a  semi* 
circle. 
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Let   the  right-angled  triangle  A  B  C  be  inscribed  in  the 

circle  ABC;  then  the  side  A  C,  which  is 
opposite  to  the  right  angle  ABC,  shall 
be  a  diameter  of  the  circle. 

For  if  it  be  not  a  diameter,  let  E  be 
center  of  the  circle.  Join  A  E  and  pro- 
duce it  to  meet  the  circumference  in  D. 
Join  D  B.  Then  the  angle  A  B  D  is  a 
right  angle,  being  an  angle  in  a  semi-cirde.  But  the  angle  A- 
B  C  is  a  right  angle  (  Hyp. ).  Therefore  the  angle  A  B  D  is 
equal  to  the  angle  ABC.  This  is  absurd  (  9  Ax.  ).  There- 
fore E  is  not  the  center  of  the  circle.  In  the  same  way  it  may 
be  shewn  that  no  other  point  outside  the  line  A  C  is  the  center. 
Therefore  A  C  is  a  diameter  of  the  circle.     Q.  K  D. 

Prop.  31  p.  119-20 

Alternative  proof  (  p.  120  ). 

From  the  point  fr*     draw  ^  ^  parallel   to  ^  i^.f    Join  ^  9. 

and  ^  ^.^  Produce  ^  ^  to  meet  ijr  9  hi  ^ 
The  line  i|  1^  is  a  perpendicular  on  ^  ^  and 
9  fr§-  This  perpendicular  bisects  the  line 
9  Ig*^  fT  7  ^s  equal  to  9  ^.  W  is  co^' 
mon  to  both  ( the  triangles  9  ir  ^  and  7  ^ 

9 ).  Therefore  the  angles  ir  fr  ^  ^nd  979 
shall  be  equal.||  But  the  angle  ^  9  ^  is  equal  to  the  angle  9- 
^  ^.$    Therefore  the  angle  ^  9  ^  is  eqiial  to  the  angle  99^* 

*  Any  point  on  the  circamference. 

t  (1.31). 

t  ^  is  the  center  of  the  circle. 

§  The  angle  ^5  W  f  is  a  right  angle  ( III.  17  )  and  is  equal  to  the  sltef 
nate  angle  W  V  9r  ( L  29 ). 

^(in.8).  ||(U).  1(1.29). 
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Prop.  33  p.  121-22. 


Alternative  proof. 


Let  ^  be  the  center  of  the  circle.  If  the  given  angle  be  a 
right  angle  draw  the  diameter  from  any  point  ^  on  the  circum- 
ference. The  diameter  shall  cut  the 
circle  into  two  equal  parts.*  When  the 
given  angle  is  not  a  right  angle, 
1^  produce  the  line  frif  to  the  point  g*. 
Of  the  two  angles  ^ff^  and  ^  f  ^, 
one  is  an  acute  angle.  At  the  point 
jf  in  the  straight  line  ^  ^  make  the 
angle  fr  f  7  equal  to  the  angle  ^  jf  ^,f  Make  jf  ^  equal  to  ^. 
1^4  ^^^^  ^  ^•  -^t  the  point  ^  make  the  angle  ^  ^  ^  equal  to 
the  angle  IE*  ^  v*§  Join  ^  ^,  Then  the  angle  w  ^  shall  be 
equal  to  the  angle  ^  ^  ^.^  This  (the  angle  ^  ^  ^)  is  equal  to 
the  angle  f^*  ^  ^.  But  the  angle  ^  i^  ^  is  equal  to  the  angle 
IT  V  ^11  Therefore  the  angle  ^  ^  ^  at  the  center  is  equal  to 
the  angle  ^  f^*  ^$.  This  angle  at  the  center  is  double  of  the 
angle  at  the  circumference  in  the  segment  ^  9T  ^.  Therefore 
in  this  segment  there  shall  be  an  angle  equal  to  the  angle  ^  jf- 
ff.  In  the  other  segment  there  shall  be  an  angle  equal  to  the 
angle  ^  |f  ^.     Q.  E.  D. 

Prop.  34.  p.  122-4. 

There  are  five  cases  of  this  Prop: — 

(1)  When  the  two  chords  are  diameters*, 

(2)  When  one  of  the  two  chords  is  a  diameter  and  cuts 

at  right  angles  the  other  chord  that  does  not  pass 
through  the  center; 

(3)  When  one  of  the  chords  passes  through  the  center, 

but  does  not  cut  the  other  which  does  not  pass 
through  the  center  at  right  angles; 

*  Each  part  shall  thus  he  a  semicircle,  and  the  angle  in  a  semicircle, 
heing  a  right  angle,  shall  be  eqaal  to  the  given  angle. 

t(1.23).  1(1-8).  §(1.23).  1(1.5).  11(1.6). 

$  (I.  32  and  3  As.), 
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(4)  When  neither  of  the  two  chords  passes  through  the 

center  and  when  one  of  them  bisects  the  other; 

(5)  When  neither  of  the  two  chords  passes  through  the 

center  and  when  one  of  them  neither  bisects  the 
other  nor  cuts  it  at  right  angles. 

The  first  three  cases  are  very  simple.     The  other  two  cases 
are  as  under : — 

4th  case. 

If  of  the  two  chords  neither  is  a  diameter,  then  if  the  line 

9r  ^  meets  the  other  line  (^  ^)  at  the  point 
of  its  bisection,  from  the  point  ^  draw  the 
perpendicular  fr  ^  on  sr  ir.*  Join  ^  ^  and 
^  ^.  The  line  ig^  (i.  e.  the  perpendicular 
from  fT  on  ^^)  shall  coincide  with  ^  f , 

Then  the  rectangle  «r  f.  ;*  ^  together  with  the  square  on  i|  ^ 
is  equal  to  the  square  on  ^  ^.f  To  both  these  (equals)  add  the 
square  on  ^  ^.  Then  the  rectangle  «r  f  •  f  9  together  with 
the  squares  on  ^  f  and  ^  ^,  which  are  equal  to  the  square  on 
fT  ITh  ^  equal  to  the  squares  on  ^  ^  and  ^  ^,  and  consequently 
equal  to  the  square  on  fr  9.§  The  square  on  fr  9i  which  is 
equal  to  the  square  on  ^r  ^i  is  equal  to  the  squares  on  ^r  f  &i^d 
^  If.  II  From  these  equals  take  away  the  square  on  ^r  IT-  Then 
the  rectangle  «r  f  *  C  ^  remains,  equal  to  the  square  on  ^  ^ 
which  is  equal  to  the  rectangle  V  f  •  f  ^.^ 

5th  Case. 

If  of  the  two  chords  none  is  a  diameter,  nor  does  one  meet 

the  other  at  its  point  of  bisection,  nor  does  it 
fall  as  a  perpendicular  upon  the  other,  then 
the  perpendiculars  ^r  ^  ^^i  9  cT  fsAl  on  one 
side  of  the  line  ^  f  or  on  two  sides.  Then 
the  rectangle  vrf*  ?^  together  with  the 
square  on  ^  f*  is  equal  to  the  square  on  ^  ^.$ 


♦(1.12).  t(n.5). 

§(1.47),  II  (1.47). 

^  C  being  the  bisection  point  of  ?  ^. 


:(1.47). 
•  (n.6). 
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To  both  these  ( equals )  add  the  square  ou  ^  ^.  Then  the 
rectangle  «rif •  f  9  together  with  the  square  on  ^r  f'  ^^^^^  ^^ 
equal  to  the  square  onif  f  and ^ ^*  is  equal  to  the  square  on 
fr  ^9  which  is  equal  to  the  squares  onir  ^  and  ^^.f  Again  the 
rectangle  v  |[-  f  ^  together  with  the  square  on  ^  f  is  equal  to 
the  square  on  9  ^4  ^^  ^^^^  these  (  equals  )  add  the  square 
on  9  fr«  Then  the  rectangle  v  f •  f  ^  together  with  the  square 
on  fr  C>  ^liich  is  equal  to  the  squares  on  ^  f  and  ^  ^,§  is  equal 
to  the  square  on  1^  ^,  which  is  equal  to  the  squares  on  ^  ^  and 
9  fr-^  But  the  square  on  ^  ^  is  equal  to  the  square  on  ^  9. 
From  both  these  equals  take  away  the  square  on  fr  IT*  ^^^ 
tiie  rectangle  «r  f.  f  9  remains,  equal  to  the  rectangle  7  ^. 

If  ^-11 
Prop.  85  p.  124-5. 

The  following  three  corrolaries  follow  from  this  Prop.: — 

(  1 )  If  from  a  certain  point  without  a  circle  there  be  drawn 
any  number  of  lines  cutting  the  circle,  the  rectangles  contained 
by  every  one  of  them  and  its  outward  part  are  equal  to  one 
another. 

(  2  )  If  from  a  certain  point  without  a  circle  two  tangents 
be  drawn,  they  are  equal  to  one  another. 

(  3  )  From  a  point  without  a  circle  only  two  tangents  can 
be  drawn. 


♦(L47).  t(L  47).  t(n.6).  §(1.47).  1(L47). 

iiarf.fir+(irf)«=(^ir)Mn.5), 
«Tf.fir+(^f)«+(irir)«=(irir)'+(irir)*. 

SimiUrly  ir  f.  f  ^+(  IT  f )  *=(  IT ;» )*. 

.-.  «rf.flr+(l^f)^=wf.fT+(l^f)^ 
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For  if  more  tangents  can  be  drawn,  draw  A  B,  A  F,  and  AD 

touching  the  circla  Then  the  angles  ABE, 
A  F  E  and  A  D  E  are  right  angles  (III.  17). 
Therefore  the  angle  A  F  E  is  equal  to  the 
angle  ABE,  which  is  absurd,  because  it  is 
greater  than  A  B  E  ( I.  21 ). 


Prop.  36  p.  125-6. 

Alternative  proof. 

Join  fr  «r  ( IT  is  the  center  )  and  fr  ^-     From  the  point  ^ 

draw  the  perpendicular  i(r  if  o^  V  '^*  Then  the 
rectangle  ^  ^.  ;{  ir  together  with  the  square  on 
^  ^  is  equal  to  the  square  on  if  ;^.f  Add  the 
square  on  ^  fr«  Then  the  rectangle  v  ^.  ^  ^  to- 
gether with  the  square  on  ^  9,  which  is  equal  to 
the  squares  on  9  9  and  ^  ^^  that  is,  together 

with  the  square  on  fr  ^  which  is  equal  to  the  square  on  fr  Ki  is 
equal  to  the  square  on  1^  ^,  which  is  equal  to  the  squares  on 
^  ^  and  7 1^.§  But  the  rectangle  ^  ^.  ^  9  is  equal  to  the 
square  on  ^  sf.f  Therefore  the  squares  on  ^  «r  and  19  «r  are 
equal  to  the  square  on  fr  ^-ll  Therefore  the  angle  i^  «r  ^  is  a 
right  angle.  Therefore  the  line  ^  «t  touches  the  circle,$  and 
does  not  cut  it.    This  was  just  what  was  wished. 


t  (n.6). 

§(L47). 


MI.  12). 

$(1.47). 
l(Hyp.). 

II  ^^.^ir+(vir)«=(ir^)«(n.6). 
ir^.^ir+(5rir)*+(^«r)«=(ir^)«+(^ir)*. 

.•.(^«r)«+(irar)«=(ir^)«. 
S  ( in.  15 ). 
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BOOK  IV. 

Prop.  !•  p.  127. 

Alternative  proof. 

Bisect  the  line  ^  j"  in  V*    Let  ^  be  the  center  of  the  circle. 

From  cf  draw  on  both  the  sides '  the  lines 
^  ^  and  ^  ^  equal  to  ^  |r«t  From  the 
points  ^  and  ^  draw  the  perpendiculars  ^  ^ 

and  ^  it4  ^^^^  ^^^  ^^^^  ^  ^'  ^^^^  ^^^^  ^^ 
a  chord   equal  to   the  given   line.     Why? 

Because  it  is  equal  to  ^  9§  and  therefore  to  ^  ^. 
Prop.  II.  p.  128. 

Alternative  proof. 

Bisect  the  two  sides  ^  |f  and  ^  ^H  which  contain  the  acute 

angle  ^  in  the  points  ^  and  ^.  From 

the  points  ^  and  ^  draw  two  per- 

pendicularsll  ( to  the  lines  ^  ^  and 

^  fr )  meeting  in  the  point  i^.   Join 

^  the  lines  i^  ^,  i^  f  and  ^  ^.  These 
three  lines  shall  be  equal.$  Let  9  be  the  center  of  the  circle.** 
Draw  any  line  9  ^.  At  the  point  9  make  the  angle  «t  ^  ^ 
equal  to  the  angle  ^.  t^  |f.f  f  Again  make  the  angle  «r  9  9 
equal  to  the  angle  ^  9  fr^tt  The  remaining  angle  ^  9  9  shall 
be  equal  to  the  remaining  angle  f[  t^  ^.§§  Join  the  lines  ^r  9> 
9r  9  and  ^  ^.  Then  the  triangle  «r  9  ^  shall  be  the  triangle 
required. 

Proof, 

The  angles  9  «w  and  9  wr  are   equaLITIT    Also  the  angles 
^^^ and  7  f  ;{  are  equal.||  ||    The  angles  3r 9  V  £^nd  ^ 9 f  are 


•(1.10). 

i(Ll2). 
1(1.10). 

••  ( m.  1 ). 

U(L23). 
11  (L5). 


t  (1.3). 
§  ( I.  34  ). 
11(1.12).  $(L4). 

tt  (1.23). 
( I.  32  and  3  Ax. ). 
(L4). 
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equal.*    Therefore  the  angles  «r  and  ^  and  ^  and  |^  are  equal 
Similarly  the  remaining  angles  may  be  shown  to  be  equal.f 

Prop.  Ill,  p.  128-30. 

Alternative  proof. 

Bisect  the  angles  at  f  and  ^  by  two  lines.^    These  two  lines 

shall  meet  in  the  point  ^.  From 
the  point  ^  draw  the  perpendicu- 
lar ^  7  on  the  side  f  ip-.§  Draw 
^  ^  ( If  is  the  center ).  At  the 
point  ^  make  the  angle  ^^^ 
<T  "^  equal  to  the  angle  ^  ^  f.f  From 
the  point  ^  draw  the  tangentH    Produce  this  line  and  also  ^  sr 

so  as  to  meet  in  q*.  Therefore  the  angle  ^  q*  ^  is  equal  to  the 
angle  i^  f[  ^.S  At  the  point  ^  make  the  angle  ^"7  9  equal  to 
the  angle  |f  ^  i^.**  Produce  the  line  q*  ^  so  as  to  meet  ^  9  in 
the  point  9.  Therefore  the  angle  if  ^  9  is  equal  to  the  angle 
1^  fr  ^.  Again  from  the  points  q*  and  9  draw  tangents  to  the 
circleft  and  produce  them  to  the  point  n.  Therefore  q*  9  it  is 
the  triangle  required. 

•Proof. 

Join  «r  9.  The  side  9  «r  is  equal  to  7  9.  7  7  is  common  to 
both  the  triangles  {^^fff  and  ;r ^  V )•    ^i^^  angles  at  «t  and 9 

♦  (Cons.). 

t  The  angles  ar  9  W  and  T  V  f  being  equal  ( Cons. ),  the  remaining  angles 
9  vrv  and  9  W  3r  are  equal  to  the  remaining  angles  V  7  f  and  VJ[^  ( L  32 
and  3  Ax. ).  But  the  angles  9  3r  W  and  9  W  aT  are  equal  ( I.  5 )  and  so  are  the 
angles  V^m  and  V l| ^.  Therefore  the  angles  V ^ ^ and  9  av  W  are  equal  and 
so  theangles  Vf  ^and^vvr.  Similarly  the  angles  Vt^lTand  friV9  may 
be  proved  to  be  equal  and  also  the  angles  W  ^  and  9  V  ar. 

t(1.9).  §(I.  12).  If  (1.23).  ||(m.  16). 

$  The  angles  at  ^  and  W  are  equal  ( Cons. )  and  the  angles  at  9  and  C  are 
equal;  because  the  angle  W  is  a  right  angle  ( in.  17 )  and  the  angle  C  is  a  right 
angle  ( Cons. ).  Therefore  the  remaining  angles  at  T  and  f  are  equal  ( I-  92 
and  3  Ax. ). 

••  (1.23).  n  (in.  16). 
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are  right  angles  *  Therefore  the  angles  sr  if  cf  awd  ^  ir  ^  &re 
equal.f  The  angle  sr  if  9  is  equal  to  the  angle  ^  if  ^.J  Simi- 
larly the  angle  gf  ^  ir  is  equal  to  the  angle  ^  irif .  Therefore 
the  angles  ^  and  9t  are  equal. 

Pelitarius  shews  another  way  of  describing  a  triangle  about 
a  circle  equiangular  to  the  given  triangla 

In  the  circle  ABC,  inscribe  the  triangle  Q  H  K  equiangu- 
lar to  the  triangle  D  E  F 
( IV.  2  ),  so  that  the  angles 
at  G,  H,  and  E  may  be  res- 
pectively equal  to  the  angles 
D,  E,  and  F.  Draw  L  M, 
M  N,  and  N  L  respectively 
parallel  to  Q  H,  H  E,  and 
E  G  and  touching  the  circle 
in  the  points  A,  B,  and  C  re8pectively.§  These  three  tangents 
shall  meet  in  the  points  L,  M,  and  N,  which  can  easily  be 
proved  by  producing  the  lines  G  H,  H  E,  and  E  G  on  both  the 
sides  until  they  cut  the  lines  L  M,  L  N,  and  M  N  in  the  points 
O,  P,  Q,  B,  S,  and  T.  Then  the  triangle  L  M  N,  circumscribed 
about  the  circle,  shall  be  equiangular  to  the  given  triangle.  For 
it  may  be  proved  to  be  equiangular  to  the  triangle  G  H  E  by 
the  property  of  parallel  lines.  Therefore  it  is  equiangular  also 
to  the  triangle  D  E  F. 

Prop.  IV.  p.  130. 

It  follows  that  the  three  bisectors  of  the  interior  angles  of 
any  triangle  meet  in  a  point  and  this  is  the  center  of  the  circle 
inscribed  in  the  triangle. 

■  ■■■ ■■■■'■■•■■■  ■■  ■!  ■■  ■!  11  ■  ■  .  ■  ■■ 

•  ( m.  17 ). 

t  (ir»r)^=(W»r)2  +  (ww)«(l.  47)=r(W3r)«+(3r»r)Ml.  47). 

(  ar  ir )  ^  .-.T  »r=aT  «r.-.  the  angles  ar  Jf  «r  and  V  irir  are  equal  ( I.  4  )  or  ( I.  8 ). 

§  Take  a  chord,  bisect  it,  join  the  center  with  the  bisection-point  and 
produce  the  line  to  the  circamference.  From  the  point  where  it  meets  the 
circamference,  draw  a  tangent.    Then  this  shall  be  partillel  to  the  chord. 
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Prop.  V.  p.  131. 

The  three  straight  lines  which  bisect  the  sides  of  a  triangle 
at  right  angles  meet  in  a  point  and  this  point  is  the  center  of 
the  circle  circumscribed  about  the  triangle. 

Prop.  VI.  p.  131-2. 

Alternative  proof  (  p.  132  ). 

In  the  circle  first  draw  the  line  f  ^  ( f  is  the  center ). 

Through  the  point  ^  draw  the  tangent  ^99* 
Make  ^  «f  and  ^  9  each  equal  to  ^  ^.f  Join 
f  ^  and  f  rT  (  meeting  the  circumference  in 
the  points  «r  ^i^d  ;9  ).  Then  the  angles  ^  and 
JX  are  each  half  a  right  angle.  Therefore  the 
angle  ^  ^  ^  is  a  right  angle.  Join  the  line 
9r  ^.  Then  the  arc  «r  V  31  sball  be  one-fourth 
of  the  circle.  Draw  the  chords  «r  ^  &iid  ^  gf  equal  to  «r  9f 
the  chord  of  the  arc  9r  9  9*  Join  m  ^.  Then  the  required 
square  is  formed.  How  ?  The  four  sides  (  of  the  quadrilateral 
figure  )  are  chords  of  the  four  quarters  of  the  circle  and  the 
four  angles  are  right  angles. 

Prop.  IX.  p.  133. 

After  this  Prop.  Pelitarius  adds  the  following  Prop. : — 

A  square  circumscribed  about  a  circle  is  double  of  the  square 
inscribed  in  the  same  circle. 

Let  A  B  D  C  be  the  square  circumscribed  about  the  circle 
A       IR       B    of  which  K  is  the  center.     Let  E,  F,  G,  and  H 

be  the  points  of  contact.     Draw  the  diameters 

EGandFH.    Join  E  F,  F  G,  G  H,  and  HK 

xK        "         ^  Then  there  shall  be  inscribed  in  the  circle  a 

square  E  F  G  H  ( IV.  6  ).  The  square  ABCD 
shall  be  double  of  the  square  E  F  G  H.  A  B 
is  equal  to  F  H  (  I.  34  ).  But  the  square  of  F  H  is  double  the 
square  of  which  it  is  the  diameter  ( I.  47  ).  Wherefore  the 
square  of  A  B,  that  is,  A  B  D  C  is  double  of  E  F  G  H.  Q.  R  D. 


C^ 


•  ( m.  16 ). 


t  ( 1. 3 ). 
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Prop.  X.  p.  133-5. 

Alternative  proof. 

Describe  the  circle  9r  V  ^  with  f  as  its  center.    Take  any 

point  «r  on  the  circumference.  From  the 
point  «r  draw  the  tangent  sr  ^*  Make  it 
equal  to  the  diameter.  Join  the  line  ^  ^« 
f  ^.  With  the  center  ^  and  radius  ^  n 
describe  the  semi-circle  9^7.  This  circle 
shall  go  outside  the  line  ^  ^,  Why  ?  Be- 
cause the  line  ^  ^  which  is  equal  to  v  ^  is  equal  to  «r  7«  This 
line  9r  ^  is  greater  than  the  line  ^  ^.  Produce  the  line  ir  ^  to 
the  point  7.  Again  with  the  center  ^  and  radius  ^  sr  describe 
the  arc  «r  V*  ^^^^  ^^^  shall  cut  the  arc  ir  V  7  at  the  point  ^. 
Why  i  Because  the  line  ^  «r  equal  to  «r  ir  is  greater  than  7  ^. 
Join  the  lines  9  ^,  i(r  W>  ^^^  V  ^*  Then  ^  ^  and  ^  ^  are 
equal  to  one  another.  Why)  Because  ^^  and  ^  «r  ^6  equal* 
Again  from  the  point  ff  draw  the  perpendicular  ^  cT  on  the  line 
^  ^.f  Then  the  line  ^  ^  shall  be  bisected  in  ^.:J:  The  angle 
9  9  ^  is  a  right  angle.  Therefore  the  angle  ^  ^  if  is  an  obtuse 
aDgle.§  Therefore  the  square  on  ^  ^  is  equal  to  the  squares 
on  )^  ^  and  ^  ^  together  with  twice  the  rectangle  ^  9.  w  cf-^ 
Twice  the  rectangle  ^  9.  w  ?r  is  equal  to  the  rectangle  ^  w*  W  7; 
and  the  square  on  ^  ^  and  the  rectangle  gf  w.  W  ^  c^re  together 
equal  to  the  rectangle  ^  ^.  ^  9.II  The  square  on  ^  ^,  which  is 
equal  to  the  square  on  ^  sTy  is  equal  to  the  rectangle  gf  ^.  9  ^.$ 
Why  ?  Because  the  line  sr  ^  touches  the  smaller  circle.  The 
rectangles  ^^.99  and  gf  ^.  ^  w  ^^^  equal  to  the  square  on 

*  (III  16).  t  (1.12). 

t  The  angles  at  9  being  right  angles  and  V  V  and  V  7  being  eqnal,  W  9 
may  be  proved  equal  to  9  7  ( I.  47 ). 

§(I.I6).  1(n.  12).  11(11.3). 

I  ( IIL  3o ). 


A 
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^  ^.*  Therefore  the  squares  on  ;9  ^  and  ir  ^  ^^^  equalf 
Therefore  ;9  V  ^^^  ^  ^  ^^^  equal.  Therefore  the  angles  ^  ^  ^ 
and  9  ^  fr  &^e  equaL^  Bat  the  angle  9  ^  ^^  which  is  equal 
to  the  angle  ^  ^  ^9§  is  equal  to  the  sum  of  the  equal  angles 
^  ;9  ^  and  ^  ^  ^.IT  Therefore  the  two  angles  9  fr  7  ^^^  9~ 
^  ^  made  (  with  the  base  ^  ^)  by  the  two  equal  sides  of  the 
triangle  99^  are  each  equal  to  double  the  angle  9.  This  was 
just  what  was  wished. 

Prop.  XL  p.  135-37. 

Alternative  proof. 

Taking  ^  as  the  center  of  the  circle,  draw  any  radius  ^  sr- 

At  the  point  9  make  the  angle  «r|r7 
equal  to  the  angle  at  the   base  of  such 

T        iw-^-Jf^^/i     *   trianglell   (as  is  described   by  the 

preceding  prop. ).    At  the  point  fr  i^ 

the  line  9  ^  make  the  angle  w  IF  ^ 

T     T      '^^  of  the  same  sort  J    Again  at  the  point 

^  in  the  line  n  9  make  the  angle  99^  equal  to  the  same 
angle  ;**  and  at  the  point  ^  in  the  line  ^  ^  make  the  angle 
^  ^  i;*  ( of  the  same  sort).ff  The  three  angles  of  a  triangle 
are  together  equal  to  two  right  angles. J j  The  angle  at  the 
vertex  of  the  triangle  (  described  according  to  lY.  10  )  is  equal 
to  two  fifths  of  a  right  angle.  The  angles  made  by  us  are 
( therefore )  each  four-fifths  of  a  right  angle.  The  sum  of  four 
(  of  these  )  angles  is  equal  to  three  right  angles  plus  one  fifth 

•(n.2). 

t  (inr)*=:(irW)*+(wir)*+2irw.wv(iL  12). 
„      =    „      +    .,      +^w.  w^ 
but  (w^)*+irw.  WT-^^.  ^w(n.  3). 
.•.(irir)*=(frw)*+^^.  irw. 

but  IT  w=ir  w=^  3r/.(ir  w  )*=(  ^  an  )* 
.•.(irir)*=(T«r)*+^^.irw. 

but  (^aT)*=ir^.  W^(in.  85). 
:(l.5).  §(L5).  1(1.32). 

11(1.23).  «(1. 23).  ••(1.23).  tt(I.  ?3). 

tt  (I.  32). 
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of  a  rigbl  angle.  Therefore  the  remaining  angle  9r|r  f  is 
equal  to  four-fifths  of  a  right  angle  *  Therefore  all  the  five 
angles  (  at  the  point  fr )  are  equal.  Their  arcs  and  chords  are 
also  equalf  If  the  chords  «r  ^9  W  ^i  ^  ^9  7  f  and  jf  sr  are 
joined,  a  regular  pentagon  is  formed.  This  was  just  what  was 
wished. 

Prop.  XII.  p.  137-8. 

Alternative  proof. 

Draw  the  line  9?  9r  (  9?  is  the  center ).    Through  the  point 

«r  draw  the  tangent  «r  7  fr4  ^^  ^be  point 
^  in  the  line  «r  ^  make  the  angles  «r 9|lff 
and  9r  91  7  equal  to  the  angle  at  the  vertex 
of  the  triangle  as  described  in  prop.  X.§ 

Produce  the  lines  ^  ^  and  tt  cf  so  that  they 
may  meet  the  line  fr  7  ii^  the  points  ^  and 
^  '^  ^.  Therefore  the  angle  ^  tt  t^  is  equal  to 
one-fifth  of  four  right  angles.  Again  make  the  angles  t^  7T  cr> 
?r  TT  ^9  9  T  ^  and  19  TTl^  (  each  )  equal  to  the  preceding  angle 
(  7  TT  v)-  The  cirSfoN^Iiall  be  divided  into  five  equal  parts  by 
the  five  angles.  Make  tne  sides  equal  to  ^  ^,  Join  «r  cTy  cf  ^9 
^  ?9  and  9  fT*  Then  the  sides  and  the  angles  of  the  five  tri- 
angles are  equal  to  one  another.  These  ( the  bases  of  the  tri- 
angles )  together  make  up  a  regular  pentagon.  Again  draw 
the  perpendiculars  7T  W>  9?  ^9  7T  ^9  and  ^  f .  These  perpendi- 
culars are  equal  to  the  radius  tt  bt-  Therefore  it  is  clear  that 
the  sides  of  the  pentagon  touch  the  circumference.lT 

Prop.  XIII.  p.  138-41. 

After  the  Pro.  is  proved  it  is  shewn  that  the  lines  bisecting 
the  angular  points  of  the  pentagon  meet  within  the  figure. 

Now  the  lines  by  which   the  angles  gf  and  ^  are  bisected 
shall  meet  within  the  regular  pentagon. 

♦  (1. 15  Cor.  and  3  Ax.)  t  ( HI.  25  and  28  ). 

:::(ni.  16).  §(1.23).  ^(ni.  15). 


Proof. 

Wheo  the  line  a  fr  is  produced,  it  shall  not  go,  meeting  the 
side  <T  V.     If  it  does  meet  it,  let  it  meet  it  in 
point  V.     Join  the  lines  3  ^  and  ^  v.     Now 
i^^  in  the  triangles  n  ^q  and  ar:^?,   the   sides 
^  V  and  3[  ^  are  equal,  the  side  9  ^  is  common 

J^      to  both  the  triangles,  and  the  two  angles  at  ^ 

"  are  equal.     Therefore  the  angle  ^  v  *t  is  equal 

to  the  angle  ^  ^  v  ^^^  '^^  '^  equal  to  the  angle  ^  ^  f  .*  This 
is  absurd.  Again  the  line  shall  not  pass  through  the  point  «r. 
For  if  it  does  pass  through  it,  then  produce  the  lines  n  «(  and 
^«T.  It  can  been  proved  as  in  the  first  cane  that  the  anglen^q 
is  equal  to  the  angle  m^V-  Similarly  the  line  shall  not  meet 
the  line  ^  f.  Nor  shall  it  meet  the  point  ^.  Therefore  the 
line  31  fr  sli^'  P^^  meeting  the  side  «t  f .  In  the  same  way 
the  line  ^  ft  ^^7  ^  shewn  to  meet  the  side  «r  V-  Therefore 
these  two  lines  n  ^  and  nf  ^  shall  meet  within  the  regular 
pentagon. 

Alternative  proof. 

Bisecting  the  two  adjacent  sidesf  draw  the  perpendiculars 
V  fT  ^^^  9  9   from   the   points   of  bisectioaj 
These   two   perpendiculars  shall   meet  within 
^  the  regular  pentagon.   Why?    The  perpendi- 

cular ^  9,  if  produced,  shall  go  out  of  the 
regular  pentagon.  It  shall  not  meet  the  side 
^  3.  Also  the  perpendicular  ^  |t  shall  not 
meet  the  side  «r  C-  Therefore  these  perpendiculars  shall  meet 
on  the  side  ^  «,  or  shall  meet  outside.  Join  ^  ^  and  fr  V- 
Now  because  the  sides  ^  v  and  ^  (f  are  equal  and  ft  ?  i* 
common  and  the  angles  at  fi  and  ff  are  right  angles,  it  is 
proved  that  the  angles  ft  ^  V  ^''^  fT  ^  V  are  equal.§  Either 
of  these  angles  is  half  of  an  angle  of  a  regular  pentagon.  Again 
in  the  triangles  ft  ^  at  and  ft  '*  ^.  tte  angles  ft  ^  ^  and  ft  s  V 

•  .-.  <3f  ^5=<»?«,  wbich  is  absurd  (9  Ax.). 
t(I.  10).  t(I.  12). 
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are  equal.  Therefore  also  the  angle  ^  ^  ^  is  equal  to  half  an 
angle  of  a  regular  pentagoa  Again  in  the  triangles  ^  ^  ^  and 
99^,  the  two  angles  at  ^  and  the  sides  ^  ^  and  9  ^  are  equal 
to  one  another;  the  side  ^  ^  is  common  to  both.  Therefore 
the  angle  ^  ^  i^r^  which  is  less  than  an  angle  of  a  regular  penta- 
gon, is  either  equal  to  the  angle  9  9  ^  or  greater  than  it.^  This 
is  absurd.  Therefore  these  two  perpendiculars  shall  meet 
within  the  pentagon.  From  the  point  ^  perpendiculars  should 
be  drawn  on  the  sides.  All  these  perpendiculars  shall  be  equal 
Then  the  circle  should  be  inscribed. 

Alternative  proo£ 

Produce  the  side  sr  w  to  the  point  7.    Again  on  the  line  «r  i| 

draw  an  arc,  having  an  angle  equal  to  the 

angle  ^  ^  ^.    Let  9r  V  W  be  the  arc.     Bisect 

^  it  in  the  point  ^.f    Join  ^  «r  and  9  ^.  Then 

the   angles    9  €r  ^r  and    ^  9r  W  are    equal.:]: 

^  Their  sum  is  equal   to  the  angle  ^  9  «r§ 

Therefore  each  is  equal  to  half  an  angle  of  a  regular  pentagon. 
Therefore  the  angles  ^r  «r  T  a^^l  Iff  W  ^  are  also  equal  to  half 
an  angle  of  a  regular  pentagon.  Join  fr  ^>  9  ^  and  i^r  !"•  The 
equality  of  the  triangles  is  clear.  Again  perpendiculars  should 
be  drawn  on  the  sides  from  the  point  ^.  These  perpendiculars 
shall  be  equal  Inscribe  the  circle.  This  was  just  what  was 
wished. 


*  /.  e,  equal  to  or  greater  than  an  angle  of  a  regular  pentagon.  It  shall  be 
equal  to  it,  if  the  point  IT  is  on  W  W  and  greater  than  it,  if  V  is  outside  ^  ^  aa 
in  the  figure. 

t  ( m.  29 ). 

t  ( 1. 5 )   V  the  chords  «r  3r  and  V  ^  are  equal  ( III.  28 ). 

§  <irwjr=<anrw(con8).    /.<3rwaT=<aiwir+<w3Hi.    v<^w- 

*»+  <K  ^  3r=2  right  angles  and  also  the  angles  of  W  IT  ^=2  right  angles. 
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Prop.  XIV,  p.  141—2. 

Alternative  proof. 


First  join  «r  9  ^^^  ^  ^-  Then  cir- 
cumscribe a  circle  round  the  triaogle 
«r  w  ^*  This  circle  shall  go  round 
the  pentagon. 


Proof. 

A  regular  pentagon  is  divided  into  three  triangles.  There- 
fore the  five  angles  of  the  pentagon  are  equal  to  the  six  angles 
of  the  triangles.  Each  of  these  is  equal  to  one  right  angle  plus 
one  fifth  of  a  right  anglcf  Then  the  angles  «r  9r  9  &iid  9  9  bt 
are  each  equal  to  two  fifths  of  a  right  angle.J  Similary  the 
angles  f  «r  ^  &i^d  ;?  sr  ^  are  each  two-fifths  of  a  right  angle. 
Therefore  the  angle  w  «r  ^  is  equal  to  four-fifths  of  a  right 
angle.  This  angle  together  with  the  angle  w  ^  7  i^  equal  to 
two  right  angles.^  Again  the  angles  9r  W  ^  ^^^  «r  ^  9  sire  to- 
gether equal  to  two  right  angleaf  Therefore  the  circle  (de- 
scribed  about  the  triangle  9r  W  ^  )  shall  pass  through  the  point 
^.|l  If  it  does  not  pass  through  ^,  let  it  be  assumed  that  it  shall 
go  through  the  point  ^,  cutting  the  line  sr  7-  Join  ^  ^.  Then 
the  angle  «r  V  IT  is  equal  to  the  angle  ^r  ^  ^«  The  interior 
angle  is  equal  to  the  exterior  angle.  (  This  is  absurd.  There- 
fore the  circle  shall  pass  through  ^ ).  Similarly  it  may  be 
proved  that  it  passes  through  if* 

Prop  XV.  p.  142. 

Bil.  shews  three  other  ways  of  inscribing  a  regular  hexagon 
in  a  circle. 


*  ( IV.  5 ). 

t  6x90**=540-f  5  =  108% 

X  V  <aT  1  ^=  108°        .-.  <3rir  W+  <ir  ar  w=  72'  ( I.  32  and  Ax. 3 ). 

§  <waT^=.|x^il°=72'+<Wir^=108'=180% 

%  <aTWir(io8")+<3i^3r(7y)=i80'. 

II  ( converee  of  III.  21 ). 
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Let  ABCDEFbea  circle.    In  it  iDacribe  an  equilateral 

aud  equiangular  triangle  A  C  £  (  lY.  2  ). 
Therefore  the  arcs  A  B  C,  C  D  E,  and  E- 
F  A  are  equal  to  one  another  ( III.  27  ). 
Bisect  each  of  these  arcs  (:IIL  29  ),  and 
draw  the  right  lines  A  B,  B  C,  C  D,  D  E* 
^"^  E  F,  and  F  A.  Then  the  hexagon  inscribed 

shall  be  regular. 

This  method  is  ascribed  to  Orontius. 

Alternative  method. 

Let  ABODE  be  the  given  circle.     Let  F  be  its  center. 

Draw  any  radius  F  A  Place  A  B  equal 
to  a  radius  in  the  circle  ( IV.  1 ).  This 
then  shall  be  a  side  of  a  regular  hexagon 
which  shall  be  inscribed  in  the  circle. 
Join  F  B.  Now  because  A  B  is  equal  to 
F  A  and  it  is  also  equal  to  F  B,  therefore 
the  triangle  A  F  B  is  equilateral  and  is 
therefore  equiangular.  At  the  point  F  in  the  line  B  F 
make  the  angle  B  F  C  equal  to  the  angle  B  F  A  or  to 
F  B  A  ( I.  23  ).  Join  B  C.  Now  because  the  triangle  A- 
B  F  is  equiangular,  each  of  its  angles  is  one-third  of  two  right 
angles.  Therefore  the  angle  A  F  B  is  one-third  of  two  right 
angles.  Therefore  the  angle  B  F  C  is  also  one  third  of  two 
right  angles.  Therefore  the  angles  F  B  C  and  FOB  which 
are  equal  to  one  another  ( I.  5  )  are  each  equal  to  one  third  of 
two  right  angles  (  L  32  and  3  Ax  ).  Therefore  the  triangle  B- 
F  G  is  equilateral  and  equiangular.  Again  make  the  angle  C- 
F  D  equal  to  the  angle  B  F  A  or  B  F  C  ( 1  23  ).  Join  C  D. 
Then  the  triangle  F  C  D  shall  be  equilateral  and  equiangular. 
Since  the  three  angles  at  the  point  F  are  together  equal  to  two 
right  angles,  A  F  D  shall  be  one  straight  line  (  1. 14  ),  and  is 
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the  diameter  of  the  circle.  If  the  other  semi-circle  be  divided 
ioto  08  many  equal  parts  as  the  semi-circle  A  B  C  D  is  divided 
into,  it  shall  be  divided  into  as  many  equilateral  and  equi- 
angular triangles.  Therefore  A  B  is  a  side  of  equilateral  hexa- 
gon. The  hexagon  is  also  equiangular.  For  half  of  the  whole 
angle  B  is  equal  to  half  of  the  whole  angle  C. 

Thus  a  radius  of  a  circle  is  a  side  of  a  regular  hexagon 
inscribed  in  it 


t      • 

•  •  «     •  •  •      • 

•  ••••••• 

•  •   •  \»  •      •  • 
<*  •      •      •   •        • 


,  •       •         ••••     •      •  •_    •      •    •      • 


BOOK  V. 
Page  144.  ^ 

H4j|un^l4j^=Two  magnitudes. 

ji^ljifiw^^jt^'  =  Equal  to  the  less  repeated  a  number  of 
times;  a  multiple  of  the  less. 

P><(iii<l<^^  ft:^  igit%= Divides  (it)  without  a  remain- 
der; measures  (it). 

^Mi(IH^(t>fc|ld^m4^^=A  multiple  of  the  less. 

4lftlj[<{4j^=Two  quantities. 

f«t«qf%:  =  Ratio. 

f^J>4|P>w|fti; = Invertendo,  by  inversion  ;  when  in  four 
proportionals,  the  second  becomes  the  first,  i.  e.  the  second 
is  to  the  first  as  the  fourth  is  to  the  third.. 

BiL  calls  it  converse  proportion  by  inversion. 

Page  145. 

ftP>H^P>mRi:=^g^'^yMitton<i()  or  aJd^rncmdo,  by  permu- 
tation or  alternately ;  when  in  two  ratios,  the  first  term  in 
the  first  ratio  is  to  the  first  in  the  second  as  the  second 
term  in  the  first  is  to  the  second  in  the  second,  in  other 
words,  when  there  are  four  proportionals  and  the  first  is  to 
the  third  as  the  second  is  to  the  fourth. 

^h^lPl^^fii:  =  Componendo,  by  composition;  when  the 
first  together  with  the  second  is  to  the  second  as  the  third 
together  with  the  fourth  is  to  the  fourth. 

BiL  calls  it  proportion  composed  or  composition  of  pro- 
portion. 

f^^r9r$|9lfipEqf^:=is  the  reverse  of  4)4|Pi^nRi:,  that  is, 
when  the  first  is  to  the  first  together  with  the  second  as 
the  third  is  to  the  third  together  with  the  fourth. 

«l99^f$|«lf^=Bl)wic{em2o,  by  division ;  when  the  excess 
of  the  first  above  the  second  is  to  the  second  as  the  excess 
of  the  third  above  the  fourth  is  to  the  fourth. 

BiL  calls  it  proportion  divided  or  division  of  proportion. 

r:  is  the  reverse  of  ^r<i4fi|W|Ri;. 


•      ■ 


•      ••_•«••,•,••••        •       •  • 
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^nmn  fk^f^i-Ex  cequaU  distantia  or  ex  <Bqvjo,  firom 
equality  of  distance.  £il.  calls  it  proportion  of  equality ; 
when  there  is  a  number  of  magnitudes  in  one  order  {i^- 
i|^ta( )  and  also  as  many  other  magnitudes  in  another 
order,  and  when  the  magnitudes  are  pn^>ortioDals^  when 
taken  two  and  two  of  each  order,  and  when  it  is  inferred 
that  the  first  is  to  the  last  of  the  first  order  of  magni- 
tudes as  the  first  is  to  the  last  of  the  second  order  of  mag- 
nitudes. 

^ili^l>4jft«|Ri;=^a?  GBguoti,  or  orderly  proportion.  Bil. 
calls  it  ordinate  proportionality. 

!|»4«(4<il  ^K^if^:  =  BiL  calls  it  inordinate  proportionality. 
Prop.  3.  p.  147. 

TOTOWrt  ^I^lilfdnf  i^  S^Aif  ^W  ip5(W= Equimulti- 
ples of  the  first  and  the  third  should  be  taken. 
Prop.  12  p.  155. 

This  Prop,  is  given  as  Prop.  13  in  Todhunter's  Geometry 
(  Vide  p.  154-6.  ). 

Prop.  13  p.  156. 

This  Prop,  is  Prop.  12  in  Todhunter^s  Geometry  ( vide 
p.  154). 

Prop.  26  p.  170. 

^BHRnnn'Rtift  I'Whnft'n = Add  mi + n  9  ^  totl^  ♦.  & 
«i+5w  cr.'.«i  w+m  n>m  ^+«r  «i.*.«i  ^+ir>w^+f- 
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BOOK  VL 
Page  171. 

H»»Mft^MRiaw; = Proportional 
WIlRlillf^ = SimUar. 
jni9W:=^6  altitude  of  a  figure. 
Jl^lftWMMIT^'^  straight  line  cut  in  extreme  and   mean 
ratio.  Bil  calU  this  Une  'A  line  divided  by  propcMrtion  hav- 
ing a  mean  and  two  extremes/ 

Prop  I.  fk  171-3. 

Alternfttire  proof  (  p.  172-3  ). 

What  is  called  alternative  proof  is  really  speaking  the  con- 
verse of  Prop  I. 

Those  figures  which  are  to  one  another  as  their  bases  have 
equal  altitudes. 

The  triangles  sr  9  n  &nd  ^  ^  f  are  on  the  base  ^  f .    The 

ratio  of  these  triangles  is  assumed  to  be 
equal  to  that  of  their  bases  ^  ;9  and  ^- 
f .  Then  the  perpendiculars  «r  V  ^^^ 
^  ^  shall  be  equal  to  one  another. 

Proo£ 

If  they  are  not  equals  then  let  ^  9  and  «|  9  be  assumed  to 
be  equal  Join  9  ^  and  n  if.  Then  the  toiangles  «r  W  9  and 
fS^m  Are  as  their  bases  ^  nand  v  if*  Thus  the  ratio  of  the 
triangle  «r  W  ^  with  the  triangles  ^  gf  ^  and  (|  n  ^  is  the  same. 
Therefore  the  triangles  ^mf  and  ^  ^ ^  are  equal.  This  is 
absurd.  Therefore  what  we  required  to  prove  is  alone  correct. 

Prop,  11.  p.  173-4. 

Alternative  proof  (  p.  174  ). 
If  the  line  ^  f  be  parallel  to  the  line  w  ^#  but  the  ratio  of 

the  parts  «r  ^  and  ^  ir  bo  not  equal  to 
that  of  the  parts  «r  f  and  f  9,  then  let 
it  be  equal  to  that  of  «r  f  and  |p  ^. 
Join  ^  ^  and  ^  |r*  Then  it  is  cleat  that 
the  triangles  ^  9  f  and  ^  9^  are  equalf 
^    Therefore  it  can  be  ascertained  by  proof 


*  ( VI.  I. ).  t  ( Alternative  proof.  VI.  1 ). 
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that  ^  f  is  parallel  to  ^  ^*  Therefore  ^  ^  and  ^  9  are  both 
parallel  to  ^  i;*  and  therefore  parallel  to  one  another.f  But  they 
meet  one  another.  This  is  absurd. 

Again  if  the  ratio  of  sr  ^  and  ^  w  be  equal  to  that  of  «r  C 
and  ^  ^,  but  if  ^  f  be  not  parallel  to  ^  ir»  then  let  ^  ^r  be  as- 
sumed as  parallel  to  ^  ^.  In  the  above-mentioned  manner  it 
may  be  proved  that  the  ratio  of  «r  ^  and  ^  w  is  equal  to  that  of 
«r  9  and  ^  gf.  Therefore  the  ratio  of  sr  f  and  f  gf  is  equal  to 
that  of  9r  9  and  ^  ^.  But  the  line  ^r  f  is  less  than  «r  V*  There- 
fore f  «  is  less  than  fg  9.  This  is  absurd.  What  we  required 
to  prove  18  alone  correct. 

Prop.  III.  p.  174.6. 

Alternative  proof  ( p.  176 ). 

From  the  point  ^  draw  the  perpendicular  ^  f  on  the  side  «|. 

W  and  ^  9  on  the  side  «r  m-l  Then  if  the 
two  parts  of  the  angle  w  sr  ^  be  assumed 
equal,  then  these  perpendiculars  shall  be 
equal.  Why  ?  The  two  angles  at  the  point 
«r  are  equal ;  the  angles  at  f  and  ^are  right 
angles,  and  the  side  «r  ^  is  common  to  both 
the  triangles.  Therefore  the  lines  ^^  and  ^  ^ 

^  X         'T  are  equal§  altitudes  in  the  triangles  ^«l^  and 

5r  «r  ^.  Therefore  the  triangles  w  sr  ^  and  gr  «r  ^  are  as  their 
sides  W9r  and  9  ^,^  Again  these  triangles  are  bs  to  their  sides 
W  ^  and  ^  ^11.  Therefore  the  ratio  of  ^  ^  and  ^  ^  is  equal  to 
that  of  «r  «r  and  «r  ^* 

Again  if  the  ratio  be  such,  then  the  angle  shall  be  bisected. 
Why  1  The  ratio  of  the  triangles  is  equal  to  that  of  ^  ^  and  ^. 
gf  and  also  equal  to  that  of  ^  «r  and  sr  ^.  When  w  «r  and  «r  ir 
are  assumed  as  bases,  the  ratio  of  these  triangles  shall  be  equal 
to  that  of  their  bases.  Therefore  the  perpendiculars  ^  ^  and 
^  9  shall  be  equalj  The  side  «r  ^  is  common  to  both  the 
triangles.  Therefore  the  angles  if^^  and  |r  «r  ^  shall  be 
equal.+ 


MI.39).  t(L30).  t(1.12).  §(1.26). 

f  ( VI.  1 ).  II  ( VL  1 ).  $  ( Alternative  proof  VI.  1 ). 

+  ^  f  ssr  ir  ( I.  47 )  and  the  angles  at  ar  are  equal  ( 1.  8 ). 
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Prop.  IV.  p.  176-7. 

Alternative  proof  (p.  177  ). 

In  the  triangles  sr  W  31  ^^^  ^  ^  V  1^^  ^^^  angles  «r  &Qd  ^  be 

equal  to  one  another^  also  the  angles 
^  and  ^  and  the  angles  ^  and  ^  be 
equal  to  one  another.  If  the  sides 
«r  V  and  ^  w  ^  equal,  the  remain- 
ing sides  shall  also  be  equal*  and 
what  is  promised  to  be  proved  shall  be  proved.  But  if  «r  9 
and  ^  t^  be  not  equal,  let  sr  if  1>g  assumed  to  be  greater.  From 
it  cut  off  9  Iff  equal  to  ^  ^.f  Draw  the  line  ^  ^  parallel  to 
91  oT-t  ^hen  the  triangles  ^  w  rT  ^^^  ^^W  ^^^'  ^^  equaL§ 
«r  1^  shall  beto^^as^cTto^  ^,%  and  sr  7  shall  be  ^  ir  ^^ 
9  9  to  9  W-ll  But  ^^iB  equal  to  «r  ^  and  w  cT  to  ^  ^.  There- 
fore w^isto^^as^irtofcr*  Again  if  ^  ^  be  drawn 
parallel  to  ^  9|,  it  can  be  proved  that  ^  ^  is  to  ^  ^  as  ^  «r  is  to 
9r  m-     This  is  just  what  was  wanted. 

Prop.  V.  p.  178-9. 

Alternative  proof  (  p.  178-9  ), 

In  this  case  the  figure  is  the  same  as  in  the  alternative  proof 

of  the  fourth  Prop.  Let  «|  w  ^  &nd 
^  ^  f  be  two  triangles.  If  their 
sides  are  equal,  what  we  wish  is 
proved.    If  they  are  not  equal,  let 

91  9  be  greater  than  ^  ^.  Cut  off 
^  ^  equal  to  «r  ^,  ir  cT  equal  to  ^  ^ 
and  91  7  to  ^  f  .$  Join  ^  ^  and  ^  ^.  Then  the  ratio  of  sr  ^ 
to f[rif  which  is  equal  to  ^ ^  shall  be  equal  to  that  of  ^ «f  to 
if  9  which  is  equal  to  t^  if .  Therefore  9|  ^  shall  be  to  ^  ^  as 
^  9  to  cT  W-**  Therefore  the  line  ^  ^  shall  be  parallel  to  «r  ^tt 


♦(L26).  t(1.3).  :t(I.8i). 

§  ( I.  26 ),  the  angle  IT  W  is  equal  to  the  angle  <V»  IT  er  ( I.  29 )  and  conse- 
quently to  the  angle  ?  f  V. 

1(VI.2).  II(V.18). 

|(  1. 3 ).  •*  ( Converse  of  V.  18 ).  tt  ( VI.  2 }. 
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In  the  same  manner  ^  m  may  be  shown  to  be  paralLd  to  w  V* 
Then  «r  ^  shall  be  equal  to  ^  ^.*  The  sides  of  the  triangles 
W  V  9  and  w  ^  f  shall  be  equal.  The  angles  of  the  triangles 
W  V  9  ^^d  W  ^  V  sball  be  equaLf  Therefore  the  angles  of 
the  triangles  ir  ^  V  ^^d  ir  T  f  ^^^^  ^^  equal. 

Prop.  VI.  p.  179-80. 

Alternative  proof  {  p.  179-80 ). 

If  the  sides  n  «r  and  «r  ^  be  equal  to  f  ^  and  ^  ^,  then  what 

7  we  promised  to  prove  is  proved.    But 

if  they  are  not  equal,  let  n  «r  and  «|  m 
be  greater  (  than  f  ^  and  ^  |r  )•    Cut 

^ ^      off  «|  n  equal  to  ^  j*  and  9|  ^  equal  to 

^ I(r4  Join  er  «•  "^heo  w  «r  shall  beto«r«  as  9«r  to  9|i|. 
Therefore  w  «  shall  be  to  ^  «r  as  n  ^  to  ^  «r.§  Therefore  ^  m 
and  9  V  shall  be  parallel  to  one  another.?  Therefore  the  angles 
of  the  triangles  w  «r  ^,  ?f  «r  *»  w^d  C  ^  F  s^^l  ^  equal.H 

Prop.  Vn.  p.  180-1. 

In  the  preceding  Prop.  (  Prop.  VII.  preceding  figure  )  it  is 

said  that  the  angles  ^r  and  fr  t^^7  be  less 
l^  '^    than  a  right  angle  or  not    This  is  what 

W      /\    we  mean  by  it    Let  the  two  triangles 
«r  ^  9  and  ^  f  9  be  similar ;  and  acute- 
iBp  ^?        jangled.     Let  «rir  be  greater  than  ^m> 

From  the  point  ^  draw  the  perpendicular  w  ?r  on  «r  gr.$  There- 
fore «r  er  is  greater  than  er  m**    Again  cut  off  er  *  equal  to 

the  triangles  w  w  *  a«d  ;^  ^  W,  the  angles  at  «r  and  ^  a»  equal. 


♦(I.  S4).  t(1.29). 

J  #  I  3 ).  §  (  Convene  of  V.  18 ). 

^  (VL2).  D  (I.29andl.4). 

1(1.12). 

♦♦«rw>ww.-.  <»fww>  <W3rw(1. 18). 

.-.  < W  V  <the  angle  3r  W  ?r  ( I.  32  and  5  Ax. ). 
.-.  W^r  <W?T(I.19). 
tt(1.3).  n(I-4)- 
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«rwisto^|^afl^i|^  which  is  equal  to  ^  ^  is  to  f[  ^.  These 
two  triangles  are  not  similar.  Why  ?  Because  the  angle  w  7  «r 
is  greater  than  a  right  angle,*  and  the  angle  ^  |r  ^  is  less  than 
a  right  angle. 

Thus  the  meaning  is  that  both  the  remaining  angles  should 
be  acute  or  obtuse.  It  will  not  do  if  one  is  acute  and  the 
other  obtuse. 

Again  it  is  said, '  let  the  angle  be  either  an  acute  angle  or 
not.'  It  is  not  said, '  let  it  be  an  acute  or  an  obtuse  angle/ 
Why  ?     Because  a  right  angle  is  also  desired. 

In  other  words,  ^nrHonf^  ^?if5  m  ^  «rag  =  Each  of  the 
remaining  angles  may  be  either  less  or  not  less  than  a  right 
angle  or  one  of  them  may  be  a  right  angle.  But  if  the  ex- 
pression w^^»^u^^  ^n^  ^l&ft»^»l>  Wffl  nx  were  used  in  place 
of  *  «4lOuil^^>  ^wg  m  m  ^Wg' ,  right  angles  would  have 
been  excluded,  each  of  the  remaining  angles  would,  in  that 
case,  have  to  be  taken  as  either  acute  or  obtuse. 

Prop.  VIIL  p.  181-2. 

MWI^^Ilf^e{  firftr^  &c»  p.  182  =  From  this  Prop,  it  follows 
that  the  perpendicular  (  drawn  from  the  right  angle  of  a  right- 
angled  triangle  )  is  a  mean  proportional  between  the  segments 
of  the  base,  and  that  each  of  the  sides  is  a  mean  proportional 
between  the  base  and  the  segment  of  the  base  adjacent  to 
that  side. 

9II^T^= Segments  of  the  base. 

Prop.  IX.  p.  182-3. 

This  is  Prop.  XIIT.  in  English  books,  in  Bil.  and  in  Greg. 

Alternative  proof  ( }).  182  ). 

(  Take  two  unequal  lines  ).     Let  one  line  be  placed  on  the 

other.  Making  the  larger  line  a  diame- 
ter, describe  a  semi-circle.  From  the  end 
of  the  smaller  line  draw  a  perpendicular 
meeting  the  circumference.  Draw  an- 
^  other  line  from  the  point  where  the  per- 

•  (T.  16). 
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peudicular  meets  the  circumference  to  the  end  of  the  line.  This 
line  shall  be  the  required  line.  This  is  evident  from  the  pie- 
ceding  figure  of  the  proposition. 

«ri|  9  is  the  greater  line  and  the  smaller  line  being  placed 
on  «rir  stands  as  ^  ^.  Complete  the  figure  as  shewn  in  the 
text.  Then  n  Y  is  to  g|  ;^  as  n  ^  to  w  w  (  VI.  8  Cor.  ).  Thus 
^  ^  is  the  mean  proportional  between  ^  «r  and  ^  i|  or  the 
smaller  line. 

Another  alternative  proof.  (  p.  182-3 ). 

Assuming  the  difference  of  the  two  lines  as  nif)  describe  a 

semi-circle.    Let   it  be  «r  n  ^. 

From    the    point  n  draw    the 

tangent  ^  ^.^   This  Ime  shall  be 

"^ ^ -^      a  mean  proportional  between  the 

lines  n  ^  and  ^  n. 

Proof. 

Join  ^  VTi  ^  VT)  SLud  ^  ^.t  Then  the  angles  ^t^m  &nd  w^f 
are,  each,  a  right  angle.^  From  these  take  away  the  angle 
f  ^  V.  Then  the  remaining  angles  n ^ ir  ^^^  W^^  ^^^^  ^ 
equal.  Also  the  angles  |p  ^  «r  &nd  fp  «r  ^  are  equal.  Therefore 
in  the  triangles  w  H  ^  ^^^  W  V  il»  the  angle  ^  is  common,  and 
the  angles  ^  «r  ir  ^^^  ^  ^  w  &i'e  equal.  Then  the  angles  ^^^ 
and  wm^ sb&H  also  be  equal.§  Therefore  the  ratio  of  «r w  to 
^  ^  shall  be  equal  to  that  of  i|  ^  to  i|  9.IF 

From  this  proposition  it  follows  that  if  the  perpendicular 
drawn  from  the  point  where  two  lines  meet  be  the  mean  pro- 
portional between  the  two  lines,  then  the  semi-circle  that 
can  be  drawn  with  the  sum  of  the  two  lines  as  diameter  shall 
meet  the  end  of  the  perpendicular. 

Prop.  X.  p.  183-4. 

This  is  Prop.  XI.  in  English  books,  Bil.  and  Greg. 

*  ( IIL  10  ).  t  C  is  the  center  of  the  circle. 

I  (111.  .SO,  and  17).  §  (I.  32 and  3  Ax.)  %  (VI,  4). 
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Alternative  proof  (  p.  183-4  ). 

Let  a  right  augle  be  formed  by  the  two  given  lines.     Let  it 

1^  be  «r.  Draw  the  hypotenuse  n  9.  Describe 
the  semi-circle  ^  «r  ^.  From  the  point  9 
draw  the  perpendicular  9  ^  on  the  line  n  m* 
Produce  the  line  ^  ^tf  so  as  to  meet  the  line 
9  ^  in  the  point  ^.  Then  «r  ^  shall  be  the 
required  line.  How  ?  Because  the  perpendi- 
cular 9  «r  is  drawn  from  the  right  angle  ir 
^  on  the  hypotenusa  Therefore  the  ratio  of 
W  ^  to  «r  9r  shall  be  equal  to  that  of  «r  ^  to  «r  ^.f 

Another  alternative  proof  ( p.  184 ). 

Describe  a  semi-circle  ^  «r  9  on  the  greater  line.     Draw  the 
j^.  chord  ^  «r  equal  to  the  smaller  line.     From 

the  point  «r  draw  the  perpendicular  «r|p  on 
the  line  ^  9.^  Then  n  f  shall  be  the 
required  line.  This  is  evident  from  what  is 
stated  above.§ 

Prop.  XL  p.  184-5. 

This  is  Prop.  XIL  in  English  books,  Bil.  and  Greg. 

Alternative  proof  (p.  185  ). 

Let  the  first  line  and  the  second  line  be  «r  ^  and  9f  ir«     Let 

^      them  meet  in  the  point  «f  so  that  the 
s^gle  w  ^  9  niay  be  formed.    Join  the 

line  n  n.     Let  «r  ^  be  the  third  line. 
Let  it  be  placed  on  «r  ^.     From   the 
point  ^  draw  the  line  9  f  parallel  to 
the  line  ir  9*    Then  ^  jf  shall  be  the  line  we  want.1j 

Prop.  XIL  p.  185-6. 


•  ( I.  11 ).  t  (  VI.  8  Cor. ).  J  ( I.  12 ). 

§  If  srir  ib  juiued,  W  9T  V  bliall  be  n  rigljt-aD<;;ied  triuDgie.     There  fere  W  If 
sliall  be  to  W  ar  as  V  3r  18  to  W  f  ( VI.  »  Cor. ). 

if  3l^:^W::3rf:f  W  (VI.  2).'.  3r  W:  3T  «r  ::  3T  ^T:  3T  f  (  V.   IS) 
.-.  ar  W:  3Tir  ::  ar  ^:  3T  5  (  V.  10  ). 
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This  is  Prop.  IX.  in  English  books,  Bil.  and  Greg. 
Alternative  proof  of  trisectiDg  a  line  (  p.  185-6  ). 

Take  a  line  «r  W  and  upon  it  describe  the  equilateral  triangle 

«r  ^  ^*  Bisect  the  angles  «t  and  ^  by 
lines  meeting  in  the  point  ^.f  Bisect  the 
angle  «r  ^  V  hy  the  line  ^  f ,  and  the  angles 

31  ^  f  and  W  ^  C  ^y  ^^^^  ^  V  ^^^  ^  wi 
Then  the  line  «r  ^  is  trisected  in  the  points 

3f    ^  ^  T     ^    Iff  and  ^. 
Proof. 

An  angle  of  an  equilateral  triangle  is  equal  to  two-thirds  of 
a  right  single.  Therefore  the  angles  ^  «r  ^  and  ^  w  «r  &^  each 
one-third  of  a  right  angle.  Then  the  angle  9f  ^  w  ^^  equal  to 
one  right  angle  together  with  a  third  part  of  it.  Again  the 
angles  «r  ^  |r  and  ^^^  are  each  equal  to  one  third  of  a  right 
angle.  The  angles  |r  ^  7  and  ff  ^  9r  are  equal  to  one  another. 
Therefore  fr  «r  and  fr  ^  are  equal  to  one  another.§  Similarly 
the  lines  ^  ^  and  ^  ^  are  equal  to  one  another.  Again  the 
sum  of  the  angles  9f  and  ^  (  ^  7  ff )  and  of  the  angles  n  and  ^ 
(  W  ^  ^  )  is  equal  to  two  thirds  of  a  right  angle.  Therefore  the 
angle  fr  ^  ?  is  equal  to  two  thirds  of  a  right  anglcIT  Then  the 
angles  ^,  fr  and  ^  are  each  equal  to  two  thirds  of  a  right 
angle.||  Therefore  the  sides  ^  IT)  ff  9,  and  ^  ^  are  equal.  But 
9r  9  is  equal  to  ^  |r  and  ^  ^  to  ^  ^.  Therefore  «T  it?  fT  «r9  and 
q-  ^  are  equal.     This  is  just  what  we  wanted. 

It  may  be  noted  that  though  the  enunciation  states  ^gm 
fk^^Wlij  a  particular  case  only,  viz.  ^^44lwft4<Hl<»<ti|4^»  is  given 
in  the  book. 

Prop.  XIII.  p.  186-7. 

This  is  Prop.  X.  in  English  books,  Bil.,  and  Greg. 

Prop.  XV.  p.  188-9. 


I 


Ml.i). 

§(1.6). 


t  ( I.  9  ). 
1  ( I.  B2  and  3  Ax. ). 


:  (1.9). 
II  (1.32). 


Ill 

Alternative  proof  (  p.  188-9  ). 

Assume  the  angles  «r  and  ^  of  the  triangles  «r  ^  ^  and  ^f  |r 

to  be  equal.  If  the  sides  «r  W 
and  ^  If  be  equal,  then  what  v/e 
want  is  evident.  Because  the 
^  9 ^  two  triangles  are  equal.  Be- 
cause the  two  triangles  being  equal,  the  sides  «f  ^  and  ^  ^ 
shall  be  equal.  How?  If  the  side  «r  ^  be  placed  on  the  side 
^  ^  and  the  angle  (  «r )  on  the  angle  (^),  if  the  side  «r  ^  does 
not  fall  on  the  side  ^  ff,  then  it  must  be  greater  or  smaller. 
Therefore  if  the  sides  «r  ^  and  ^  |r  be  equal,  then  the ,  same 
ratio  shall  be  arrived  at* 

Again  if  the  sides  be  in  this  ratio,  then  9f  ^  and  ^  fr  shall 
be  equal  and  the  two  triangles  shall  also  be  equal. 

But  if  the  sides  «r  ^  and  ^  f  be  unequal,  let  9fir  1>9  the 
greater  of  the  two.  Cut  off  9f  w  equal  to  ^  ^  from  «r  ^.f  Join 
^  9.  Then  if  the  two  triangles  be  equal,  then  the  side  ^  fr 
must  be  greater  than  the  side  «r  ^.  Why  ?  Because  if  it  be 
equal  to  it  or  less  than  it,  the  triangle  7  f  ff  shall  be  less  than 
the  triangle  «rir^.  Again  make  «r^>  equal  to^|r*t  ^^^^ 
the  lines  9  n  and  7  ^.  Then  the  triangle  «r  ^  ?r  sball  be  equal 
to  the  triangle  ^ |p  fr  and  also  to  the  triangle  9Tw  7.  (  There- 
fore the  triangles  «rir  9  and  «rir  7  shall  be  equal  to  one  an- 
other ).  From  these  take  away  the  triangle  «r  w  7-  Then 
there  remain  equal  triangles  ^  w  ?r  ^^^  W  ?r  9-  Therefore  the 
line  IT  ^  shall  be  parallel  to  ^  9.§  IT 

Again  if  the  two  ratios  be  equal,  then  the  line  «r  ^,  which  is 

equal  to  ^  c  shall  be   less  than   the  line  «r  ir*    Then  the  line 

«r  9  shall  be  less  than  ^  |r«    Complete  the  figure.     Then  by 

the  equality  of  the  two  ratios  it  is  clear  that  the   triangles  ^- 


*(VI.  4).  t(L3).  $(L3).  §(1.89). 

^  /.  3rv:irw  n  arwiWff  (VL2) .-.  ar^janr  :  :3rff:3r9r(V.  is) 
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If  9  and  w  ^  9r  &re  equal.*  Add  the  triangle  n  ir  9«  l^hen 
the  equality  of  the  triangles  shall  be  evident 

Prop.  XVIII.  p.  191-2, 

This  is  Prop.  XIX.  in  English  books,  Bil.  and  Greg. 

Alternative  proof  (p.  191-2). 

If  ^  ^  be  equal  to  «r  ^,  the  two  triangles  shall  be  equal.f 

This  is  evident.  But  if  they  are 
not  equal,  let  ^  f  be  less  than 
9f  Y.  From  ^  «r  cut  off  i|  ^  equal 
to  ^  ^.l  Out  off  If  9  equal  to 
f  fr.§  Take  a  third  proportional 
^  ^  W  4»    to  these   two  sides.^^    Join 

the  lines  w  ^»  W  9|  W  ^^^  V  9-  '^^^  ^tio  of  if  ^  to  w  ?r 
being  equal  to  that  of  ^  i|  to  ^  ^,  it  is  evident  that  the  lines 
q;  9  and  if  ^  are  parallel.||  The  equality  of  the  triangles  wWfT 
and  if  q;  9r  is  proved.$  But  the  triangle  ^ir  9  is  equal  to  the 
triangle  ^  f  fr***  ^^^^  ^^tio  of  the  triangles  «r  w  9 &nd  w^H 
is  equal  to  that  of  «r  n  to  q;  i|.-t-t  Therefore  the  ratio  of  the 
triangles  «r  Y  9  ^^^  ^  f  |r  is  equal  to  that  of  «r  W  to  ^  ^.  This 
ratio  shall  be  equal  to  the  duplicate  ratio  of  w  «r  to  if  i|.  This 
is  just  what  we  wished. 

Prop.  XIX.  p.  192. 

This  is  Prop.  XX.  in  English  books,  Bil.  and  Greg. 

ft-op.  XX.  p.  198. 

This  is  Prop.  XVIII.  in  English  books,  Bil.  and  Greg. 

Prop.  XXIIL  p.  195. 

This  is  Prop.  XXIV.  in  English  books,  Bil.,  and  Greg. 

Prop.  XXIV.  p.  195-6. 

This  is  Prop.  XXVI.  in  English  books,  Bil.,  and  Greg. 

*  (VI.  2  and  1.37). 

t(I.2G).  :|:(L3).  ML  3).  •[(VHO). 

||(VL2).  §(VI.  15). 

** .-.  ^  wv^=A  ^5ir.  ti  (VI.  1.). 
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Prop.  XXV.  p.  196. 

This  is  Prop.  XXIII.  in  English  books,  Bil.,  and  Greg. 

Prop.  XXVI.  p.  19&67. 

This  is  Prop.  XXV.  in  English  books,  Bil.,  and  Greg. 
Prop.  XXVIT.  p.  197-98. 

Propositions  XXVIL,  XXVIII.,  and  XXIX.  are  omitted  in 
English  books,  *  as  they  appear  now  to  be  never  required,  and 
ha?e  been  condemned  as  useless  by  various  modem  com* 
mentators.' 

They  are  given  in  Bil.  and  Greg. 

If  a  parallelogram  be  described  upon  half  the  given  line,  and 
if  upon  a  greater  part  of  the  line  a  parallelogram  is  so  described 
that  the  6gure  on  the  remaining  part  of  the  line  may  be 
similar  to  it,  then  the  figure  on  half  the  line  shall  be  greater 
than  that  on  the  greater  part. 

Xet  9f  w  be  the  given  line.    Bisect  it  in  n.     Apply  the  paral- 
\ Y  y    lelogram  ^  |r  t^o  the  line  ^  ^.    Com- 

plete the  figure  ^  jf.  Let  «r !(  be 
the  greater  part  of  the  line  «r  W*  On 
it  describe  «r  ^  so  that  the  figure  on 
the  remaining  part,  viz.  ^  q;,  may  be  similar  to  ^r  IT*  Then 
the  figure  «r  97  shall  be  greater  than  «r  %. 

Proof. 

Join  the  diagonal  ^  j^.  Now  the  figure  ^  9  is  equal  to  9  ^.^ 
9  9  is  greater  than  fr  ^*  Therefore  c  9  is  greater  than  ^  %, 
But  IT  4»  is  equal  to  ^  ^.f  Therefore  f  9  is  greater  than  n  V* 
Add  «r  9  to  9  ^.  The  result  is  the  figure  n  ^.  Again  add 
vr  9  to  f  7.  The  result  shall  be  the  figure  «r  9r-  ^bis  is  the 
figure  on  half  the  line.  This  shall  be  greater  than  the  figure 
on  the  greater  part.    This  is  just  what  was  wished. 

This  Prop,   contains  a  theorem  relating  to  the  theory  of 
maxima  and  minima. 

•(1.36).  t(I«*3). 
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'  If  a  parallelogram  is  divided  into  two  by  a  straight  line 
cutting  the  base,  and  if  on  half  the  base  another  parallelogram 
be  constructed  similar  to  one  of  those  parts,  then  this  third 
parallelogram  is  greater  than  the  other  part.' 

Prop.  XXVIIl  p,  198.9. 

On  a  part  of  a  given  line  to  describe  a  parallelogram  that 
shall  be  equal  to  a  given  rectilineal  figure,  so  that  the  figure 
produced  on  the  other  part  shall  be  similar  to  another  given 
figure.  The  figure,  to  which  the  parallelogram  is  to  be  made 
equal,  shall  not  be  greater  than  the  figure  formed  on  half  the 
line,  which  should  be  similar  to  the  given  figure. 

Let  «r  Y  be  the  given  line.     Let  9  be  the  figure   to   which 


an  equal  figure  is  to  be  constructed.  Let  ^  fr  ^  ^^^  given 
similar  parallelogram.*  Now  on  a  part  of  the  line  «r  ^  a  paral- 
lelogram equal  to  ^  is  to  be  constructed,  so  that  the  figure 
produced  on  the  other  part  may  be  similar  to  the  figure  ^  n. 
Bisect  vr^in^.f  On  if  n,  describe  the  figure  ^%  similar  to;^  fr4 
Complete  the  figure  «r  7.  If  9f  9  be  equal  to  9,  what  we  want 
is  proved.  But  if  «r  9  be  greater  than  9,  let  if  9T  ^  equal  to 
the  difference  between  «r  9  and  ii/ and  similar  to^^r-  The 
figures  ^  ^  and  «r  9T  similar  to  ^  |r  shall  be  similar  to  one 
another.  §  The  angle  9  is  assumed  to  be  equal  to  9.  The  side 
«r  9  is  similar  to  the  side  ^  ^.  Cut  off  9  ^  equal  to  9  «t  and 
^  9T  equal  to  9  i^.lT  Draw  ^  ^  parallel  to  9  i|  and  ^  ^  9 
parallel  to  «f  ^.||  Join  the  diagonal  ^  ^.  Then  «r  ^  shall  be 
the  figure  required. 

*  /.  e,  the  parBUelogram  to  which  the  defect  of  the  paraUelogram  on  the 
greater  part  of  the  given  line  is  to  be  similar, 

t  (1. 10).  t  (VI.  20).  §  (VI.  21). 

1(1.3).  11(1.31). 
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PtooL 

f7  n»  equal  to  if  «r»  ib  equal  to  the  difference  between  n  9, 
which  is  equal  to  ir  V9  ftiicl  9.  Therefore  the  figure  9^9, 
equal  to  n  1^,*  shall  be  equal  to  9.  Therefore  the  figure  n  t^ 
is  constructed  on  the  part  n  f  of  the  line  «r  ^  and  is  equal  to 
9.  The  figure  ^  9,  formed  on  the  other  part  |p  ^|  is  similar 
to  the  figure  ^  ff.    This  is  just  what  we  wished. 

Prop  XXIX.  p.  199-201. 

Upon  a  right  line  of  which  the  given  line  forms  a  part  to  draw 
a  parallelogram  which  shall  be  equal  to  a  given  rectilineal 
figure  so  that  the  figure  on  the  excess  of  the  line  over  the  given 
line  shall  be  similar  to  another  equilateral  quadrilateral  figure* 

Let  nr  ^  be  the  given  line.     Let  ^  be  the  figure  to  which  an 
7        ar      nr  /I  ^ 


equal  figure  is  to  be  drawn.  Let  ^  |r  be  a  similar  parallelo* 
gram.-f  It  is  required  to  apply  to  the  line  n  9  a  parallelogram 
eqtial  to  the  figure  ^  so  that  «r  ly  may  become  a  part  of  a  side 
of  it.  On  the  excess  of  that  side  over  «r  ^  the  figure  described 
shall  be  cdmilar  to  the  figure  ^  ^r- 

Bisect  nr  w  ii^  V4  On  n  ir  describe  the  figure  ^  m  similar 
U)  ^  ||§.  Describe  the  figure  fST  V  equal  to  the  sum  of  the 
figures  9  and  ir  V  so  that  it  may  be  similar  to  ^  fr*^  Then 
the  figures  tp  f|  and  ^  ^  shall  be  similar  to  one  another.|| 
Assume  the  angles  f  and  9  to  be  equal  and  the  sides  9  ^  and 
f  9  to  be  mmilar.    Produce  the  side  9  ir  so  that  7  Ji  may  be 


.'.  ar  ^ = the  gnomon  9^9. 
t  J.  f .  a  paiaUelogram  which  shall  be  similar  to  the  figare  on  the  excess  of 
the  line  over  the  given  line. 

t(I.  10).       §(VI.20).       ^(VL26).        I|(Vl.2l). 
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equal  to  f  fsf.  Produce  also  the  side  ;r  V  so  that  9  9  may  he 
equal  to  f  !(r«  Again  from  the  points  j^  and  9  draw  vr  W  ^^^ 
9  ir  parallel  to  n  if  and  ^  ^  *  Complete  the  figore.  Then  «i- 
if  shall  be  the  figure  required. 

Proof. 

The  figure  «r  9  is  equal  to  the  figure  9  ^  and  is  equal  to 
the  sum  of  the  figures  9  and  if  q;.  f  Therefore  ( the  gnomon  } 
ir  «r  ^1  which  is  equal  to  «r  ^r*  shall  be  equal  to  the  figure  9. 
There  remuus  the  figure  |p  9  similar  to  the  figure  ^  fr-  This 
is  what  is  wanted. 

Alternative  proof. 

It  is  required  to  construct  a  parallelogram  equal  to  the 
figure  9r  on  the  line  nr  9  so  that  on  the  excess  of  a  side  of  it 
over  n  )f  there  may  be  formed  a  figure  similar  to  ^  ^. 

Besict  ^tmin  fr4  On  if  fr  describe  the  figure  9  ir  similar  to 
^  f  .§     Complete  the  figure  nr  ^.    Now  the  side  of  the  figure 


^  IT      ^      ^ 

which  is  to  be  constructed  is  either  greater  or  less  than  «i «. 
If  it  be  less,  it  is  evident  that  the  figure  9  must  be  greater 
than  the  figure  «r  %  If  the  figure  m  be  equal  to  to  «r  W,  then 
the  required  figure  is  constructed.  But  if  it  is  not  so,  let  «r  ir 
be  the  diflference  between  the  (  required  )  figure  and  9.  If  the 
side  is  to  be  greater  than  the  line  «r  ^,  then  take  the  sum  of 
both  ( «|ir  and  ^ ).  Draw  the  figure  ^ m similar  to  ^ f ,  equal 
to  the  difference  or  the  sum  ( of  «|i|  and  m ).T  This  figiure 
shall  be  ,  similar  to  ir  W-II  Let  the  angles  9  and  ^  be  equal 
and  the  sides  9  9  and  fr  W  be  similar.    Therefore  make  ^r  ^ 

•  ( I.  31). 

t  IT  ir=«'  <r  =^+q  «;  iobtract  9  «.  .\^  5r— if  m  i.  r.  ir  «r  ^J=W,  Again 
becau8e3nr=Wir(L36);butWira«f  (I.  43).   .'.^nrsVf,  add  W«r.   /.if- 

:(I.10).  §(VI.20).       1(VI.26).        |I(V1.21). 
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equal  to  9  ^,  aud  9  «r  to  9  9.*  Draw  the  lines  9^  9  ^>^d  7  9 
parallel  to  the  sides  of  the  figure  ^  ^.  Then  the  figure  «|  ^ 
shall  be  equal  to  ir  ^t^^  the  figure  !(r  ^  9,  which  is  formed  on 
the  difference  between  the  side  of  the  figure  «|  ^  and  the  line 
ar  Wi  Bhall  be  similar  to  ^  ^. 

If  the  figure  to  be  constructed  is  required  to  be  a  square, 
then  bisect  «r  W  ii^  Y*  If  the  figure  9  is  equal  to  the  square  on 
half  the  line  bisected,  and  the  side  is  less  than  the  line,  then 
on  half  the  line  there  shall  be  the  square  required.  But  if  the 
figure  9  is  not  equal  to  it,  then  describe  a  square  equal  to  the 
difference  between  the  square  on  half  of  «r  ^  and  9.  If  the 
side  is  required  to  be  greater  than  the  line,  then  describe  a 
square  equal  to  the  sum  of  both  ( the  square  on  half  n  ^  and 
9  ).  Again  describe  a  square  and  cut  off  from  half  the  line  i|. 
9  a  portion  equal  to  a  side  of  the  square.  Let  it  be  ^  f .  If 
the  side  is  less  than  half  the  line,  then  do  so.  But  if  it  be 
greater,  then  add  !(ir  to  half  the  line.  Then  a  figure  equal  to 
the  rectangle  n  ^.  |p  9  shall  be  the  required  figure.  Why  ? 
Because  the  difference  between  the  rectangle  «r  ^.  |p  if  and  the 
square  on  ^  ^  shall  be  the  square  on  ^  fp  and  the  difference 
between  the  rectangle  «r  ^.  ^  ir  &^<1  the  square  ^  fp  shall  be 
the  square  on  ^  ^. 

Prop.  28  and  29  contain  problems  which  may  be  said  to  be 
solutions  of  quadratic  equations.  They  come  to  what  follows: — 

"To  describe  on  a  given  base  a  parallelogram  and  to  divide 
it  either  internally  (  Prop.  28  )  or  externally  (  Prop.  29  )  from 
a  point  on  the  base  into  two  parallelograms  of  which  the  one 
has  a  given  size  ( is  equal  in  area  to  a  given  figure  )  while  the 
other  has  a  given  shape  ( is  similar  to  a  given  parallelogram  ). 

If  we  express  this  in  symbols,  calling  the  given  base  a,  the 
one  part  x,  and  the  altitude  y,  we  have  to  determine  x  and  y 
in  the  first  case  firom  the  equations. 

(a-x)y=k* 

y    vi 

•(I.  3.). 
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1^  being  Uie  given  size  of  the  first,  aQd  |)  and  q  the  base  4nd 
altitude  of  the  parallelogram  which  determine  the  shape  of  the 
second  of  the  required  parallelograms. 

If  we  substitute  tlie  value  of  y  we  get 

<a.x)x=PM' 

q 

or 
ax-x  =b 

Where  a  and  h  are  known  quantities,  taking  V  =s^ 

The  second  case  (  Prop.  29  )  gives  rise  in  the  same  manner 
to  the  quadratic 

ax+x^=:bl" 

(  Vide  Encyclopsedia  Britannica  p.  376  ). 

Prop.  XXX.  p.  201-2. 

'It  leads  to  the  equation  ax+x'»a'.  It  is  only  a  special  case 
of  the  last  and  an  old  acquaintance,  the  same  problem,  as  pro- 
posed in  Book  IL  Prop.  XI.' 

Prop.  XXXI.  p.  202-3. 

This  is  Prop.  XXXII.  in  English  books,  Bil.,  and  Greg. 

Prop.  XXXII.  p.  203-4. 

This  is  Prop.  XXXL  in  English  books,  BiL,  and  Greg. 
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APPENDIX, 

Collation  of  the  Ms.  (  V. )  of  the  Rekh&ganita  in 
the  Benares  Sanskrit  College  Library,  the  one  copied 
by  Lokamani  under  instructions  from  Jayasiihha. 


BOOK  I. 


The  Ms.  begins  with  ftft[:  ^ft^i^RfR  sr:  and  gives  the 
following  as  the  first  two  verses: — 


Page 
Page 

1  L.    9  The  Ms.    notices  ^«i)f^^<J«ir84rf^3^^^  as 

another  reading. 
L.  11  The  Ms.  notices  ^^RSgroraL  as  another 
reading. 

2  L.    2  »Ffi|^  ?TO  11 

T          r r-__  * 

Page 

9f 

li.   0  cijPwr 

3  Li.    1  wi  «rflPr<Tn  1 

«I^^Hc3^<"«li:^lcl  iM*«41M  ^Pdl  1 

»> 
ff 

li.    3  ^<*t4|W  ^Rl  n 
L.    5  ^  ft^^d^:  1 

99 

9> 

9t 
99 

li.  10-11    N*J*i|t**WTl  ill  ^WW«II  $\ifA\  1 

L.  12-13 ^<id^(^  ^  Prw  ^  %^  1  ^  ^wTi ^ir^r 

L.  15  The  Ms.  drops  3Rn»T  f^tw^  i 
L.  17  ^  i5N:  1 

99 

1«.  18  ^4|<b|un  I4q4|%|uji^    1  ^^    ^4««UU|RN^«blui«^^^H,  1 

99 

L.  19  SR?^  5q5iRf:  1 

122 


Page 


9> 


Page 


Page 


99 
99 
99 
99 


Page 


99 
99 

if 


Page 


99 
99 


Page 
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4L.   4  ^r^bN^ e^^J^^rrwnt^  ^?^  I 

L.    5  ftro^:  f*<^>^r«it  »fet»>^i*^i  ^  ¥Rf%  I 
L.    7  %5ra^rg^  i 

L.    8  The  Ms.  drops  tW. 

L.  11-12  ^:  5^  <mi^  ft^:  ^f^  ^f^  ^ 

5  L.     1  iT«lft55:  %5K^ 
L.    2  *R&  for  W^ 

L.   4  %5?piT  ;r  ^({^  qife«rai?r  ?mi. 

L.  10  firf%w  ftrg^ 

L.  11  ^ftrapr^RwN** 

L.  12  2r#^° d<f^<Mlui  fiijpr.., 

6  L,    1  The  Ms.  drops  ^. 

L.    3  9ro  ^  ^^n^^^hP)  I 
L.   6  9(m  ^  1^  I 

L.    7  The  Ms.  drops  ^. 

7  L.    1-2  f^TO^W  Ric|4jt<4J^'  ^  ii^  I 
L.    6  %M><d^i  gw 

L.    7  **^ft5r  I  ^iS^m — 
L.    8-14 

The  word  ^  is  corrected  into  ^  al- 
through. 

7  L.  11-12  The  Ms.  drops  ^  and  arPr. 
L.  13  ^  ^  ^TW: 

L.  16  ^  *^qft 
L.  17  ^sft  ^ 

L.  18  ^iftr:  ^  m 
L.  i9^5rftR[riJr 

8  L.    1  The  Ms.  drops  aw. 
L,    2  "tro^  frredtfcT  5rf^R[J^  I 


f 
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Page  8  L.    5^^  Haid^4lwR  ^%^>^ 
L.    8  ^  ^RRT: 
L.    9  aPT  ^T^" 
„       L.  1 1  The  Ms.  has  the  words  fteg  f^WRTt  ^fRfit 

struck  off. 

„         L.  13  ^^l<;M4<^<  ^fm& 

„        L.  20  ^T^  is  dropped. 

Page  9  L.  2  f|^  is  dropped. 

„        L.  4  =if  is  dropped. 

„        L.  5  Tf?m^  is  dropped. 

„        L.  5  ^  ^RHf^rg^ « 

„        L.  7  3W  is  dropped. 

„  L.    9  g5i\is  omitted. 

„  L.  12  cT^  is  dropped. 

„  L.  14  ^  ^3F^  I 

„  L.  18  '^  is  dropped. 

„  L.  19  Sprc^is  dropped. 

Page  10  L.  1  ^'^JBR^ai^^iMifel  i 

„  L.  2  ^  is  dropped;  J^  \¥^mHW  I 

„  L.  3  'ir  and  spf^are  dropped. 

„  L.  4  ^  is  dropped. 

„  L.  8  ?fcr  %^  is  omitted. 

„  L.  9  cW  is  dropped. 

„  L.  10  PtHW'fl^l 

„      L.  13  «nBft^nw^^TOTPn 

„        L.  IG'^a'S^l^^ii 
L.  19  ^f^  ^t{^ 

PagellL.    S^RT^for'^^ 
„        L.  10-11  ^  is  dropped,  ^q^for  ^^gir,  ^W.  and 

Page  11  L.  12  ^RT  is  omitted. 
„        L.  14  ^n^J^for  $^. 
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Page  1 1  L.  ]  5  cl^  is  dropped. 
„        L.  16-17  3m  is  dropped. 

FRi%5f^^. ^ig^m'BN® 

,,       L.  20  «r^^^  ^rS^fNr  ^4*^ ^inft^^flRfTi 

Page  12  L.  9  g^r:  is  dropped. 

L.  13  cT^  is  dropped, 

L.  1 7  ''^  is  dropped. 
„         L.  20  Tj^  is  dropped. 
„         L.  22-24  gsT:  and  xr^  are  dropped. 

Page  13  L.    1  aw  TO^^. 

,9        L.    5  ^  is  dropped.  j 

„        L.    8  4>(gMd*i  I  I 

,,        L.  10  Tj^  is  dropped.  j 

„        L.  13  Wf^  II  » 

„        L.  14^{TR^^I 

„         L.  15  ^^[T8?f  fSf.^ 

„        L.  16  \M\i{^  ^  Te{^  II 

Page  1 4  L.   2-3  aw  '^  is  dropped. 

Page  14  L.    4  ?T^  is  dropped. 
„         L.  10  aTOCT^r^55n  I 
,,         L.  21  ^T^  is  omitted. 

Page  15  L.    SspR^hn^i 

,,       L.  17  siirs^'* 

„         L.  21  ^q^for  *R[%. 

Page  16  L.    2  ^  irr^  i 

,,        L.  11  °^*<uiHL  J 

„         L.  12  cf^  is  dropped. 

„        L.  17  "Ir^t'^^tqqrqiT 

„         L.  21  ^^R^^  I 

Page  17  L.    9  °^r^%^  { 
„         L.  15-16  52i^c5wr:  I 

Page  18  L.  12  gjf:  is  dropped. 
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Page  18  L.  14  AK^Kl^^q,  i 
L.  17  PiM>lRldl" 

Page  19  L.    4  ^  is  dropped. 

„        L.    6-7  crara.  and  ^rar:  are  dropped. 
„         L.    8  ^sucT:  is  dropped. 

Page  20  L.    2-3  ^  is  dropped. 

L.    8  ^TO  is  omitted. 

L.  10-11  sw  and  n^  are  omitted. 

L.  12  (^jl^<^^i  is  omitted. 

L.  18  RHlRld° 

The  enunciation  of  Prop.  14  is  given  as  noted 
in  the  foot-page  on  p.  20  ^4s(!A^^*^>^^l  ^^' 
and  the  enunciation  in  our  text  is  noticed 
in  the  margin. 

Page  21  L.    3  ^  is  dropped. 

„         L.    5-6  n^  and  ?l^  are  omitted. 
„         L.    8  ^  is  dropped. 
L.  1 1  ffcT  is  dropped. 

L.  20-1  3Tfer  and  ^:  are  dropped,  ^jlf^f^^- 
„         L.  22  siTcT^  is  dropped. 

Page  22  L.    1  =^  is  omitted. 

L.    5  ''qT^dM^^^^^l^^ 
L.    8  and  12  cT^  is  omitted. 
L.  12  =^'is  dropped. 
L.  13  =^  is  dropped. 
„         L.  17-18  ^RT  is  omitted. 

Page  23  L.    7  ^4^<< Wi^^41^H.  for  d^lS^^'ilMHMH.  i 
L,  12  ?s^:  is  omitted. 
L.  14-15  snr^^:  «nnpgN«^Mt#T: 


9} 
9> 


9> 
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99 
99 


L.  17  ^  ^:  ^>d^<felWH^^1^i: 
„         L.  18  ^^  ^^^  for  t?s[Jj;.  ^4l^H,  is  dropped. 


>9 
9> 
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Page  23  L.  19  ^j^^n  for  %3pi[  i 
„        L.  20  ?T^  is  dropped. 

Page  24  L.    4  ^rf^  is  dropped. 
L.    5  ^5Rft  for  fei^. 

L.  10  "STO^RTt^. 

L.  11-12  =^  is  dropped.  «w^€N:  4|^<^m^d1 
L.  14-15  ^TfHfer  ^<|>g|i^^lldL 
L.  1 7  JnJhffn  is  dropped. 

„  L.  18  il*KM^^. 

Page  25  L.    1  WG^  for  %^ 
„         L.  18  fcT:  for  ^f^frrrf^:. 
„         L.  20-21  ^  is  dropped. 
L.  23-24  '^f^s%  u 

Page  26  L.    9  The  sentence  beginning  with  ^^^  is 

omitted. 
„        L.  ]  1 5p1*{rfcRi4  %!t  <lcR^^i>i>iH[  for  g^r:  sitfeKM<H  i 
„         L.  12  cT?  is  dropped. 
„         L.  13  4iR|wiR(  ^  I 

L.  15  ?!^  is  dropped. 
L.  17  Wa!c{*|yi:  ^^4^ui^4?>  I 
L.  1 8  g^:  is  dropped,  n^ar^:  ^R[«nFN^  i 
L.  19  ST^T^^Nr:  VBI^^ui^^H  ^h^ft. 
L.  20  The  Ms.  drops  from  Brg"*  to  ^(Tir^  i 
L.  24  ^trt:  is  dropped  ^^  mf^^H,  \ 
Page  27  L.  21  aHUfi^iRid^i  %^  f|?ft^    , 

Page  28  L.    4  ^r^  ^m^g^^Tl  ^° 
„         L.    5  ^  ^Tf^Rra^  I 

L.  11  ?rf|  is  omitted. 

„         L.  21  ^c^and  cf^  are  omitted. 

„        L.  24  f^  ^rf^Tcn^.  The  Ms.  notices  fwa^nroalso. 
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Page  29  L.  11-12  4>^cqft^Tli^)ifa  i 

„        L,  13  ^  is  dropped. 

„         ii.  18  5^  is  dropped. 

„         L.  20  ^i^  is   omitted,    sjfer  for  ^flragf,    jp^  is 

dropped. 
„         L.  21  cW  is  dropped. 

Page  30  L.    1  =^  and  spr^are  dropped. 
„        L.    3  3W  is  omitted. 

„       L.   4-6  ^fi^rfir  I  ^  R>^4jiMiii  i  «^3Wf^  ^nf^RR% 

„        L.  17  Tjt  is  dropped. 
„        L.  19  ^fcf  is  dropped. 

Page  31  L.  11  ^wRt  for  ^HNl 
„        L.  18  '^[t^  is  omitted. 
L.  19  srftar  is  dropped. 
L.  22  ^n^  I  ei^  fife  ft^  I 

Page  32  L.    1  ew  is  dropped. 

Ii.    7  ipra^  and  srfer  are  dropped. 
L.    8  Bfft  is  dropped. 

„       L.  10  sw  M*KW>i  ^dfi^ifcid*i  %5n^  i 

„         L.  18-19  ^U^fq^  ^  d^M4>^H>  I  ir^ft^  ^  ^  is 

dropped. 
L.  20-1  ?nEra^:  ^JWB^  t?^  ^. 
L.  22-3    tpn^,  g  and  ^  are  omitted. 

Page  33  L.    2  =^  is  dropped. 

„        L.    7  ^rara^sr^. 

L.  18  gsT:  5w»KiHi\«ii4  I 
L.  19  ^gT^o^Ji^H. 

Page  34  L.    1  «R^  ^x^^^  i  The  Ms.  also  notices  the 

reading  of  the  text. 


99 
99 


9> 


99 
99 


99 

99 


128 

Page  34  L.    2  ?i^  is  dropped. 

„        L.    4  >Tft«ri5^.  ^  is  dropped. 

„        L.    7  ^^^  snrar  is  dropped. 

„        L.    8  =^  is  dropped. 

„        L.  10  ^  BW3^i^53^  3^  ^^^  is  omitted. 
L.  lM2c!%^?!FlHI5?r: 

„        L.  13  sf^M^:  is  omitted. 

„         L.  14  ^  is  dropped. 

„         L,  19  ^8ig^:  ISJ^S^:  ^. 
Page  35  L.    7  The  Ms.  adds  ^TOTJ^J^  ftre?^  after  5^- 

„         L.  16  ^rf^:  for  ^jF^t:, 
Page  37  L.    3  ""^Ml^WttH,  i 
Page  39  L.  13-14  ^^4|cfelui^:,fe  \  fgi^<^m\{h  i 

Page  40  L.  10  =^  %^  i 

„        L.  20  ^^<^^m^. 
Page  41  L.  12  enft^^M:. 

„        L.  14  ^:  is  dropped. 

„         L.  19  cf^  is  dropped. 

„         L.  21  f%  g  is  dropped. 
Page  42  L.    6  fi^^cW^sRf. 

„        L.  8-9  ^4jcb|ui^^  ^  ^q^. 

„        L.  24  «l^^iPir:. 

In  the  figure  on  p.  42,  the  line  «ni  is 

between  q^r  and  ^fpf. 
Page  43  L.    8  55«  1W^  ^^^^Wpft  ^. 
Page  44  L.    8  ^:  is  dropped. 
„         L.  24  ;srf^  for  «wf^ 
Page  45  L.  16  ^^^dD^  t^  ^5?^  P|t*iRidi: 
Page  46  L.    4  ^THT^I^  i 

L.    6  ^^RRHg^cs^T^OT 

„        L.  19  ^R^srni^ 
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Page  48  L.  9-10  irf^rei?^^  ^ 
„  L.  17  ^rqRf:  «Rf^  ^RwiRi 
„        L.  21-22  Q[<J1^^4sll^W>^^lct'' 

Page  49  L.    8-9  ^<|>d4^<s<W 
„        L.  20  5fT#rr 

Page  50  L,  10  ^  IMMl^  i 
„        L.  19  '%TOttir: 
„        L.  25  °^  i^nfer 

Page  52  L.    1  g^:  is  dropped. 

Page  53  L.  13  The  Ms.  inserts  ^  after  ^^. 
„        L.  14  The  Ms.   drops  3Rr^€N:   ^>i|<|i?I^H   ^^- 

Page  54  L.    3  **^RT  im^^WT  "^ 

j>       L- 12  ir^^r^  ^ 

Page  55  L.    3  ^  is  dropped. 
L.  18  PlHlRid" 

„       L.  21  \  ^'^g^^  w>{^ 

„        L.  23  tf(<|[tif3|^i^^4^ 
„         L.  25  ^  ^Ri^  Tj^  W[^: 

Page  56  L.    9^ 

Page  58  L.    5  5Fft  for  ^ 

Page  59  L.  15-16  '^f^CT^is  omitted.  sr^^ctN: 
„        L.  18  «Rhft  is  dropped. 
„        L.  21  931^  9|C^  =^ 

From  p.  60  to  L.  18  p.  61  missing. 

Page  61  L.  18  5?f^is  dropped. 
„         L.  19  v^  iW^ftuilPi 

Page  62  L.    1  g^r:  M*KW>ili  i 
„        L.    2  4,^*d*>c|  ifliP^d  is  dropped. 

„        L.    4  ^  for  ^ 
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Page  62  L.    6  ^  for  3r«RT 

,,  L.  11  fJW  ^re«5T  ^TRfT  I 

„         L.  13  «Iiraf  ^. 

Page  63  L.    1  gsr:  M^KWiH,  I 
„        L.  13  ^^5^  inlift^  ^«}m\  ^ 

Page  64  L.  12  ^jirp^  is  dropped. 
Page  66  L.  10  ^H^PnnidL  ^I^jw 

Page  67  L.    3  ^:  for  ^prcT  ij^pron  { 

„         L.    9  |[^^4l^:  ^PTc^lW  for  ((^'^31^:  ^TWPl 
„        L.  20  ^  ftra[H  is  dropped. 

Page  68  L.    7  ^  is  dropped. 
„         L.  12  iHJ|ji>»i^iRd  I 

L.  14  fWW^  for  fSrftRT  ^ 
„        L.  17  ^<0<lOl^  for  ^  and  sp  ^  is  dropped. 

Page  69  L.    1  g^f^is  dropped- 

„        L,  13  %i;.is  dropped. 

„        L.  18  gsr:  5i*KW<H.  < 
Page  70  L.    7  ^:  for  wh: 
Page  71  L.    1  STOTSFBRt  'TO 
Page  73  L.    6  ;j^:  is  dropped. 

„        L.  12-13  '''Bt^:  ^Rc^fra. 
Page  74  L.    8  ^ipi^  ^^rg^  ^  ??r:  i 
Page  75  L.    1  cHPT  ^  4^thii*l^in  ^mft  g:  is  dropped. 

„        L.    6  ?5^t^  is  dropped. 

„        L.  15-16  5«a^  ^<^l^>4>lRd  I 

„        L.  17  5pr^is  omitted. 

Page  76  L.  21  ^^^  wa^  ^  W«ft  Tin  ^Rt^^Hi  m^i  i 

Page  77  L.  20  ''^^^rraL ^-»idl-^i%-^^Qia^iNid4l^i»mx^m :  i 

Page  78  L.  15  «ift«ig:  «i^?5r: 

„        L.  22  ^ERf^Tir^ft^  5i»fi^  I 

From  P.  79  to  L.  15  p.  93  wanting. 


>» 
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Page  93  L.  21  ^mfirvil^ftrlH  3|oft^  i 

Page  94  L.    2  sin^At<b<m. 
„         L.    3  ?w  is  omitted. 
„  L.    4  ^rftiRC.  ?TnF^  for  fR*?!^. 

L.  14  iid45i<H.  I 
„         L.  18-19  ^ttoN^^ts?*  FiraC  is  omitted. 

Page  95  L.    1  mi^MH,  for  ^^.     Notices  %5fH  •'^Iso. 
„        L.    8  ftHM^ 
„         L,  10  OT5^  for  ^nf^ 
„         L.  14  n^ll^^l^l 

Page  96  L.    7  mt  ^  51^ 

L,  16  ^TR^  for  ^  ^  I 

L.  23-24  ^5j*i4si^l  flrfrsft^fpn:  ^m?T:  ?cT;  <T^  =sr  ^W- 

Page  97  L.    3  The  Ms.  adds  <fcSif^>^  wif^  after  ;r  WR^:  I 
„         L.  17  wWt  5rfcRra!t  is  omitted. 

Page  98  L.    2  ^ift^  «r*ft^ 
„        L.  14  ^«A^awi^Wr4i< 
„        L.  16  ^H^^i*^ 

Page  99  L.    2  wH:  for  ^ 
L.  12  ^!^  for  4)'^^ 
L.  1 5  anr  for  ^.     ^»^Rr:  for  f%?T^  and  ^spft   for 

„        L.  23  ^t<l^*|i^l^<Ui 

Page  100  L.  10  wH  for  ^:;  arf^  ^fRfrT  I  ?B^  I  ^rf^ 
„  L.  19  ftHIW^ 

Page  101  L.    3  inft^  ^ 

L.  10  ^fRfir  for  ^rtirtar^ 

»  „    wa^^^ 

Page  102  L.  14  aw  H^4i^i4><?m, 

L.  22-23  m^  ^  for  m\^  ^ 


99 


99 


99 
99 
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Page  103  L.    1  f3r««l«n 

L.  24  gsr:  swiwX'Mlft 

14  L.    6  a|8to^  ia^«»^ 
L.  25  ^^^  fpi^'arai 

Page  105  L.    1  5re»»^  for  Iffl^ 
„  L.  20  am  i|4Jwtw»*Mi 

Page  106  L.    3  arefl^nf^: 

Page  107  L.    4  aiftw  ii^ 

Page  108   L.    2  «BPit  for  ft^ 

L.    3  ?^  irf^^m  is  noted  in  the  margin  al 

L.    7  'SIRIT  for  5(H^«^ 
L.  11  ftwuftrasw^ 
L.  18'bI^RWL 

Page  109  L.  12  3iw«WW^ 

L.  14  f|#nwR: 
L.  23  am  41«'M«*«!»H. 

Page  110  L.    5  #»Mt  for  ^m 

L.  12  g^:  sreRRTOl 

L.  15  <n^%>m^^^^^ajHl^^^i^*a»*'^  foJ*  ^i^d'^i- 
is  marginally  noted. 

Page  111  L.  12  *«*||WWW*«H. 
„  L.  21  a|5|i#fli3W  <{W»H 

Page  112  L.    7ia^«»^for%^ 

The  portion  from  n<iijM«iR»«^^  «raL 

P.  112  to  qi^  tm"  L.  11  P.  127  is  wa 

in  the  Ms. 
Page  127  L.  16  am  (i^^«*«Mi 
Page  128  L.  21  am  4<n*i«%«Mi 
Page  129  L.  17  gsr:  srew^Wl. 
Page  130  L.  12-13  ^mv^  n^" 


99 


99 


99 


39 


9J 
97 


s  133 

Page  131   L.    1  sm  M^4j^n>oMj[^ 
Page  133   L.    1  <i<ti4<<^ti><!^H. 

L,    9  °52iRrrl  f<^ 
L.  10  3w  wq^i^i^Kim^ 
L.  18  3ro  ^^t*i«^><Aii 

Page  134  L.  17  anwT  ^fil^tl^i 
Page  135  L.  11  f5|«Bnpr: 

li.  23  3J«nR[^ra^«n^ 

L,  25  4^(n^(4KAi^<4dL 
Page  136  L.  13  gir:  wkm<H^ 

Page  137  L.    3  ^ros^  for  ^^ 
Page  138  L.    2  ??a*RTOiNf° 

L.  12  '^RTT  ^g'TTOq; 

L.  13  aro  ^Rt^^ir^RR^ 

Page  139  L.  23  ^f^  sm^ 

Page  141  L.    2  »4^iWHiftti4j|^  is  omitted. 

L.    4  tnftiftqHlcf  is  adopted  and  ^  w  ^»r^ 
is  struck  off. 

Page  142  L.    3  ar^r  MH^t^t^i^cm, 

L.  19  afSjiT  ^PpftsTRf 

L.  21  am  it9^  WS^ 
Page  143  L.  13  ^rth:  is  omitted. 

Page  144  L.    2  **<ihrfrRnB3Tf5r 
„  L.    3  ?T5r  5iiWTO5c5  ft^ui^  for  rT^  5r«R  qf^^fmt 

„  L.  6-7  from  ^rft  f?5jn?F*  to  ""^  5fT^  omitted. 

The  Ms.  has  in  the  margin  (  on  p.    89   of 
the  Ms.  )  SRPIW  ^^W44[NWI4^^<^K  ?fcr  W%  I 

Page  144  L.  20  'fJ|«?ftfWIT  ^ 


99 
99 
5> 


J9 
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Page  145  L.  11  si^TOwmg^r'^ 
„  L.  12-13  ?fprtft^ 

99 


L.  17  ^m  wifmm  f^^r^^^^S^rftr:  hi 

L.  20  aw  =^  for  gsr: 

L.  21  "^cft'pWt  fSwftr: 
Several   Arabic   terms  are   used   on    the 
margin  on  pages  89  and  90  of  the  Ms.   They 
are  as  follows : — 

(  The  copyist  seems  to  refer  the  reader  to 
L.  11  of  the  Ms.  in  which  the  term  P|H4«4|(h- 
««Tf^  occurs. ), 

crtSr^l^wRl  ^  \  (  referring  to  ^NSr^qftr:  L.  1 3  ), 

^t^[;)<(^Rl  ^%  (referring  to  3<it1<Rl^4*lHw<fti: 
L.  16  ), 

p?RT  ^  (  referring  to  L.  1  i.  c  to  def.  5  ^ 
<lftWd^^  &c. ) 

(  P.  90  a^f^4>ft«^Ri  ^  referring  to  ^rttot- 
fJwm  L.  5  P.  90.), 

(  P.  90  )  4^Mtd^^ftiH^I^> 
Page  146  L.    1  OTS^for  %^ 

L.    3  ^ifO*  'T^  ^S^ 

L.  16  Qi^^^4>tH 
L.  18  ci5f^  '^rg^sRm 

Page  147   L.  11  <i^^«*rt*i 
„  L.  14  g!n:^is  omitted. 

„  L.  25  H^''  is  omitted  in  3I3^^S«*<i"l. 

Page  148   L.    4  ^<4^<<|^m>fi|^*i 

L.    5  ^#?f^^ 


99 

5> 


135 


9? 
» 

» 


rage  i4b  u.  lo  m  ^dww  ^^iR  m\^ 

„  L.  21  ?T5r  is  omitted. 

Page  149  L.    1  qwiRra^ 

L.    2  cPT  SRTOB^w^  is  omitted. 

L.    3  ir^  is  omitted. 

L.    5  !P3fi|^ 

L.  10  ^^^RR^is  omitted. 

L.  11  cT^  is  omitted. 

L.  15  N^^I4l«Mj^. 

L.  17  dfa^j^^Wi^ti^ 

Page  150  L.  14  ^H^^l^fc^ 

»  L.  17  ftwrftrs^  ^^d  inserts   on  the  margin 

Page  151   L.  10  g^r:  is  omitted. 

Page  152  L.    3-4  apRpn^^irf^  ^tff^  ^TRTT  JTOH:  I  aw  TO5  n^j 

,,  L.  12  arfer  for  ^trt^ 

^,  L,  20  5PrTO^s55n. 

Page  153  L.    9  ^4*lciii^ii>i)itin  for  a^Jlf^^^niHtiffl: 

„  L.  10  <[^(*i<^i^>cUi 

,^  L.  14  jpSr  is  omitted. 

„  L.  24  arfer  for  ^r^reL 

Page  154  L.    3  ^WfFira:. 

„  L.  11  sH^i>K^i^i^cSHL 

Page  155   L.    4  qr  after  arf^  is  omitted. 

L.    6  ^  ^  v^: 

L.    8^R5^for^^ 

L.     9  ^RT  is  omitted. 

L.  21  irf^  for  qjf^qcTT: 
Page  156   L.    6  ^Rimd:  for  ^: 

L.  11  ^f%5Rf^55H 


>9 
9> 
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Page  156  L.  16  tot  for  <f^mfeT 

„  L.  17  ^TRTT  is  omitted. 

Page  157  L.    7  ^ro^nfor  $N^ 

„  L.  19-20  ^5|l||U||^nt%|f^  spRTPirw  fSj^'Tftffenwf 

Page  158   L.    1-2  ^  s;^  %gc 

L.    7  ^^^xtf^  for  |hn^ 

L.  17-18  H€|W|tJ|^«W|MNl: 

L.  23  ^hnn^fv^ 
Page  159  L.  24  ^H^^i^i^^H 
Page  160  L.    2  "^^^r^  ft^rf^^ 

„  L.  20  iW<l^^3W|Mi 

Pago  161   L.  1 4  Before  gjf:  vniFr''  the  Ms.  inserts  TOU^ 

L.  17  ^RBtJUfor  #^ 

L.  20  Awi^^^fci  Ttn 

Page  162  L.    1-2  ''^ywiuHnMi>Mftnj^»iii  jRj^qcn  i 
„  L,  17  OTSSflL  for  #^ 

Page  163  L.   2  ii^gitera: 

L.  3  iT^r  is  omitted. 
L.  7  ^T^  is  omitted. 
L.    8  spr:  Sj^KI'^i*! 

.  lo  ^4^4I^I^IWH. 
L.  14  ^TO5nfor%^ 
Page  163  L.  15-17  ?nr  is  omitted. 

L.  17  sunrroft  ^iRswimK«^swiui 
L.  18  ''ftspn'iiRRnRPRf^  ^m, 

L,  21  cnr  is  omitted. 
Page  164  L.    7-8  ^  H^fsWTf^  ft^Rrf^Rhnn'Nf  (ffft^lftf- 
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Page  164  L.  11  5q2>  ^^JRis  omitted. 

>9 

L.  12  ft^TTORRRI^ 

yy 

L.  15  |[SHi|v)«i  ^^rm^Nf^'' 

y> 

L.  20-21  ^^[^^n^insfii^  for  ^ftpnrr* 

yy 

L.  22  ^pwn  for  $«TOC 

Page  165 

L.    8  %5«r  131° 

yy 

L-   8-9  ^^  %^  ^rwrn*" 

yy 

L.  15  ^^kfi^  for  %^ 

Page  166 

L.    4  f|[%«^r9RTr  vmr* 

^^ 

L.  14  "^^^TOOT 

Page  167 

L.  10  ^r^55^for  %^ 

yy 

L.  13  ^  is  omitted. 

Page  168 

L.  16  ^PFSi(  for  ^hni 

Page  169 

L.  17  ^J'B^for  %^ 

Page  170 

L.    5  5^  s<WL  1 

yy 

L.  14  ^^^^  is  omitted. 

Page  171 

L.    1  tomr: 

yy 

L.    2  3W  for  ^;  ^PFsr^  for  $?rr% 

» 

L.    3  tw  5nnRW555n  for  tnr  ^ift^rm 

yy 

L.  18  I^v4|^<[^  ^fiif  |fc^§ri9Fr 

On  the  margin  P.  107  the  Ms.  has  5T«|ini?l 

yy 

L.  20  5WFirTO«5H 

yy 

L.  21  5W^:  for  ^j^fPRf: 

yy 

L.  22  c!7  for  cRt 

y> 

L.  23  ^  for  ^ 

Page  172  L.  20  jp:  SPBRRT^ 

Page  173  L.    3  jpqif5«iT«ii 

» 

L.    8  f^^cfN^ra»^ 

Page  174 

T              1      Q***        ^                  »^ 

1 
< 

y> 

L.  22  (1^^^i<IkAH. 

\ 
1 

Page  175 

L.    4  *f^mT  for  f^ir 

1 

9> 

L.    4-7  The  portion  from  gsT^Bi^  H^>a^^W 

! 
< 

i 

9> 


}> 


» 
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to  ^reJhnRr:,  with  ?t^  (L.  5  )  omitted, 
is  found  in  the  Ms.  after  "^^X^  ^ri^ 
^T^^RT:  (L.  11  ). 
Page  175  L.  11  cP[r  is  dropped. 

„  L.  12  ?r^  and  ^  are  dropped. 

Page  176   L.  11  ^rtTcn^ 
L.  13  'ft^jqr^ 
L.  19  ^ij^^f^BH 

L.  24  gsr^  before  ^w«r^°  is  omitted. 

Page  177  L.    2  ^B^^n^  for  ^Krr^m 

„       „  L.  25  cT^  for  ?!t^ 

Page  178  L.    1  m<4|^i<i>^ 

„       „  L.  15  giT:il*KW<H^ 

Page  179  L.    IfRl^S^^rfl^ 

„       „  L.    5  ^RBtJH  for  %5ra[, 

„       „  L.  21  fl^'rW: 

Page  180  L.    4  tiH^^l^^^ 
„       „     L.  25  «j^^f^  ^rj* 

Page  181  L.  14  ^rro^for  %^ 
„       „     L.  18-19  ft«FrftRT: 

Page  182  L.    7  ^^|tW><A|ft<; 
L.    9  RiqK9«it.  for  %^ 

L.  15-16  snsihwfn:  i  ^gicNn  ^3i^  ^  ^i^t^  i 

BR[aFFN:  ^R^pWt  ^f^ft  I  after  ^(^t^ft 

L.  17  dwn^  ^^n8?n?^ 

Page  183  L.  10  3fWe««F«5ff^ 

L.  14  <t^i4<^t4b<Aii^ 
L.  18  2«P|^^q?pft 

Page  184  L.  11  ^TOSufor  %^ 

Page  185  L.    8  ^r^^  for  %^ 
,.       „     L.  13  f^:  is  omitted. 


»  » 


99  >» 


99  99 


M  99 

99  99 
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Page  185  L.  15-16  ^^N«  f^  ^sftcqfiT  i 
Page  186  L.    9  5|||« 

L.  12  Ji^ 
Page  187  L.    1  «Nt<niftT: 

L.    5  ^n^  for  ^hn^ 

Page  188  L.    1  ^PB^sufor  #^ 
„       „     L,  18  *Hn 

„      „     L.  24  «;r*  for  «T«t 
Page  189  L.    1  The  MS.  inserts  ftfg^rapr  ^RR  T  ^ffPMrft 

after  «^|R|<£|  5(tPI«^. 

„      „  L.  16  after  ^rfilN^  the  MS.  inserts  j^T^l^^rRiT 

Page  190  L.  23  il^^sinJia^^Fi   ^fffitRift 
Page  191   L.    1  ^i^b^  for  %5ra^ 
„      „    L.    2-3  **t*Br3'3cg^Fr 

Page  192  L.    9  The  Ms  inserts  hhh\^   before  w(^ 

which  begins  the  line, 

„      „     L.  10  5fwRr  for  ^ffft^fft 

The  MS.  has  on  the  margin  on  p.  121 
dealing  with  prop.  18  and  19  Book 
VI.    wi^  sw??%^    cfpN^r    ft^lN%9r 

Page  193  L,  12  d^$^4l4<d^  ^nn?IW  ^ffft^iifi^ 


140 


99 


» 


99 


99 


99 


99 


>» 


»> 


L.    4  fiV^^M^^Ij    (  These 
angles  in  the  MS. ). 
L.    6  ^wisubK^^ 

L.  15  *<l$5|^^$^Rw<ftf'' 

L.  21-22 


Page  195  L.  18  ?ic^i*j^ 

Page  196  L.    4  ^^?^^  u 

Page  197  L.  11 

Page  198  L.  17  ^  Bwft^THT:  ^R«tq5f' 

17-18  %^#iij  ^B^p^wfer  era:  TOT  ^  ^m 

The  figure  for  Prop.  28  in  the  MS.  is  as  under  :- 

J?r     rT       ^       ^ 


Page  199  L.    3-4  ^iT^^  <I«I3^  S«If  ^;r<ii^  1 11^  ;SI^  ^^ 

L.    8  9111^  for  ^R^ 

L.    9  5ir^  for  ^n^WsNf 
•  10  f[C|^vctw  tor  «||[^4(|v«1mR 

M  «  «nfi[#r°  for  5^rli[?N'' 

«rar^forf^I^ 

Page  199  L.  18  f!^ft«l^  a^t  I 
Page  200  L.  1  °^r*  vn  *n& 

Page  201  L.  4  a'<4*)'Hq^''ti 


141 

Page  201  L.    6  ^  before  ^  is  dropped. 

„       „     L.    9  ^RT^  ^TRm 

„      „    L.  11  wlt^^T^^^ 

„       „     L.  18  4t^  ^^ 
Page  202  L.  14  ^RHRlfcT: 

Page  203  L.  4-5  ^rRf#ng?i355itsfeT  i 


Page  205  L.    4  ^nRT^r^^pJt^^ 

L.  11-12  ^cfcluid^mftwjRiaHliF)  «ift«!lcr 
L.  21  ^fiwra^t  ^ 

Page  206  L.    2  ^<t*i^Mf^^H> 

L.    8  ^RHH^  is  omitted. 


9>  >f 


1^ 


i 


Page. 


line. 


5 

4 

17 

11 

21 

25 

27 

12 

30 

17 

31 

14 

69 

16 

70 

15 

72 

6 

75 

5 

76 

22 

104 

23 

106 

7 

108 

17 

>> 

21 

109 

3 

111 

3 

)9 

16 

117 

4 

>> 

6 

122 

10 

124 

8 

128 

22 

133 

17 

138 

9 

139 

5 

140 

20 

148 

13-14 

KKRATA. 

: 

Incorrect. 

Correct. 

%^FnT 

;t%?8Pit 

5R^ 

Tc'IT 

^^EtecR  cRT 

fflSdW^I 

^^Rf 

•             c 

jfsrspisPT 

g^A'^^*^ 

#HI^ 

#3^ 

«!, 

m^^ 

iMM\^^ 

^^ 

«W^'' 

3W^ 

After  wh    insert  ^nqr 

3|Hf?!W 

Wlf^^ 

^rn^r 

^W^'jft 

BW 

8R 

^nwWSt 

^w*t"tr 

3W 

31^ 

3TO 

srt 

3TO 

3T^ 

WPt' 

3H^'' 

BRPt'' 

apT^I*" 

5«^5|H 

H«<|8lH 

^IR^ 

^11^ 

5TOT 

Q 

t^MWI 

^Wwnm 

i|4|*l«M«* 

WBWt 

WBW 

ww"* 

^1^** 

144 

Name  the  line  not  named  ^. 

for  n^^^l^i  read  mn^^TFlt 

184  The  line  n  should  be  equal  to  ^. 

187  13  read  the  line  «T^. 

189  12  m  av 

196  10  W^"  9^^ 

199  11  *?P»itg?rt  ''wlMJc^iii 

204         7       'iwwr'  '^Wfar'* 


148 

23 

154 

16 

155 

24 

157 

10 

163 

21 

171 

22 

175 

14 

177 

2 

181 

5 

s* 
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INTRODUCTION. 


After  the  publication  of  the  first  volume  and  a  major  portion 
of  the  second  volume  I  received  a  Ma  of  the  work  in  charge 
of  the  Anandfis'rama  Library  of  Poena  through  my  friend, 
Prof.  S'rtdhara  R.  Bhand&rakar,  M.  A.  It  is  found  to  coincide 
mostly  with  D.  Its  Varcs  Lectionea  are  given  in  Appendix  II. 
The  various  readings  of  V.  in  Books  VII,  VIII.  and  IX.  are 
given  in  Appendix  I.  and  those  of  the  remaining  books  in  foot- 
note& 

I  had  a  mind  to  give  a  rendering  of  this  volume  into  English 
in  my  English  notes  for  the  benefit  of  those  readers  who  do  not 
know  Sanskrit  But  as  the  idea  did  not  meet  with  the  ap- 
proval of  one  of  the  Superintendents  of  the  Series,  who  was 
consulted  on  the  point,  it  was  given  up.  The  notes  are  conse- 
quently very  brief,  containing  mostly  as  they  do,  English 
equivalents  of  technical  Sanskrit  terms. 

R&ipur,  \ 

Ahmedabad,      \  K.  P.  TRIVEDI. 

SSth  March  1903,  [ 
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^  ^r:  ^'ni:  ^  fl'RnT:  f^^WI  ?5f^«r:  sn«i^  ^  ?prf^- 
^^:  I 

1 717  9isi°  K.  ^  Omitted  in  K. 
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^^^Rftf^wf^l  gpsm  ^<N<itii<!d>iii  *T^psqf%  ^r^ 


^  Wjw  iw  *iq?rerar  &c.  K. 


^iW^^^n^in?  II 

dRl"iftl^*l  *l(«l^d{  I 

if^«i%l 

3R5tq^:  I 

?nfe  I  ?ren^.^  i#  fi^  ^  i?^  ar ....  ^ ..  ii 
^  <in4^  ^RmRt  I  crenel.  ^hh^IPI-  ^r ..........  ^ 


«r  ..     3r 


•  ••• 


«ni  ^'flK^  %^  II  ^?  II 


*l«tll«l*4(^<:l*IHI  'I^f^  i 

^tlft*4R«$i<ti<i  *iRwtR  I  5  .... 

■  ■  -  I    ■    II    • 


(^mRi^^i  «fcRM^i  I  ^^mt  gr^f^^-  , 


'TWC  ^  IJLHNI^  TR5Tt  W*Wt  *<na    dN&K 

?W  ^  ^:?K  »ft^<Ri  I 

5R 'srt  f^  f^:^  ^^  I  mM\'  „  -  -  , 

3wtq^:  I 

ffR^iraf^  ii^^rf^  riRfnr  3nni«>  ^?nPJr 


srnnr:  sr^  «iPiwR(IhR  ^Rqii^^ir  mnn:  ^fpit:  i 

^  f^  Pt:^  ^Rwift  I  f^«irern»ft¥»^  II 

3W  ^<t  ^?i^  II  ?^  11 


»RMriH>  I  ^  ^^  P^Rrg«!nTfe  I 

^  !?W|»  K.  ^  ^  K.     . . 


^  #  ^:^  tWr   ^^  'WT  3f    ^ 


sr 


•••••• 


i^^^^imsiT  Pr:?^  ^Rtf^ 'n^  ^1  ?t  f^-tl^  ^^  I 

^?(  f|  »?^  9T  ?nTO  f^:iN  ^ft^  2TR5R 

^  *R«<Ri  5!irag[(t  ^  i  ^'^  ^^  I  3T  ".V. . 

3wm^  ^^  II 16  II 

1  ^wK. 


awtn^:  I 

mi^  ^  ^^T«rt  3Nr  «rra:  ^  t  ^^- 1  ^  ..7 .  * 

«if^  I  S^R^  ^  t  <^3f^  ^  1^  ^fraj  ^-  %.. 

^:  I  ^m\  ^i^[^mR)JnFitMRi^-  « 

TRT  ^Rwifcl    I  ^<|P|tH(^sj^(;^^4[^. 

"  ■  ■  —  .III.       — — — » 


«r? 


?rf%l^  ^rf^psq^:  I  ^y^  ar^^l^^  (^mxll  rj|«<|^  1>RMdt  I 

f^Tg??^  I  twmt  ^1^  3R^^  »<Rwi(d  ( ?j^  ^  ^- 

t5«9fRSftlwi^  qr  ^T1^  I  ?r^  ^SfT  f^  ^l^f^  I 

^wr  «nft  556^  t?^?!!  f^«T^  ^flq^  1 1?^  f^  «i^- 

«JRr:  I 

sf  ^:^  'Rt^    cR«lw5 1  *RHd^   I  31^^  # 

ifRSit  f^:i^  ^Rtf^  ?R^  t  *(«MdH,i  ?ren?c  ^ 


«T 


^ 


f — 


1      • •  •     ta 

^ 


anr  ^<4^PSn«fridM  %^  II  ^?  II 

'HIT  3iA  |t  Pwi^  *(«M^  I  ^  <j#nit  ^niT  3r  f^:- 
ft^«Rr:  I  ? 


•  •  •  •  • 


^d%l?ren^ 5t  ^  f^'^  ^W^  I  i  w^  ^'^  ^(WcTi 

4^i<?4mR&  ^FfHt^  II 

Bftr  *«i^l^^iRid4l  %^  II  ^v  II 

^^<litl(^v*i  'I^  I 


^••« 


frit  ^  ng^  f%:^  <i>RMkftft  iJ^g;  u  „ 
'ift  3[ra!fWF«Tr«ni?5PKn  jr^  5w  ^iwh 


^:  I  ^r^^t^^  ff^:  I  aw^ prr-  ?.'.'....  ..*i.. ... 

few  ift«!fir  I  |<n^i%R<gH.  t) 

*     ^  •  • 

If 

1  f^t'lT*  K. 


^  ^  3<N»nj<imM^^4  *Rw<f^  I  crw?i  3r^3rft  Pi^ 

3SI:  IWRFR^  II 

gryrfi  ^  to  ^t  ^blmm^^l^  l^iwg^  ^q|^>^  Ruft  »ift- 
«^:  I  AiMM*K  II 


^^'^^Ik^mA  ^1^  II  ^^  II 

'ipini  jwnifr  rj^r  *iiio  i 


r.        .      ^  '^•••♦ 


fil'm^  I  g^ntt 'Sin  3iirf^  ^:t^  *Rwi(^  i  #i^  n 

BW  ^WWl  ^N^  II  ?o  II 


'*i'^*(^«Ti*l  %^  II  M  n 

'I'nt  'I'nni^  f^x^  t  ^fit  ^^tri^  jrfn?T^ 
fint  ^w^  I 


W  •  •  4  «• 


1  ?iMD. 


^  5Wf^  fw  1<sHsI<t|4^  MR^I^M:  4>nU<tbW* 
«nT  ^r^RTTUt  %?I^  II  ?^  II 

iwn^  1!^  MMif;  Rj?w  *<uci  ?(^  innn^- 
8rCTt«rd%:i 

^  ^  ^  f¥.^  fi^  d4l4HRi  !^fHN'^l  ^  ft^ 
T  liflfit  ?W  ^nft  Mt  f^  ^d^^Rf:    I 

3*1^  «r  #  ^^  ^%*  »<ltf>Ri  ^i^qg^  I  ?.'.'.' 

«l<  f^:%^  «i»RmRl  I  ^<<^«n<tii»fi84^ I 

3W  ^'iftraTnl  $^ii  M  H 

^Mlf  (^^M^1  <j>^«tMIJitMI^W  fi«<l^rHdMRtf  I 

^S^NWR^    'If^  ^  ^^i  I  JsiR^   ^5q5W  ^ 
3f  139?  f^:^  *ft%  #  1159?  f^:^  S>^  ^  ^  ^35^  ^:^ 

f?tRr  I  ?wn^t^'f^'^5ii^R«n^wi^?5s^ir»ifNf^l 


^^"R^  ?w ?nj# TOT  ^^wff ?i- 

^ir  iift«i^  I  ^  3r  vi  ^  ^  ^  n^  T ...V.T. . 


51^  4l*^l*^|;i*^i  '^  9^1^  Pli(lw  fffif  ff^' 

Wl*  «R?ref^  #  iliiC^ld  *|4^|  y^l  NWb*  iri^  'rf^'^  I 

«w^r?^:  I 
l^:^*ft«ra:|gwTg[.3rpratit'i^wif^l  il. 

1  ^;^  E,     ^  P.  inserts  cT^. 


^«**««« 


%•*••• 


^» 


'ff^^'lfil  4  3nft  ^:^  5^*  I 

II3W  1%:%^  ^fl^  #  '^  ^r^?*?  f^:%^  ^- 

ftfir  I  ?!WRt  ^wrrat  i  «!^«ifii  i  ^rrt-  ^  ..".V.- 
•rt^^RRT  'itWcT  I  fltRmRl^*<MI   3IT-  J' 


'••• 


«w  "wPwrnt  %?i^  II  ^^  II 
mwf  i»Mf  ^?^yNd^><<iit  fir;^w?ft<»ri^  I 

^R«I^I 

1  K.  omits  SRT  in  eRHf . 


«i#tqqf%:  sRJl^  I ?rt^  ^  ^  «iwf^    3T... 
t^  ^R«ni:  I  ^sm^  t  ^5ft  ^:^  ^-   ^.'.'.V.V 

«rf%  I  ^  fltK(^**iRd  I  ^^T^^  I         ' 

«rf^  ^ITft  ^  fH'^  T  ^^    g^  JiH^Mtl  Pl"^l<4'1141 
4  ^ll[|  ^:%W  f^:  I  ^Sf :  ^  ^5^:  I  3W  ^s^^ffsfRT:  I 


^ 


^  •  •  • 


»m  35^  wffh  g^  irrit  ?5f :  ^flq^r:  i   ?. 

"^^  3R^  f^:%^  flf%  <Riira:  3r^nft  ^ 

^rat  *Rf^  I 

'I^IT  3f  iOft  f^:^  ^ft^  I   'TRSrt    TO^  ^   ^^ 

^tiiKf^^i-ti*i  %^  II  ^^  II 

s>R^if^  I 
iwi  3r«rf^  ^^sfe   I  ^  ^^  «^ 


^<nH^t«iR^i-<i*<  %^  II  ?^  II 

?Rr  ifT  <if«rfs^j  MM*^  ^rrc'Bt  ^req^  (^"miv 

^:i»^  *Rw(PtI  I  SRITWlt  #  ^»^-    ',  t   f — 


%  «l>R4di^l  ^^  I  ''' 

«l#q^:  I 

1^   <AMt\  1  'R^  ?r^  ^  5S5^:  ^f|q?r:  I   *f«Mdl 

'?5T  f%:^  *RM<Pd  I  35^  5n?t  ^^    I    ^^Ta^W^  I 
gWI^^  '^^Tf:  I  ?^S9lT^f»re^  li  \^  II 

ii^^(^«ii(ii  ^yi^iPid  ?f^  y+tuiw^lwM^nr- 


f^fr^I^  5^^: 


«r--- 


I  3f  fRf^^l 


^C^fSn^  ^  ^Tt^TfT 


^scfir^p^i^i 


^:  I  S'tW:  W^:  I  "fi^  '^  ^^l«fT   ^  I    :^- 

^T^  *R4dlft  I 

«W^rrf%:  I 


^wrmiRM^  ^^ofrF^rra^^  f5c^  Pr#r  qf^  I 
Wira^  ^  ii^Rr:  I  'It  «w«i^^i<)ti  "^^^w?^  'i^ 

dHWI«l»^  W  "R^TJ  II 

^nr  ^^  $^  II  }  II 

'WT  ^«<^^i  ^e^fWc^K  ^.<l>(^w^^  «Fflq?rr:  i  ?w 
«nr^p!|^  *ra?f:  I 

«r^Tqqm:  i  5,  ^.  „,  ^. 

?wn^  ai^^^g^Tr  *iRwiPci  1 5J^  fw  ^:  I  3T^r^ 

Mt  *lRw|d:  I  4<0l4l^l<h(H(lH.  II 

n  ^  %  K.  ^  K.  1^  («^  I  or  t?<wt.  ?)    )  »?fi»«ra:  K. 


"WT  ^  ^  ^:^  ^d%  I  s^i^:  35ff  g?n^  ?nir  ^  i^^ 

3?^  ^  ^^  3^  f5r:%^  fw:    I   ^  5Rft  p* 
^1^  TO"  3^  f^:^  ^-    T,  <.  ^,  1H. 

^  ^!f^«ra: |3F^  JT^f^or  ^  q»^  ^:^  fW:  I  ^ 
^J^  f%:^  f^:  I  rlWcJ^  ^ifl  ^  ^:^  *Rw<d:  I  ?[ 
555^  ^  ^:^   ^f^^:  I  ?RRI^  *  ^:^    ^R^(^  I 


«niT  qajIT  ^51^  II  «<  II 

mft  fli[?N  ft:#r  5T  «^  ^^  ^5^1^5^  ^;^ 

A  •.         51,  ^f.  q,  \.  n,  ^• 

1  ^zi'BlWF^  K. 


f5t:^fct  g^^'rf^  f5r;^rwfin 

^nire*^  %?n^  li  ^  ll 

«n*  ^p^  I  «nRt^  ^  «T,  ^.  ^.  V.  ^,  <. ,,  1^. 

es <       ^      ^  ^  \'  *•*  S«  ""i  l^«W,  ^w. 


^  "qwnn  K.  ^  gftwtft  K. 


3ro  5i«nt  %5n^  II  ^  11 
'ft  ^  f'wn^  d<n^^<<<ii  ^H*al5fr  ^^'q^ 

^•It^MMl^^RI'^  I  tl^l^Mf  R'.-  f,  \.  ir,  X. 

3f^^^%3I^II  ^o  II 

M^i^iPd  ?r^  ?Rhf^«%sf^  dNH  'OTpr  ^^f^- 


w4f  I 'R#  ^  % 'fWfir  I  g?HRt  ara^WF '5^i^r««i^ '^f^^ 


1  twrK. 


3W  5RC?t  %^  II  ^x  II 

T^iT  3nf^  ^  ^flq^  i^'^S^^flq^  I  ^j^T«rt 

3RW^  ^dPl*4^  ^^f^Rrnsri^  »<Rw|pd  I  3r#|wrf%- 

3W  3Rt^  ^srn  II  u  II 

BT    ^.  T    V,  31    <. 

?fl«raT:  1 21^  3f  iR  goqlr   ,,  y.  5j,  c.  i,  ns.  ir,  J^. V,  s*. 


rtMn 


1  ^9l*^D. 


^wr  ^ig^  ^?nj;  ii  ^v  ii 

?RT  ^j  t  ^'^  *R«i(^  I 

^  5^?^  1^  HW^  I  ^n^  >5i^(^«iRi4«!*ii  5iRn:  I  grwt- 
i  fH'^  v^  «Rr  sr:  t  ^'^  »RmK>  i  ^?n^  ar:  ^ 

^:^  *R'^Rt  I 

g^^r:^5r  *Rw«(d  i  ^lir^sami  f^t^T  ^df^ 
w  ?(^  ^sj^mf^  ^'<^  1  *Rw<{ci  II 

3W  75^  %?nj^  II  ^^  II 


t  f^:^  'Rt^  I  g'OTcl.^J  ?Rf^  f^:^  %d^  I  m  ^ 
I^^^HH  ^:tN[  51  *Rw(Rl  II 


%^ 


l*lfW 


^3^  ^fl"  mri^    I  vif^Pl''4Ri- 


9ft««T^  K.    X  ?WT  ^^ 


^goft'TfRT^^fyr^^i^ 


l^'IT  «n^  I 

^niT  31%  ?rai^  ^JT^  ^^  I  31^  51^^:  ^flir^ 

^(iPi*4Ri^cii;»«iRi^^i(^  I  '''  ^''  ^4  \';^,'  nX^v!' 

t^fiw<(^^<Hjimfei  I  ^  ^-      ^'  ^-  ^»  ^  t,  H. 


35«nfe  I  >j|tl(^W4RlM«i4<!^l  «I^«I^  I  ^<0>«ll4H(«|i(*Hm  II 

W^  5^  eft  51^  ^^3ll^^Mld4»^  w^«2Rr:  I 


'^«IlHf%flQld*i  %5I^  II  ?^  II 

«rf%«^j  I 

^W^  «RI^  a^  3T^  ^'»lltfl^N«IH><iM|l  ^il^«ra:  I 

SRi^n^:  I 

fW  3^  ^  ^fl^  I  ^W  ?r,  ^y.  H,  v»^. 

jrft  JrJ"  ^#rat   I   ^m?i      ''  ^-  '^»  ^-  ^'  ^• 

»li^«l^  I  t»Pl'»<i^^**Hli^  «rf^«»fit  I  f?W^  ar^^^wRfT- 

^  I  ?wngL  pw^  arsp?  55«r  ^:^  *RwiRl  i  *W  ^r- 

in^iRWf  «M  a««T  ^'^  *Rwil^  I  ^dlw  w  «aw 


1 


«f«r  fl^rtot  %^  II  ^o  II 

«m:  I  3^:  ^  snp:  ^R^:  I  ?r         ?,  V.  5,  ^.  ir,  v 

'THT  ifl«i^  I  ^  ^rar^  ^:  I  <i^M  3ra  f^-^ 
*Rw<(fl  I  ^remt^  ^  f^'^'J  *ft«i^  I  S^i:  «F  ^  cWT  fir:- 

^  ^?«irfts^  '^^^^fff  >i«ii^d^  'i^  xpnnif- 

y  ^flt^^9MV(  K. 


^  ^'^  ^d%  g^  ^3^  5^3^  f^-^  *Rw<(<i  I   3^: 

WT  JCtHrT^^  ^^  11  W  II 

awtn^:  I 

ift«rf%  I  '^  ^siT  ic^Pt^?^  q^-  '''  ^^  ,^'^  ^^^ 

»I^«l^  I  4^<^^I^RK<i  II 


9W  M3f(«f^ftd*l  ^^  II  ^^  II 

'n^  &4lJH4^Rf«<^1  ^crer^  m^  ^rrN- 

3R^f%:  ^5RRr^  ^Jhs^  |q:  ||       '^'  *•   '»  ^*- 
^  »T^t«RT:  K. 


8\ 


«rT  iiaftJuRid*i  %^  11  ^v9  II 


^Rrr^fw  H«i<iw1 


f|ROT«R^^ 


H^I^mx^i  HHRT  *rf^«#  I  <<{5)m<^i*P^KH,  II  ^«  II 


^8 


5T<n^ 


in4f  I  «R?y  ^  %  i«fe  I  g^n^  3Rr^iT '?^»^^ '»(^«^  I 
*iwrf^  5n?nii35i4^  ^3f^ 'c^  ?WiHt  ?wi5|w  f^«R^ 


'JRRCi  jJif  ^i^^f^r^  ^#5rm  ^|!^r«RT  nfl^«Rn^  I 

^  cfirr  K. 


A^MH-ift*}^  ^H:^  ?rf^  ^WF  'I^  'TOT  ^jniT- 

?i^"?m:  I  'tR  3T  %'T  3"^^    ^,  V.  55,  '<•  f,  ^ V »?,  J^.  «r,  ^v. 


(hi«^Ri^*<i«»  'rfW^  I  crenel  ^'ft  sr^^rwra^  t^^  i 


i^K  ■■   I   II  1    >■■ 


1  f5JT«^D. 


3W  ^g^  %^ni  II  ?v  II 

?RT  ^J  ^  f^:^  *Rw|f^  I 

^<4^MmR|:   I 

^:tN  *RwiRt  I 

g^^:^5I  *Rwj(d    I   ^J^^sanf   ^:^5r   'P^ 

w  ?r9T  ^sj^mf^  ^:$l^  T  *RwiR[  II 

^PT  73^  %?nj^  II  ^\  II 


#  f%:^  ^^  I  g^TRC^J  ?nrf^  f^:^  ^Rt^  I  ^t  ^ 

«reii^  ^w  ^  ^  ^  ^:fN     '' !; '!; ':"'  ^  ^  * 

51  *feRM((cl  I  ^<^«feltl^^lt  ^:^  1  ?Rrt^    ?r^  rl^    «Rt 

3nr  ft^  %5rii^  II  !^  ll 


*RwiCl 


'WT  31%  95n^  ^^  ^^  I  3|g3|i  gj^^J    ^^- 

^*Pl*4Ri^^P»«iRia'!^iRsi  I   '^'  ^ *'  Ij, V.  q,*  i\^X''i»!" 
f^RT  ^g?q?r^  11^  ^pira  ^-       '^*''  '  ' 

5?"l?l^  I  ?Wn^  ^  «^l^4t  md4>^lft   «f^«!RT:  I  ai5Rt- 

«l^^  I  siiyR^MRl^timR  «rf^«lf^  I  «H<nfJ|«<(Rl:  ^IRT- 

?^sfT  3ni^«q^  hRwjP?!  I  3Rf^«rfTr:  «i«fR'^Rfm- 

i^nfe  I  >8ltl(^W4RlM«14<t<<l  «l^«I^  I  ^<0>^l4HH>p>li<<  II 

3wrcT^  ^?W[  il  U  II 

1  l^rtrei^BJiK. 


3^n^ 


^RR^wra^  »lf^«Rr:  I  f^^^PBRjprwc  II 


%^ 


fW  3^  ^  ^rfl^  I  «W  ?r,  XV.  ^,  >*x. 

?i^f^  I  tyRmRi«*«HiR  «rf^«rf?t  I  ^fm,  9i^^f^«iTiT- 
^  I  ?roraL  nw^  arsp?  ^  ^'^  *R«i(ci  1  «b^  ^- 

9n<i.  5^p^  51^  a«^  fir:^  *RwiPti  i  ^»^  ^  ?rgw 


«l?r:  I  3T:  ^  3rg^:  ?Rq?T:  IcT         ^,  v.  ?,  %.  w,  v 

^  ^?«iRt5^  H^Pi*^^  **4f^d^  *r5%  ipwif- 


-A    •   _rx-       «r,  ^^- w,  M.  wow.  ^,  ^1S. 
^  f^:tl^  ^ft^  ?l^  ^>3pt  ^^  ^:^    *Rwi(<^  I    SpT: 


3TO  •i«i^i^<ii4i:  snT«i^  II  ^  II 

d^lK(^^<%wifir  ?rfnr  II  \<  II 
^^  JTO^  ^?n^  II  \  II 

^TO:  I  3rw  ^  ^ra:  I 

j'^i^mfriti^sMi  *)RwiRl  I  ?pr  Md<i>it41^t^  wf^wr 

?ren^  a  ^»?fsft  *<RmRl  i  f^i^  ii 

^(nar  ft[?fW  ^w^  ii  "^  II 
^4^<t<i^Midl  ^  «r^  m^f^  am^Mm^^- 

i^«nr:  I 

awh^:  I 

aw  ?irN  %?rn  II I II 


8^ 

^•^^^n^ii'rfll 
«rar  3r^  «r^  q#?^  i  ^prN!^  ^:  ?b^:  i  stot- 

^  ^  »jR«<(^  I  f<T:  I  amf   ^:  f;^:  | 

«W  ^af4  #5n3C  II  ^  II 

ift«r^i 
«Rts?;i50Fts^  ^  vf^  I  ?i^5r:  WqiT  jjoftssr^ 


«nT  ^i  %wff^  II  ^  II 

«Rqhqi%:  I 

df^  I  ^m^  3f  ^^m<d4>«*  »iRw<Rl  i 

3nire4  ^51^11  ^11 


aw  5m  ^51^  II  ^  II 

^^T^SfT  <|i^«hPl<>4^1   5fl^f^95r   ^^^ 
'HIT  3R^r^  ^m«^^:  <JRMdl:  I  'I^  STJ  W'tf  1^  ^«I 

'rat  «iv»i4lfJ|MiRi:  3ni^tfW%35mf%  i     '  ^',  ^v. '  ^,  \\%. 

y.  «T,  ^.  ^,  V.  gf,  < 

Tife  I  ?wnci.  ^  ^^^  3f  ^  if^- 

35!#  1^  «r  ^  1 'Hf^  ?RT  ?Rf^  «Rt  5r  'iWcT  I 


'Rllr  ?r^  ^^rf^R^:  af«iP»*MRi«?rT-  ,, ,  ^.  ^^  ^^.  ^,  ^y. 


»^ 


^^*i^*l  %^  II  n  II 

«nT  5T^  %^ll  ?^  11 
s»^i|j  ww(  *<iw  cT^  ^  'C^Tft  ^"ntjFopnf 

'I^t^f^'.^l  ^^   W    ''^-    ^'*-    '^^^• 

39r  f^:^   ^(^^  I  S^lt  ^  ^3?^   1^:^  *<l^l^  f>- 
1  ^  W^  K.    ^  «BftwRi:  K. 


«^ 


H^^    PlRUdH,!  ?W?R[. 


3W  ?Rt^  %5n^ u  X}  11 
f^  ^5ft  f^jM  ;r  »R^Ri  I 


il^  *RwiRi  ?i^  f :  i>RmtfiRi  ^^q?i^  1  %t  wmit  t 

3r  ^  *iRm|R|  fPi:  I  «p^  =^  f t  ^  fi35^  ^-.^t 
^  f^:t^  *Rw<l^  1 1  ^  ^»i^lQi^*<fe»  I  f<f:  I  'rat  f :  ^ 

11354  f%:^  ^dfcT  I  t  ^  ^«<^lfe^*<fel    I    ^t  5W- 

35n&:  ^  w^  Pr:%^  *<lrfiRi  *R4d^  1  i  ^  fH-.^ 
^nfs^si^  ^'M  ^  <fR^  I  ^^  #  #  ?rp4  Pt*.^ 


%• 


'WT  awsrrt  inwift:  ^ffiq^ir:  i  ki»  ?«  «Hit  sni^ 
#  awsrr  Pt5%^  f^  I  ^ 

««r  |P^  sjf^  I  ^  ^  iw-  «.«...'.....' L..L.^. 

»nit'Ri%  d<(i4HK«iRK  fir-  '"" 

wjfir  I  awittfit  9?wf^  f^:^  %RmiRi  I  c^^rg^igw^ 

3W  in^  #9n^  II  \\  II 
^i^'RPniHrip  it^  ifiuH  9^^  mtwi  w'T* 
fr^  ?iTf  ^  <****f  tJ^t  Jwiffft ^J^  5f  i»ft«'ifirl 


______       »t 


JRRH! 


t^rg^^l  awj^  rt#r^  il 

fe^  *rf^««rf^  I  ?w  ^f^  Prat  MRw<f^  I  '^  ^^i#r: 

SPT  ^rar^  %^  II  ?« II 

1  K.  has  one  s^. 


anrrer^  %^  \\  \£  ll 

«i^  I  ^^  ^^  «RTt  P^sq^  m:  I  ?ren^  ^tj  ^  f^:^ 
«r^€t5Tft*rtot  %5ni  ii  ^<^  li 

art  ^  f^:^  ^^  ^35«if*tf^ 

«i^5Rr  I  'iR  'raf^  ^  ^g5!f:  ^i^;  I  ^m^  3R[^ 

513^  mRwiRI    I  ^m^  ST  ^  ^itt^  *Rw<icl    I    %^?{^ 

^  I  «iwRk  ^TffHN^  II 


%  ^•.  w,  \*, 


srm  3r^  ^  ^  ^RTir:  ^^q^ci:  1  '^  ^:  apjtsf^ 
«w  g.iPi^iRi<i4  ^51^  II  ^^  II 

5ERrT  31^  ^  3r^  ?^   ^f^lT:  «ril^:  I  '^  ^: 
«»llit  hRwjKI  I  f^:  I  'I^ 

^  ^  ^mti  %wt  «i^«qf^  I  ??n«n  ^  'w:  wnii  ^- 


«nar  ?Rtft<fftRW  %i^  II  ^1 II 

areiift  ^RTft  ^iR'^Rl 


fi«^ll 

^w  ^jftwftra^  ^9R[  II  "^^i  II 


^^  ^Rr*^  I  w^m«i*Plii<i  II 

«w  wft^f^ts^  ^'n^  11  V\  II 
^rf^  'BRfiin^,  ^fTT^t  ^^rf^pi^  w^  ^  ftrnift 

«T^I 

'w  3RH»niR^  ^ifftf»nf :  s'rils^  i  ^  irt  ar^ 
^  I  ^WR  ^  «N^  I  «rt  «*iitlViRi«6i  I  ^  ^ 


^r^l 

ai%  ^1*51%  ^  art  ^WTft  if^f%  I 

«nar  ^«f^^if^aij  ^ra^  11  ^v»  II 

WCkT  I 

^m\illk^\lHrJiA  ^3|H  II  \^  II 

^*n»iBiJti'^4J  %5ni  II  ^^  11 
f^<l*ilf 4lqldl  ^^WTft  «R^1 

'n^^wf^iifn:  I  R'wa^PlH*nt41<?l  J— 

f^  'Rfe  I  1^^  II  "* 


ft^iTTf :  ^nni  ^ng5*J  ^tti  «ft«^  I 

JWT  4  i^wnit  ^?nn«  ^i^  f^:^  *d^  i  ^  H 

q#m^  I  tlWt^  ^'>l4lHliit  g|5^  ^yffft    '•••• 

^*i»ni^m4i  ^n^  II  ^x  II 

'w  sn  #  1139?  ^:^  «Rtfir  I  ?Rr 

3W  j[#Ritr4  ^^  II  ^^  II 
^j^  *R*<iRi  I 

^  *RwiRi  I  f?r:  I  «r:  ^  f^^  ^ 

^:^  *Rwi^Rl  *RMd*<   I   3^n?t  f^    w!i....^ 3r 

^writ  ^n^^  I  «rei  «it  ^  *RMd<i  1  ^  •• '  ••  * 
^m^  «r:  ^^  f^  f^:^  *RwiRii  ii<{*>m^n>P^H  11 

'f^  ft'Rn^  fCT^rilf^  «wl%  ?R[f  <iJlu''iifW* 


^vi 


'wr  art  ^?nf^s%  I  aflgwnt  f^iRf^  f^ 


%^S^    I    ^^H^     "^ ^ ^ 


teTI  «l^^lt  *Rwi:    I    1^ 


M*i*)i 


^S%  I  ^  »3[^in!WTl:Kd^KPl*lf  i?^^sR^*-- 


3T«T  Maif^^itH4  ^r^rn  ii  ^<<  li 

«raT  ^«ti<iijiH>  3r#  *RMdH.  I  3i#  «r#  ^- 
^  4<RmRi  ci^s^  ?Riit  *T^«r^  i  ?ren^  ?wf^r- 

it  stRT:  I  ^^i^l^S^  II 

9W  ^?^RT^  ^31^  II  1^  11 

5T  wf^  ^^wi  ^mw^t  ^mf^[TO«'  ^w%  I 


\<: 


^nr  *iyBi^w*l  ^hp^  ti  ?« (i 
^Ff^  U*t(*<i^  ^(F?*mr  ^^rfiR'j^  ?r^  flc^N^N^ 

«I^  I  55^^35^ Mr  ^T-    3r..!.f" ? 


awtn^:  I 

^^fi«MRt4*iPiwiRi4<t^ifei  I  crenel.  f^#ik:  «n?#l^- 
ic^i^^^^ni:^  ft«i^rfecr-     _^^2Sl'''  T'  '^'^^^' 

^Sf^^  ^  ;r^«M:  ^^cT:  I  apt  9^354  f^:^  ^Rt^  I  ?r- 


to 

5IRr:  I  f^RWWftm  II  \<  II 

«fi*l4Ml(^<NJI*i«l<^^(^t^  3H^  H^: 

^ft^cqiTF^  gpwPT  ff^  ^*<Rim»A^«i  wi^  I 


II  ^r^r  H^lTi^idn^diPi  W^  ?rfni  II 

^  IRit  ^ort    ^:  ^•iR*^  ^Tfi^  ^:^  «Rf^  <IT 
»  1Wt^^Mt^'?^5I'R^crT^pRR^PRl:?3:| 

n  5f^  "#^m  II 
5fh4  T^  ?fwr^  ^rf^^f>???f  %m  ^t«^#  3f  J- 

1  D.,  V.  and  K.  omit  this  sentence.  ^  suim  ft:^«reR* 
siF^  ?W  <iift  v.,  D.,  K.  X  snn«ng«!n%  J.  v  aiHs^  J,; 
aiiteT  ^  K,     ^  %^  ftw:  J.    ^  d<^^4M»Ii)l^d^9  D.;  ?ra: 

%!R*ftfe?r«f  B.    v»  ns^jS^  J.    <  %  ^.  *<«l«4<^<(M(  »?^  J. 


%\ 


arr 


«  • 


« 


Hfi^m'iHlh    \^m^^    ^^JT^PRTRT- 

^fft«rj  IS??:  <(iMi\ifii^4(¥a<g<i1  ^^mi:  ?ft«r:  i i?g^- 


l«s 


1  Jimn  J.,  V.  ^  J.  omits  f^^nnr:.  ^  <inntt4)<P>ftMtTt^- 

Wftl  J.  V  "J^d^lTR:  J.j  V. 


K\ 


■W  * 


s 


?5lI^Fqf%:  ^J^^^IhR'hRi:    ^H*Hs«(^^MR»<g   <m>M)Wtft- 


^w  ife?N  ^^  II  \  II 


^mOH^M  g^4MHI<l|l<^  ^<gM4«<lfiM^  I  3H^^M- 

i«cr  «rt  %w  3R[T?^5R^%«j%  I  jfTf  3n^i^^  ^ 

^  ^'^i  W^    I    ?WIR(.  i^H^   f^:%^ 

^:%^  <(>Rm(^  I  ^  ^  f^:^  *Rw((^  I  art  f^J^^'r^- 
^  I  <iwi^<<*(fi  f^lctW  *RwiRi  I  3i#  rTT^  93ife  I  f^- 

^nsr  4^  %^  II  ?  II 
^npnftre  v^fi^  I  ^  ^  f%-%^  *R^(^  I  ^^  siw- 

, — ■■  ■ 

^  ^^^'raL  V'  ^  J*  inserts  cw  before  4{4[cWl«i<M*  ^  g^- 


1-1 


«rT 


IT 


,.I : 


«nT  n^  %3W[  II  "<  II 

*Tn?RT«l  I 

'Rtfir  ?r^  f^  irM  ^Tmnrf^  ^:- 

^:^   '5R«rt%    I   V^    ^:%wf^    I 
?(4|  93^  I  ii.HU4*i  II 

1  vi^itqftjnn«nft  D.,  K.,  V.   ^  nft^snn^^  sriwfir  J. 


3rffsr;%w^ 


%K 


iltlil 

ar  51  sr  ^  f  It 


^i  T  kWt  ^3[T  5T  »T^  SRM  ^^- 
^  ^^    f%:^  *Rw<Rl    I   351:  ^  ^  ^ 

^pm  ^^m  ^^m  ^^(^^  ^^m 


•        t 

L 1 1  ^  ^ 


«r*  ^  ? 


•I  ^ft^fcT  J.,  V.    ^  ^fcT  K.,  J.,  V.    X  This  sentence  is 
omitted  in  D.  and  J.  They  read  the  next  sentence  as 


sinr:^  ^^  li  \  II  . 


J, 


I J 


«r  f  ^  3T 


3T     ^ 


♦     «» 


. '  / 


1  arij  is  omitted  in  V.   \  ^f^^^f^  J.    ^  3??^  V.    v  |rt- 


t<? 


1 

«? 

M»««  •  •  *^*  *  * 


^ 


a 


W?r:  I  life   ^^R^  Pr#r  ?W  ^^  srf^  ^  «R?r:  I   31?! 


n  'PN^np'n  V.    ^  J.  omita  ^.    ^  ^  J.  v  J.  Omits 
W.  M  "^^W>^  J.  ^  J.  Omits  ^naiSf 


w  ^  ^  ^ 


WXt^  ^  Wt^m  ^^[^  <ldW^3'ilw'l    l*il^«T 
9II#R^II 

«nT  sRit  ?9^  II  ^  II 

1  ifl[  V.  ^  ^?sr:  jun^n:  ^>*ir^4i:  'Bf^roi:  D.,  IS..,  V. 
^  This  sentence  is  omitted  in  E.  and  V.  v  J.  inserts 
IW  after  ftf^.  H  lECT^FR^"  V.  ^  ?rre^J^"*  J.  v^CTr^^^n 
K.,  J.,  V. 


^80 


t.f 


■? 


^  w  ir 


«i   ^  ? 


3r«r  ^<T^  ^^ni  li  ^o  li 
^nitsf^  f^(^<jiPi  ^5?  I 

l»>f|q?jT  1 3'Annn''ratW%- 


*«B 


^:  I  f^f^  II 

1  'ra:  J.   ^  t^  aif^  J.   ^  ?Rr:  J.  v  ^^^  J.  ^  K.  in- 
serts «i«l  here;  J.  has  apinft.  ^  «i^  J.  v»  «Rw<d;  J. 


II. 


.1? 

.  .  .  ., 

*  •'  «  •  • 


'wr  3TiR%  1[  ^^i^  ^^  ^rr  I  3i5Rt^<R^  ^: 


^t — » — I — ^^— 1 — I — H — 151 
^1 — I 


^  5T^^  %^  II  ^^  II 


^f^^^ 


tft<<'^4aif*im>MU«ii«i<i<ji  ^  'f)^  554t  w^  i 

1  Hftwifir  J.,  V.    ^  cRR^Ntnwl^  ^sqij^  irftwrflr  i  J. 


«^ 


«It  t^ 


n-  .^I 


«r«  (     7^« 


^% 


ij^tohi  ^ft^jTwf  ^^^nr- 


sTt  t^ 


ST"  ■■ 


,x  A^ 


i|Rl*4d:  J. 


ift  $^  ^  'WfT  li[i^N^- 

"iWft  %M$^  ^^  «R^  I     ^\ 1 1 1 Igr 

^«i4^t«(^414f4i<i<g^  w(^  I  d<HwR  4^\^  f^f^ 

1.  J.  has  ^5r  in  the  beginning.    X.  vAt^  I  it  ?WT  "BW  'W 

D.,K.,  V.  ^.  «df^  J.  y.  a<^?i-4d4iw4<:4  ^ift^n«'«tift  &c.  J. 
^.  J.  omits  ^  ()|f^. 


^^ 


«« 


?r^ 


*ft««r%i 

«i^  I  f?r:  \  ^  f^^      I 

i^«m:  I  ?<4«<5i4H.  I 

S^Rf^  if^  ^^R^  pTm  'R^ra^  «i^mmR  ^I^  1- 

sw  q«^  %3m  II  ^<<  II 


^.  J.  omits  «Twnn{.  X.  J.  has  ^Nt^^r^^iHit  ^.  ^.  %g^  J. 
v.  »ffi|[«^:  J.  H.  'Tftwrf^  J. 


VS^ 


«I#^I    ditilR<{  ^i^al^^m  Ptl^ 

?^i  ^mri  ^3^^  3R35«mgpr^ 

3W  ^H^  ^^  II  ?«  II 

«R[,  %#  ^§f^t  ^J  ^*i«bt''i*iRgi  ^rer  ^  ^ 

•I  J.  omits  aren^,    ^  ^Ijpnrfl^r^  J.   X  J  has  ^^  ^^ 


il S 


vieo     vio 


■i — I- 


3R^[^rR3«(hi35^  w^  «ct$5(4^  iw   Wit  ^ 

^t^  ^57W  ^mift  ^  ^N^  ?l^«ra:  I  ^  ^?^:  ^  ^:  | 

^TS^iltr  f^  ^wf^  I  f»^:  I  i?ir  ^^iWT  Mi€k  ^fiiw 

wn  ^W  ^'ffSf^^  Wa   ^  <W   ^«^   '•Wra    I    W 

-----  —       -         -  —  -  — ^-  jp-^ ^ 

I  fiwX<iwi<i>  J.  H  #*  "jNgt^nk  J.  X  ^  ^'>  K. 


«\» 


T 


y/iS4- 


4 


^^^I^  I  '^ 


^. 


I9t 


f 


s/i 


/9l 


M 


7i%^ 


^  qMWl«t'Iut<  »r  'WftJ-     't  J.  inserts  «!\w4a« 
after  %*.    ^  J.  omits 


Wf  f^^rf^Rrt"  ^^  II  ?.o  II 

1?^  ^<s^t  3r:  q»^:  i  f|^  ws^:  «r;  ^dqcr:  i 

ap^  ^  ^fi^q?!^  m^  «I1^^  q>f^<Rr^  I  ai^tqft    9W- 


xrf^^nr:  I  ^  W^  «ift«^  I  ^  ^  *<«n^M  4iRwi(^  I 
^K^  I  3rei^  *j*n"41«iH,  II 


1  J.  drops   ^'BTORC.    ^  ^  IWRrt  ^rilNw  «I&««rilr  I  ^ 


fig  w:  I  «R^t*^  ^^ 'i^r- 

m  f^m^  ^^^    I  «R«rmt   '^i — ^ ' 


^W  JLlft^lRlrl4l  ^5n^  II  ^^  II 

Vic 


«ife  I  ^t^Nld)  ^>jfl4lMi^«i  ^«9tsf%r  I  mm  '^frf^ 


^ 


^^ 


/s ^  A 

1  *"ft6j?RI»lf  J.    ^  !IIRIf  J. 


<x 


55^  ^1^^ 


<i>4s»P<(^d«i<iT  »iRwj(^  I  a*<4^^<g<i'»^nstf<;ji{fsfei    I    cr- 
enel;. ^^'T^  *iRwjf^  I  !i«i<i^«i^Tf  ^fi«i4tfi^44l<i4«s41- 


rs'Rtl' 


55^  «T^  I 

.  ■  ■'  ...-.■.       ii..  , 

1  ^^lR»Nt°  J. 


^<5lN^4fl  ^  q\^  3^  «T^  I  apRt- 

^^  ^?«IT  I  J^^lPfqtSWIT  ^g«ff  3R"Tt    '^l    Vat        ' 

1  D.  inserts  JTO^  before  ^.   ^  %?[  ^Jhf'N  'iK"'m  1  J. 
^^  J. 


3W  ^W^?rfcRW  %3r^  II  ^V9  II 

^^  *iiiimOiv\m^*\*fi  ^  ^mtsT  55^  ^T^  I 

^^R^  ^  ^t^t^I  3^  «I^  I  ^  Ijit^^^^  ^  II 

N*«^i||ltlf^^lfcld4{  %5(H  II  ^<5  II 

?i5r  ^^rTTv<A4jiijL4i^KHfii8*iR!ci  «?«rT  i:  ir^q^ 

^«if^^ivi«l  ^?r^  II  ^^  II 
wn  ^5q#r  I  ^*«fvi»><siN<iy  ^^><jii^<W  ff- 


Winfen 


5^ts%  J. 


^» 


5wr  ft^Rnt  ^^ra^  II  ?»  II 


w^  I  ^^s(^^  ^i«fi*i4^  #^ 


fNN^  i^Ti^ 'Si^^rf^  I 
3Tf^nraL^i3*^  f^«*i<fl:  I  ^a  ^nti«A^  ?N^  i 


1  J.  has  ^^  in  the  beginning.  ^  A  and  J.  have  «WT 
after  «li.  ^  Omitted  in  A  and  J.  in  which  it  is  used 
before,   v  *Rft  A.,  J.   ^  ^?rt  J.  ^  ^^J^  D. 


<\ 


srmR^ni! 


3i^^^nT« 


?pr  <!«n  JT^ft^  3!R^  ^^  I  ^«i4)4^tf  ^«i<^PiR>dt  i 

M*K«I^    <<!(^<>mR      Itfrlj- 


SI^fttT  ?RT   ^    ^R    'NT    ^Jf ^ 

s^mirl  5?^  3??%  «l^:  I 


3i<4«i^m9< 


1  »fft«Rn  J.   ^  "^Hotswi^  %!T  a.  > 


\ 


^  i  WS^  3RR^  ^rilq^  I  ^q<n4<tf  *)»^<»P)R>^  *T- 

aw  3r«rfl»?ra»t  ^5j^  li  ??  ii 

?wni^  ^^[oft'raT  Tf^ajfir  ii 

«r«r  ^§f%r^j^  ^^  II  ?v  ii 


5im:  I  «WW3PIRWW  »rHr%?w  a^RWt  i  A.  «\  J.  inserts  ftn: 
before  firat.   ^  «Tft«Rf:  J.  w  «*??nftj  J. 


<^ 


^<5«M<Tf  Ql*i"iNidife<n  MRmf^  I  d4MiR4  vjn»>m  *iRmRi  il 

I 1 , 

_ 


1^1^  I 

3nift^f%?r^  %5n^  II  ?^  li 

^i^^tfT'R^rfhr^it  %?n^  II  H  II 

^  ^^  I UH : \ 

JTlwl  *<"n^M  '^  «#ar^  1 1^5^  i  f^  ^nfHt^nj:  ii 

^  ^hRrt  J.  ^  ^3h>^  K.  X  9i«n8rfiRr  J.  v  '^  J.  h  A. 

inserts  ^VX  #i^r  sisBf  «m^  ^l^  '^  ll^  ^3 1W:  i    %  J. 


has  <|f^lf^%  ift  &c.  v»  J.  has  |CTt  ^^^  ^^- 


<^ 


«i«Ri?r  'Rcrei^  ^^  ?[^  «nra:  i  ?pr  3R^^- 
'ri%  I  ^<*ia^*i  I  ^<hR«  «*fl'41i«iH.  II 

^iW^^WTft^wf  ^N'l  II  '<^  II 
«I«RIW  ^TRI^    ^^  ^^q^  I    cPT    flft^TfW^ 


tiidd«4  ^  ^  ^1^1  ?wn<tf^- 
a?n!^  %^  ^f^mf^   I  35T- 

ffclof§9?  i^«i^  I  ?re?Rtf^^^Ri  ^f^  R*<Hi^Ji  5fRnj:i 
«nf  ft^t^ift^Rnt  ^NraL  II  v^  II 


«rh 


■M- 


5r 


^0 

?i^l  i^Ti»jj*i^«iMMi'mRi^^i  II  '^' 

3W  ^Jtlcc||R;t|^4|  %5IH  II  VV  II 

^t'ft^pn  Jiff^rns^  ^f^o^^i^  t^'^^iP^l^dMV 
^nprri^  i 


^.  *n^mi*i<^\*»*)^i\*ii*iii\  J. 


^R%?T  ^^^  ^flq^  I  awg^  ^^3R^^t^  ^^ 

^  I  5Rtr  'i^  ^«^  I    ST^Sr-  ,     .     I    lar 

n.  ^^  D. 


aw  4ia^^iR«^4|  #31^  II  >r»  H 


4;(m4Pi«<R» j^<i^i  ^wr  ygaiT  ^WT  fW  Rmfiij^^»(^  I 
?r^*i^  Pi^^i'^sR'f'r  ?wit%  «nii  fidPl^R(4^Hil^  1 

arer^nftl:   I 

^V  ^ld<l«fi*^TlNfel  II 

^TOIIl^Hlfl^l^ll  ^^F^  II  ^4S  II 
^  ^aJ4^<l><JhcMKHft|g*lfet  I 

jpnrqt'ft^^RJWRts^nl^  w^:  1  ^i|i!^  'CWJf^  Ir4- 

•i.  sw»wit°  J. 


. 


^f^|Wtft«l^ 


aft 'if?^  M  ^IJi^^  ^  ^»i^  *^ 

^ —  —  -  — 

^.  ^  ^  5^RW  J. 


^» 


I 


q-  <r  ^ 
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iw  ^^im  ^:  ^  ^nft^  #1^  «rf^«?^  II 


«.^ 


3^5  3nf  W- 


ar 


ir 


FT 


ii 


5^ 


^?r  T 


«r«r  Bmi*iiw^4f  ^sn^  li  ^?  li 


T^^^m:  I    ?- 

'ift^m:  I  3Rr 


V 


V  «■  ^ 


•?r 


1.  »rft««i%  J.  ^?ra:%?f  J. 


WTO  t  wim  frasnnn  ^rswiwr  itw?rt  i  iw?wi- 

W9  ^JMtll^W^  %^  II  ^><  II 


T 


ir^ 


^nPN^  I  ?iimt  ^WJ^  Pi^  "i^'^*  '  f^^*^- 

3ni  qsmfRWff  ^^  II  ^^  11 
^^f^^ji^l^f^^ifl  ^rf^n^  ft[^  qsuriN- 

wn^  I 

1.  J.  drops  3ir:.  R.  A.  has^i  ^tJi^taL  \.  «jftwt(cl  A.,  J. 


M 


^RHURfrt  ■«i sJ — te" 

%fWtf   'l^  I  ^m^  W^S^    f^RR^    'T^WRT:    I 
f^«W:|  «Rr- 


f 


J 


f 


if  ^ 


Tff 


»!«^    'Rcf*.  I 

W:  I   ?^9n^ 

^n  1 5ren^  ^SRmf  »i«qg^^t»^5^  »iR«i(^  i  I^P^ii^ll 

^.  »ift«>ft  J.  ^.  fii^  1^  J.  V  «<^^8«i  J. 


^<r 


f 


-7 


w 


^^  T 


W 


^i^   ^H^'i      3rP^ — -J  L  L iRT  1 

^Wt  g^:  iw-     . 


1.  ^:  A.    ^.  ariij^  A.   \.  «j%  A.  •».  ^fjf  *jf%  J. 


^^ 


^ 

^ 

^ 

f 


tr  9  ^ 


■^ 


^^w^Wt  f^RJ'B'CT'  iwjplf^- 
«|J|1«lt«^l|f    4^«RT:    I    Pr«ft 


■                                     1  ■      1 

T 

¥ 

T 

IT 


-1^ 


^ 


?^  I  ?ren^  ^  I^  q)'!^  *ii^«i^  II 

3W  ^ft^  ^(^  II  ^0  II 

^  ?il?iwt  fiRfH?g^ar^  ^tnW  ^sf^  I 


1.  J.  omits  irf^wRT:. 


t 


o  o 


3^ 


w 


TT  V  «r 


i><awm<n<w^^<g4 


»r 


^ 


?r  ?F  ^ 


HT 


•      •  •  • 

•  ;* 

'••  • 


\o\ 


•  •  • 


•  w      •  •       • 


^ 


?r 


-3^ 


— ;fc — iT 


«ri- 


3T 


^^ 


7 


1  ftfegi  «!^  J.  ^  ?f^<im  A.  J. 


•     •     •    « 


••••••'    •  •■  •  •      •  • .  •  . 

•  •  k  *   «  «       « 


<o^ 


«w  ^t^ftart  ^?r^  II  Vi  II 
3ft^  si«m4<fcHJn<R^i  ^  Qi^^<iWi^<Hi  ^flfaT  I  d^- 

^1^  I   cWIRC  ^  Ql<i)*l4i<l^<5ll 


<o^ 


'ff^^Rt 


3w  qia«if%;r<t  %^  II  ^<<  II 


prf^T  *(«Mdi  I  g^nff^^tnn 


TO  „, J — 1^ 


^1^1  ?|5I  ^Mivrt^(^«4Rijy-    f'        '       ^     ^ 


«#ai^ll 

351:  M*KW<M^  II 

^nfe  I  ^ '^  ?rf5*i^ 'rf^^rfrr  I  f^ 
*Rf%  ^sf^  *iRwi(^  I) 

^9(  *l^dl  J.   ^  <Ht4l9l^<JI^4R  &C.  J. 


!•» 


^ if f 

^  I  f^i^  n  ^ IT « 


1 5nft«^  A.  ^  ?^  J.  ^  M<w<l41«i\<ii  J. 


\*\ 


I_3L3 


¥  ^ 


>f  J.  omits  ^^^t:.     ^  ^?cR^''  J.     ^  ^i!^  J.     ^o  J.  omit 
^\.    ^  1  J.  Omits  ^^.  ^  H  **a^  W%  ^^  J.    ^  ^  ^^^'^  J. 


^^  ^W^  *<"n^M  MR«l(d  II 

3W  V9^     ^5^  II 

*f*i«[i«^<iRnrnn3C  ii 

»lRwi(cl  II 

3W  «^  ?N^  11 

1  g;T^3nt4lf5flr?R^Fct  A.  J. 


^  «Rfrr  I  fM*i^4i^i4<*i<w«<i^<sft-*<id  I 

^^R:  ^  '^  'jl^  II 

1  l«r  ^«nrt^r*d<\'«t'«M^  A.,  J.  ^  J.  Omits  5<n.  ^  ^^it 
%^^»lf  fii#«t«i^  ^^wk5?rt  ^^»ft^  »nr&  A.,  J.  V.  A.  and 
J.  have  ^%:  in  the   beginning  and  g^:  for  SR^:. 


^^ 


i4t<*di  tfciufl^Q  ^T^i  f^  ?n5<<<unsiiHwi\<9i- 


^1 


^rsr^ll 


♦ilf^  I 


9nT  v9«  ^rsin  II 


^.  Omitted  in  A.  and  J.    X.  ^ft^>!:  A.,  J.     ^  d^^fa 
A.,  J.    V.   D.  and   B,    have  ""vikh a^   «n.     H.J. 

omits  5^1^.    ^.  «r  J, 


«w  >9^  #5n^  11 

*<^Ri  I 

^  ^i  ^3n^^  ^^ra^  ^iil^^  5^1 

^m:  ^  '^  "^^  II 


II  wf  ^n^imm  MR^iM^^d  u 

^R^    ^ti><«ll«l^l^'i,^^<^lfiR>dM^<^M<i4)<>«l    3#  'T^  I 
^I^^^HWt^  %S^  d<M<<^yi    M<I*<M<><^I  «RRr  I 

^  55il^^n ^fT5^  «Rf^  tl^  Q[^<IM<^4!«I  «lft««rf^  I 

'HSpRt:    ^Mf^it     1    T^    ?lt^     ?#rpTl^^ 
'flR^Iw  I 

3^*l2rf^  I 

^  ^u^^m^\6  «R^  CRT  'ra«Ri^  1^  I 

II  ff^  if^ipn  II 

'  — ■ — 

^.  ^J^Nf^^'U'W'^IT  ^  SH^r  &c.  J.,  A. 


5|<miHf<<aicMKHW8*i  I 

35^^^q?rT    I    awni.  ^  5WHRR-    5 IT )? 

^  »lRwif^    I    §55:   I    «|>5|^<^l|;^- 


^1^  f^<n<<MA^MKHfiiii<JL  I 

51^    "^^   ?5c^   I  ST^^- 


I  I  > 


^:  I  ^^^niwt?^  I  'sr^  %^-   _ ^j..... 

^^i4t^5^sf%  I  %^  ^  "j^  II 

^nr  ^  %?ni  II 

^  fIrft^lHi^<^MKHnili*i  I 

^  ""ftCTfe  J.  X  «?  A.,  J.  \  ^^  J.    V  «^^r  A. 


5TT  ^^  ^^  II 

*j(^(d  I  fW:    I  ^^^^Wf^-    ''  *  ^ 

3W  <5^  ^5n3C  II 


'^  II  ' — "-^ 


^3r 


^  J.  inserts  irtj.     ^  J.  omits  ^.     \  A.  and  J.    have 


\\\ 


m ir 

<n ] 


-  5r 


3w  <^^  ^5n^  II 

g^gc^^'^^j'wi  ff^  ^^  'T^- 


■?L 


3_Jor 


">  A.  and  J.  have  i^^w<X<d)tMi<^HJi*i<:.    \  ^1^^  A. 

\  if  ^mpit  »tI?»«rt:  a.,  J. 


^Sf%   I    ditil^R  v8|^<l<id<;<n  59?!^  ^^«fRr:  3R^- 
^m  fNI  firflR^  it  ^  ^^:  I  ^>»ft<;ll  ^It^^l  jfe«  I 

^  J.  has  d4HK  3nn[Sl  Pi  Rid  ^iiR^  I  after  irf^'c^w:.  ^  J«  has 
after  irSt'Tfit. 


s f   ?^ 


^nr  ^\  %^  II 

?nN3^    ig<»^^4<r4    ^PWI^- 

4tl»TJ  1^^  ^nf^^ra:  I  ^  3^ 

4»*l^^l    'WT   ^    ^|lil^5^sfe 

3nT  ^«  ^^  II 


•fT    '^^ 


3T^f3ft% 


3W  ^^#^ 


^^s^^^rrif  *nj%  ft?fhf' 


"»  J.  has  ?reiraL  for  ^  '^.  '^  '^  f^^i^  »wfir  D. 


5 — 5   T? 


"cT     ^^ 


gq|^  I  ^4*)^a4j^  I 

1  ^^^J. 


^ 


ST     y  y 


Tt     ?r  ^?y 


IT               -"l 

f?     ¥ 

"C 

?f 

r 

y 

^ 

^ 

^ 

■ 

\\< 


3m  <^\*  %3r^  H 

^*IH<^<5l[  3I#^»5«Tri  ^TFtR^  anpjT  P^^R^  swnST 


3-^ 


^  ^T^  I  ^m^  ?r^  flsor- 

351:  »<A<HI  ^^^PTT:  il*IHI-d<l  ^  I  an^R'^'ikl^- 

"i  «JT  ^  H?rt  (!?rt  A.,  J.)  ^^'^re'i  «it%  K.  ^  «TfrHRj:  A.,  K. 
^  vi^c^  K.,  A.,  J. 


IT 


?. 


5__sir 


f 


^  T 


?^l  ?reiRC  ^^^  Qi^^I'-ckT^  «i^«q^  II 


«nT  ^^  %5r^  II 
w^  *<Rmfci  I  ^frrtor  «i^«i%  i 


^ 


T 


? 


^    T 


Plt^tl^lcJL  I    ^remt  ^    ^dt'TF^R^  *iRw<f^  II 


n  "S^**  A. 


n« 


j: 


3W  ^^  ^hwc  II 

^gpTfq  1«f  *lRwiRl   I    91^^%- 

«nr  ^^  ^5n3c  II 

iq^^  I  ^4^444l4f^ii^  i«nnf%-  f- 

^imiwrf5ifR^  I  ?n^  Mia^^<^<^i  m\^^{^  II 

1  "if  J. 


1 35 


"^   f 


^il^^ll^^NI  'HiC^^H  'i^A^  I'll  *l5<!4     %^  ^!T^ 

9i«r  ^00  %^ii 
3i»^0<!ii(^R!Jd^<sn  <n5*<i*iMA<ai  ^ff^  I 

3R^^rpn^ir^  ^«it  psf  WJii^  'rar  "^  *ft^  1 


^  J.  adds  f'i'Jt.  ^  J.  Omits  this  sentence,   x  J-  Omits 
jB50(t.  ■*  qtsm  j^...  Ko  J.  "^  ^^^  A.,  K.,  J.  ^  ^[^  A.,  J. 


<j|[^  Prt%?ii  ^H^  ^^q^  I  T^ 


aw  ^o^  ^^11 
'WT  ar  ?^^qj^q?n  I  <TfN^  ^\<««i  <«>RMt»  i  ^r- 

1  V.  inserts  44|iiwiw<^<a<M|4i»wjVfl<^«T  «I^  vn  »wfir  ?i^ 
5R«JF?rt  ^IRft  «Tftwrfir. 


91 


5R»R:  ^  '^  "^^  II 


ar  ^ 


T    1 

r  ^ 

TT    ^  ^ 


1  »j^  V.  X  %?rI^•?I^5I^^5?R;^%  K.,  A.,  J.  ^  ^r^m^  V. 


^L_SL 


1^ 


J 


1  »wllr  V.    ^  Omitted  in  K.,  A.,  J. 


tu 


<Jt_3L 


y  ¥  T 


r 


i 


^H<^iai  M\*iim  ^  <W^  I 
WSf^  "^t^j^ljlft^l  *fi*ldl  I  ^"^fflN^- 

f%  I  ^:   I  aft^rar  4)<ft<!lWl<  I 

^«r^  I  'RT:  giftw  «Rr^^i%  i 

^  m[^*H^  I  ^?^^^  ^1^  Wsm  CRT  ^5«IT  «WI  if^- 

I^^  ^«i<!»<i4iltii4i^'i(^  I  ^  y^^  git^^i^l  <<[^K<(ti  I 

^Rm(^  I  ?wrac  ^ri^  "^  ?#^  sp?R^  *iRwi(ci  i 
«r9?r  '5f  ?[i^^nTr  ^^v^^i^i  ^prfsi^  3n#^  i  f^- 
35^  I  ^rerf^^rfHN^  II 


■<ir 


'i^^^rf^  ftr^Nt^TOT  JWRTgvRT  T  *r^  i 


i»fi«rai  I   3^ 


^  • 


^ 


^npt  sniffer  I  sT^f^^gs^t  ^^^i^^if  'wRr  ^  ^- 

31^  jwftor  ?it^rat  >aifft<«(ii«4  3'ifife'jt  ^Nnfir  ^ 


1  'n:  jfJT:  ?rl^  ?iret  J.    \  ^  V.    ^  ^  V. 


«WKT^^s«iFn  It  n  fl 

II  ^(^^«^>-^^lfi^<  ^?nf&r  ^  ii 

d^l^l    Mli*iim  It 

\  «rw  ^PR?  ^  ^'STR:    f^«J|q«*«j^    ^  M«l$^^ai|«b 

^>R^  I  f^  $^  q^ra^  ^  fR^  I 
^  ^TRi^  ?rf^s^  f^^nrorr  «iT ^ 'R^  g^j^jR^^f^- 
^ar  ^  «iR  Hj!j41<1h  ti*<*1«iiifMK<<nri  ^  ^^i 

^  M<id^s><<v«<id^  Prf%^^«nf  ^  fRfi^  ?wt^  f^- 

«  %  ^rra^  ^j^ra^  w^  if^  T  ft^?rer^%  «*imm^ 

^imi  I 
^  >qt  w%n^  «RRf?Ji^  ^RRfNrf^  ^i^«nrr  nmnifH 

^RTC^Rlf^  «*< WiPl  <3«lRl  ?WHT^  ^RTcft^n^  ^fRJS^  | 
t  'ife  ^  i?n?R5Rt  %8l4><*lPl  WRT^  f  ?l^  S^^ 

1^  I 

1  Omitted  in  V.;  J.  has  but  for  ?nT.  ^  l^ift^flKP^MT 
^H<M^r^  K.,  A.,  J.  X  ^rasii:  ^tat  ^  J.  V  J.  OmitB  ?wl5?r. 
H  K.,  J.,  and  A.  omit  ^.  ^  ?to  arfSf  V.,  J.  \»  K.  and 
A.  haye  ^  for  v^tvm.     <  ^MI«MH»i(«l  #iT  D. 


II  ifcT  «#9m  II 

lwsw#?N^ii  ?  II 

H*^  w^'  I  f^Tg^  I  3r- 

^rf^  ^^n-^ln^i  II 

%Rift?reWr  ^51^^  »w&  I K.,  A.,  J.    ispw^^"^' 


n^ 


^  Ic  lrT^><g  f^:  ^^  f^cr#  ^^jfttn^  >?Tra% 

awr  ^rfW  %5r^  II  ?  II 
i  «RTcr%  ^  f^:  #TRr  fw  ^^j  #n%  ^- 

m\  9mm^^^  nm^  iffsrd  ^#f  ^^^m^  I  ^r^- 

^^  ^KiRy^  ^^7^  I  "d  ^  ^  ^:  1 3rn«rt  ?«rR- 
^Iwn^fHE^ll 

1  V.  omits  ew.  ^  «^^V.  ^  ^^T^  fW  ^  «f^q^  J. 
V  4i<S<u  ^  «T^c?^  J.  «^  J,  omits  in[^.  ^  q<<>^^r  J.  v»  J, 
omits  «T9iT<Eii[,. 


u 


WRJ   ^15^    ^J^^  «^^tf^f%    I    §[qtf^f4t:    «^ 
'^  ^  ^nf%  I  ?WRl.  «K^  1^^  «RTrR5^ 'T^^I^  U 

9T«r  '^5^  wi  II  V  II 

W  «5«c:  ^^?!:  I  55I#<^  ^  ^^  t^ 
^niR  2«l^  ^pf^  I  !i«1W«*HlMR  ^M 

S^r^^fi^jpwW^  5^  ^  ^:  H- 

^^f^^   ^^^^^Rt:    ^*n'T^lf^1  yd^^^*^^- 


^V  sr^ftw  ?lf^^  «RT^    ^^iTcIT  ^^    ^5^%  I 

3r«r  q?w  ^5in  li  <<  II 


«ra?r:  I  ^^  ^  r^^M^^V4H{isi  I  f^g^fl;  I  3f^t    «*fr- 
=#1^11 

3nT<re%^  II  ^  II 

5IF^  «T^J  I 


1.  J.  inserts  ?i«n  after  ^JniT*lT&?%5T.     \.  n^  cT^^.  J. 

V  vF^C^Mlcldi:  K,,  A.,  J.  V.  n*w<ldS  J.    \.  J,  Omits  Sl«i:, 

V  ^JRn^  J.    ^'  J-  Omits  f^:.  <.  f|^?r  ww'  V.,  J, 


'wr  «r#  51^  k^  ^rra^  |^  ^  ^^  I  g^reri^- 
%^  ^rra^  3r^^  #^t^  1 3wr  ^f5«r:  ^rHt:  I  «ni^ 

inr^f^  9^rif^  fPTTO^  ^- 

^m^  ^^^  f^^%  ?I#  ^  'JjJ- 

1  ^^  J.  \  ^%^  J-  ^  «in4>  X  V  V.omits  35f^  H  ^  sr 
«W&  J. 


3T«rre4  '^  II  ^  II 

^n(tsR  5»^  *il^wjRi  I  N<w^  «i^'^^i 

^^  ^  4<Rmi(^  I  f<t>^a<^  II 

3w  sRif  ^?n3[  II  ^  II 

w  ^  f^J  'TORRTTT  H(^*M(^  I 

'l^^m:  I  f^:  I  ^#  d^^^ 

*W:  I  ft?r:  I  ^^^ftfliR  W^  ^^kA\\  I  fS^^J^  I) 
^  V  •*?  w^:  J.    ^  srt  if^'I.  «RRr%  tj'.  K.,  A.,  J.   ^  ^ 

A.,  J.  V  ^^rf^^"  K.,  A.,  J. 


U8 

5R«n  ^#»i^^  ^fl^r  I  ^3Tg^  ^53^^  ^niRT- 

«r^«RT^^  %5n3C  n  ^  ^  II 

vm^    ^^s^    Pl%reT:  I  y|R<^l< 

^PR^^  ^  W?R5  yi'sKilHHI'dir   ^FR^I  ?wraL  WS^ 

^  ^JTRF^ft^  K.,  A  ,  J.    ^  ^^HFcrft^  A.,  K,,  J.    X  OTT^ 

?c!ft^  A.,  K.,  J,   V  l^^2H,  J.   H  f^^I^**  J.  ^  ^M!^^:  J, 


«W  5T^  «N^  II  !^  II 


9T*T3R)[^%5P^||^?II 

^w  "^^^  ^?n^  II  \>i  II 

;rf^?t   *l«MdH,  I  JT^aro^^   ^'4l«^  I 

*if^«^:  I  ?5fii5^  I  «iwRa  ^r»Ntnj^  ir 

n  «4«lR**Rnt  R^w<^  A.;  K.  ai^Pi*«T5R  fit??^  J.  ^  ^: 
D.,  A ,  J.  ^  K,  J.  and  J.  have  PP»TOll«ra°.  v  ft«5RT:  J. 
^  J,,  A.,  and  K,  insert  ^^  ^fm  3tNI:  ?^g^sN  anft  3irt:  i 
ifir  51  'iW^  ?RI  after  ft«fTFi:.  ^  ^^^tS'St  J.  v  A.  and  K. 
have  ^  in  place  of  'J^'itn^w. 


ut 


sw  'it^  ^Ni^  II  H  II 
^5^  ic  ^"ira^  <j«Mi*d\  «T^«?Rr:  i 

q^ra^  ^w  ff^  ^  *RMd^i  <wn^ 

imu<*K  I  ^wrf^  ^Mah,  II  > 


ft«'BlWT 


u« 


«r«r^H^  ^r5R  II  ?^^  ii 

'WI    tV^dH<W^    »<ji*4HM<M^    ^<m>^fc|<ld<»     %- 

f?nnn»n  «r^^^fg%  ^tsj^^it^:  5^- 

'S^RTT  I  snr  f^  *f^dH.  1  f^- 
^  arfti^  g^  I^W^l  f^'.^^JT- 

#n3r:  «M*|uTl  »iRwi(d  ii 


nr  «• 


T  T 


\\< 


%^  II  !^  II 
i  ^?Rr%  ^w:  wtm  f^  ^^sflin^  ^^ra%  ^ 

"W^  <^4j<j^*ft^  gftRC  ^^  5*^  1- 


'WT  aRirehT:  SR^^Wt    >4«i^i|un   ^^SWW 
'rf^  I  ^^  ^:  ^fU  'rf^  ?n?RT 


^  ft^^RJl:  K.,  A,,  J.    ^  ^r<«(^  K.,  A.,  J.    ^  f4  'Brtt* 


u^ 


r^^^r^  '^iwjp 


^sreW 


*m*i«ii**l«<^  «Rfe  I 


^Rf^ 


I  twra  ^f^ 


;iq^  V.    ^  ^qsj^  K.,  J.    ^  "^l^ffeRfti  I    K.,  J 
it  sw^NPrt  V.   H  »rft«ri5?r  V.    ^  <iR*<iP^  V.   v,  ;rf^  ^ 


El.,  A.,  &  J.  in  place  of  the  last  part. 


3ro  8Llf^^lfcl^<t  %5m  II  \\  II 


3nT  5T<i^f^gf^ri4  %5i^  II  ^^  II 

dl€*N<iy<ld^«tu^«r:    ^^    MH^U|fil<^sffel 

-      ■  , ^ 


<*t(3<*t  >i>Jtd<!^  jRg^  ^113^35^ 


a^*m3'iS<r4l  HRwidl  ^T  ^  msRr^  ift«ra:  1  sift 
arot  ««'4i  <ii*l"ll  <**)*) *l"y<^  HRwtltl  I  "rt  ??Wt 

?t"n?fWt  iRwilfl  I  HibluH  •rea^t'iRfWt  iR«ifiI  I 
ireiRi^  ^4i<jii  *iuiHi  ^:  h^j^Iuh^k^kI^*!  ♦iR'qRi  t 


\9\ 


35ir  fBRf  5Rrigt  ^fim  gt:  ^wrt:  «^  i  '^jprri 


^PT  ^gflRT^^  ^^  II  ^V  11 
^*IHI^iV|<M<J>M*l^^^>^<aM<lrl<JMf^     i**iH*i- 

^iiftr  ^w^  I 

1  v(^  A.\wn  2«nn^  «nirs  ^:  A.,  K.,  J.  \  «ra«i%)En- 

«J4t#i5^  »w^  A.,  K.,  J.  v-^  9T^viq4||uii  fi^g^rr:  %f^y*Ki- 
<ivil*iuim;l^4jfi^^.  ^unn:   I  A.,  J.,  and  E.  in  place  of  the 


ra«i^- 


•iTfff^^  Jift'Jiftr 


ift^iirat 


«Rras«rf?f^n3Rra%  ^  ^*<MwRd  qfir- 

«w  qnft^rftrar^  ?^f3^  ti  V\  it 

^«s5?r  JdPif^  *l«Hd^  I  tpr  ginra'^f^- 
«iu^4lPiMiRi:  ^nEnRra^^piSiifTOa?^»?^- 
Pi«iFdd^i  *iRwi(^  I 

^Iwwrr:    I 

3nT3^  'd^i^RRi  ^*n^  ^#fti^:  I  f 3r- 

IRRih  fraRF?it9t^  iltRwfe  I  A.,  K.,  J.  ^  K.,  A.,  and  J.  have 

jp^>:  instead  of  «RRT3«»wh.  v  5?ureltRr  J.  ^  af3|q<M<Wi»«- 
4tt^«qt»ii  SRW  iift«i%  I  K.,  A.  «  q^  J.,  V. 


arf  s<R(*ifjid*i  ^^  II  ^^  II 
H»\^i.fts"lMR  m^»i*^iiiig^'fclmr«i^'('ifta  i 
I'll  anftw^t:  sjWi  arniit  ^H'(S«(*1»iJ<h):  ^N: 

**><il4fti  I  fn  ^^  31- 

^  f^lS   »«H*<fcl"ii;  V- 

"rf^  I  ^  ^t^^i^i  ^^ 

*fiw^i  3=raft?Ri  ^^- 

»|ui»«M^  ^a^"^  ft^tW:  I 

<fif5 1  SHiH^^dii  ^agsipj;  sR  jsran^  i  g=4ftsi5. 

TBtnfit:  I 
1  flW^JuiPl^lll^S  K.   ^  iH<Hi^V)  K„  A. 


3W  ^qf^^RldH  %5P^  11  ^v»  It 


ii«<HiHiM<id<:»N;T$r?r^  ftwJ  ^'•Ji^<a<id<A41; 

H»<?Mld<^^ld^lT  j  ^>TT%  I  d^4T^d^^ft<< Ji^K^jRl  ^  I 

'T^wRT:  I 

3WtTrf%:  I 

g^iRL^  ^  ^nn%  ^:  I  f^l^  II 

^<M<idsni^^  f^  ?r^  SRdm^*i  ^"ij'lm^^  'r^  II 

«i4^Bt5f^Rnjit  %5in  II  ^^  a 
^<siiH»fqrf^  <»MPd  ^f^  ?i^  ^^%c^niRr  «w^ 

^  «'ji<a<»>'Jt<w^^<a»«M<*  K.,  A.    ^  D.  omits  g^ft^F^i- 


i(|Rf  "?  ♦IHIHlfe  I  ja:  I  31^- 

tRT  li  ^=t$^  ftt;  ^nift  »lRw|d:  I  ^^il^BH.  II 
3Wf^^*%5t^ll   ?o  II 
"t+RHH,  "JTRI^  ^R^5  tmHIHrW?R^ft  ^• 

M9i^  d^dl'ijft  ««(WlP(  «raP?[  I 

iin  ?f^  it  ^rS%  aR^^TOd^  ff^  I  i?5?t  3^ 

415*41  ain^  St:  I  a|^  ain^  »ift-    ^J- 

"ira:  I 

"HWl'mRi;  I 
*«A<!ii  •iPuH^'ji  ■i^'flii  ?r!r- 
^  ■?  HPiiiW  wi^v  I   ni^w 

1   Omitted  in  K.,  A.   ^  Omitted  in  K.,  A. 


f^s^PR^  ^'J^^ff^  ^n5^5(%  I  g[^  i<!i4^i'dj!d«jfer  I 


UK 

3C«f  JCrftlTTO^^Jl^ll  }^\\ 
4JllHM<i4iM<iM<l<$4lPl    <(HMV|<|<J^  ^4t|(^ 

>l<((»d  dtdlPl  +IHIH1P1  M'if^  I 

I'll  ^*<^  "HWIiW^k  *Rq<)   1 2ift  ^Htiil'MHi^O- 


^i^!  ^  'iti«!  ^  fii%rai  35t  ^  ijil  ^  I  a^  ^^^- 
#  ^ini^  Jiftsra;  I  >rt  fit  ^?R^  ^ffPt  "ift^Iil:  I  ?5l# 

atnt  aman^  1  twiti,  5^:wl  tft  'wi^  nftsw:  1  5?- 
ftB'^ll 

aw  jprftRiTnt  ^^  II  ??  II 

*|tlHWW<lrl<SMH^5(|U|i  »jft  5r»^!  *UIHI  *w- 

P?r  3^  1^  Pi«<fti4<w<!!R*'<Rig<r'ii  »w%  I 

I'll  wsira'ni^Nw^fRf  3^  TOa^  *Rn5  1  3^ 
■i^^'SiR  ?Rn^ras3«'R5tTO?ra  ?i^  1  sr^  «^ 
««S*^(!ii  1^  1  3=1^  ^=1^  ^  ?i^  I  ^  sRrat- 

^  Omitted  in  A.,  and  K.  ^  A.  K.  and  J.  have  9  in 
place  of  7  althrough.  ^  A.,  £.  and  D.  insert  ^:  after 
«l^;  V.  has  also  5?t:  on  the  margin,    v  ft»«R>n%  J. 


\\0 


h± 


NLZ3 


3r 


^ 


^  ^f»«R^  ^RH5n^  «*(I«W<M^  ^  ^^:  ^   ^W^T- 

«nT  ^gf^RRn?  %^  l(  !v  II 


'wr  3Tf^r^«Pi^  ^<iNii^41^<id<!>4l:  ^^  I  ^^fq^- 
j41^<id<*4lPitMRid^i  ^f^^  I  ^  ^^^  ^»n%   *R^- 


1 


^^ 


^ 


^^ 


^wt^l^sfq    w^    »iRMidW^'d4t^<w<*4)rJ|w<Ri<J+«i- 

^  ?wirat  V.    ^  t^  K.  and  A.  \  J.  drops  55«re^.  •<  "igr- 


wi-  wit^m:  I  ^rwRi^  art  ^nrs^  «r^  Iwr^  'rf^ 

T^d  I  S^ll  M  ^M  (^  ^«l  f^  ^^  i[  ^R^  ^WT^  WRti  I 

^  J.  inserts  ^^r.  X  J.  has  ^^1%.  ^  ^i^.  J.  and  V. 


u^ 


3rq  ^^[flRm^  %^»^  II  ?^  II 


I  ^^[^  W^  W^  I  S^l:  *|^  «l-i'ft4l  I  ^^- 


,  T 


^ 


Vjr 


%SpAt4^l(«MMM<M<ld^«l  *d«HI<i  ^df^^ra:    I  ^RW%^ 

1  tl|^q4iP<'>Mfti''  V.    ^  V.  has  «^«  for  aiPigir.    \  J. 
has  «*Ki<i«wl*lHWt'. 


^^\ 


*iumW  ^  ^jpif  d9in^|  t'aM  f^wTOR^^rol 

^«i>ai«biuiN<M^  ^f^r^pRm^  hPiwPi^^i^  i%if^ 


3i%7f%:  I 

^  ^  g^^i  ^  'T^  ^^s^  wn^  t  «R?r:  i  351^ 


\^9 

^^l<  Wf^s^  fl^Wrf  ^:  I  H«l*lf^«|f^4IWIK  ^fR- 

?ren?t.  ^^:  <m«i*l*m>^4M;«i*i<i?mi  'r^  ^^rmt  «ri%- 

3T^  snui^r  ^f^  sr^fs?^  *i^«rftr  I  ^m^ 
^Rt;  ?n«iw  'R^R^r^  mi^  i(^«Rr:  i  ^c^r^npRt- 

1  S^I^^T  q'lf   l|*i(l4rH4^. 


3T    if    '31 


vw?Fi^  I  ^s^  v.,  and  J.    ^  »jv^»4ft(ij«H'  (U««i?j3h 
ftwrf^"? )  J. 


^  q;  «i  9 


1? 


b. 


^^*"~"  '      '    ' ■  ■  p    ■!  ■   ■ ,  y  <    I     I  ■       ^    11  I  I  ■        I  ■■■■«»  ■ 

1  J,  inserts  ff^^r* 


-«i^«Hi  ^WRT  smtr  I  atw  ^i  M.*Pi«('dt  "iRwiPti  1 1^- 

SW  '^c^riT^Rrt  ^^  II  •<»  II 

n^f^iis  ti<M<!>4<i  Iw:  #jra4^  MH^wt^^i 
w*f  a^  *i<id<*<n!  *i"iid^<5i|i)H4<si*u|qt:  fl^trat 
iftwjw*  I 

P(«4<Pi««)P(^S  air  «P(4<iP(«<e- 

«1W^«ll   ^  flsfiwt   I 
>('I<«*ii5h.  arf  *R4d>^  I  ii?r  3r^- 

SR^aft^  «^)^  1  srosft^  3R^ftg5t  9<f)ii|fi.<M 
1  'ire*"  J.    X  8]^  *irat  >iftsift. 


^^T5ri??T^l  gsRcrf^  ^^RT^rg^  arepR^- 


1  «l«ira^  J.    J«  drops  sifi  ?R^. 


3RI^I3^  SRHT^rg^  «?*l«l^*|uit   w^  m:  l   ^^t^: 


fx^  «lf^«#  I  f3^^  II 

- 

^  era*  V.  ^  V.  drops  «w.  ^  V.  inserts  ^^:.  v  V*  drops 


I 


•rf^^f%?rr^  ^nrif«r  i  ^m  ^nift  'ij'lsjrr:  s^^ts^n*.  i 


?T 


^  ^3%^Rf«r^  *Tf^'^  I  s^n^  sTSR^  ^"ij^^  ^nr^- 
?nn^  ^»^  I  crenel.  w^:^^q^^tf^RT:  ^r^^sr^jiT- 

1  V.  has  ^^:   for  ^?r4t:.     ^  «nrWB55«l^q?lia%?rf^' 

f^3««it  «l5"raT  I  ^%5f  a«RW«55r?^  ^1%^  «^q?iH  I  K.,  A. 
^  "i'diaw  K.,  A.  V  ^Rr»^°  K.,  A. 


u^ 


$^iPl«i(^«^ni  ^i^m  I  ^WTRi.  ticH^^^<ftPimRnsi*nfa 

«W  If1^ft|y^»l¥<  f^«rf%:  ^^fTlVi^Hlfel^  |qttl%<IHj< 

^^SRJl^^^Taigt  f^:  I  d«l«HR8  ?nfNt^  II 

3W  ^^  ^5P^  11  ?  II 

'ift'^rf^  I 

«WW^:  I 
fffUmNb^^^  SRt  35n  PW:   ^RHT:  ^r^tl  I 

K.,  A.,  V. 


«w  ^  %5n^  U  ^  II 


3Wtq^:  I 


■■ka^ 


?reff%® 


^^Piw<Ri^<i<<iRj  I  f4  f^r^l^r  ^R^$5i«  ^^^(ligsf 


^  qatsiNt^mn  Qoran  «^cr  1  K.,  A. 


\ 

[\ 

R 

N 

fr 

V 

\J 

\ 

\ 

^ 

^  w^  K.,  A. 


3*1^  <^<l4^^tl:  ^f*^Rd$*lrf^  ?TR^    W^  ^WPd 

Awnnrit:  ^^*^Rd^i4^  fiwiR«si*iife  «wt    anr- 


3w  TO  ^3n3[  H  ^  Ii 

'WT  3T^3f^^p#%^  5!fR[^  *(^dH,  I  sM^- 

1  «^h%l^'  K.,  A.  9  ''^^*imai;H. '  K.,  A. 


f^%  ?i^  5^#^§5RT  «i^  >iRwiRi  I)  ^  ii 

'WT  ^«l-8t<^^$iilH^d^^  ^^^    I    ^5^5    ^<*l^ 


1  I'^lWlt  f5rs"!ftwRT  ^  wisft  'sr:  I  K,,  A, 


\u 


«l>(gMd^|:<i>H4tftN(THfel    I  ^:   I  q^    ><d«(M«l^5|^ 

^inire't  %^  II  ^  II 


fk^  W.    I   d^KRn<  ^$^^^R^   ^>^^  I  ^  '^ 
«J^^II 


u^ 


•    *v. 


sm  ^^  ^5R II  ^  II 


K 

K 

^ 

xl 

\ 

?ril3P^  clW^4^F^d:  ?nR5^:  ^If^t^^lf:  ^:  I  '?f3rq%- 

^«i^   I    '?^5?q5Rrf^r3fora:  ^ 


\  K.  and  A.  insert  s^*  here.     ^  "qt'ir:  ITff :  w«ff:   K.,  A. 
■»  °^|^-»^l^d^ild<!fli  «t^«T^  K.,  A, 

'IT''  'l^ 


^V90 


<lRwiW  I 

^  ^wr  ^lw»^  ^i|pn5«ijn^  ^«rf%  i  m  ?n>- 

^d^^<sii>^Ri^^^Kf^<»tsfer  I  g^ciL  ^Rd^^m'^I^- 
«PT^  «i^«rf^  I  f^'is^^l  «ra^  ^nfNtT^  II 

M*KM<^  II 
21^  ^!lit^  «Hd<!J*l«*MR(^^'l^^l«^   1^    ^  ^ 

$^  ?^  ^  ^f««ra^  I  f^  ^#m  ti*id^*<<!d<»HRfi^^i< 


\ 

^ 

\ 

\ 

•I  K.  and  A.  insert  ^  ^^^^R^if^    fl<^itt<^fttits%  i. 
^  K.  ^,nd  A.  have  ^q««l«?'?ftf^^^   instead  of 


^«^ 


?r«n  w^ 'WT  ?Ri.  ^  ^- 

f^  #im  i>RmPd  I  31:  ^mdRi)*qt  txrqrf^q^  ^ 
^R«ir  I  ^  1[  ^  5rf%l^f^  *d«mcl  ^dqir  1  stJit- 

1  K.  and  A.  insert  "^^m.  ^  *t#?ft  K.,  A.     ^  "^^fsr^- 
^^^  K.,  A.    V  tnwilStVjjl  5#gi:  K.,  A. 


«i^1k  JRH^  CRT  ^  wcr#nfir  ^i^^sn^^n^ 

JTift  ^  ^^^  I  ^   »l^yd°^wF^"4RlN«ia^l  3?^^- 

M^|Wdl(^*m^^Pi*MRl4<!*J|  ^TW^   *RHd^    I   $«R 
?^R5I^   *RMdH.  I  ^l*IM<  3n%5r^  I  Sffep^:  ^- 

«iT  ^ifs?(¥r  ^^^  I K.,  A.  V  5WIC  •^•iw^naM  ^r^^^  ^fl^ei^  i 
K,  A.    H  «TW'^  V, 


^^:  I  351:  ^#ir  ^R^  ^TTRflijm^  ^wfpir  I  %5 
T^Nsn*  ^^t^qr:  I  'Wig  ^m^:  ^:  I 

•I  K.  and  A.  insert  Qe^f^.   ^  ^TweNrf^jfTft  g:  K.,  A. 
K.,  A.  H  'ift^^ft  K.,  A. 


W9 


iMTi^^4<!iiif^  Hf^«n^  I  ?T^TR[.  ^ir^rf^Rr?Ji§9rT  ^nr- 


n  K.  and  A.  insert  ^ijIR'^mRi.    ^  ^'raiid^^fctA^itftwffttst^r 
;flft«i%   I  K,i   A.     ^   K.,   and  A.  have  ^%<iH^l|:   for 

ft^^rfir  Ko  A. 


\^\ 


«nT  5T^?r  %5n^  II  ?^  ll 

1  ft««i%:  ^WHlP(  »»ft«l^  I  V, 


flq?T:  I  ^  i(  ^  w(^  'i^  '(^  'jjft^nn^  Mft«?ra:  i 


1 1^  |5t«q%%^  wirat  *ri^«RT:  K.,  A.  a.  "^q^  V.  x 
^5^  ^  K,  A.  V  ^^q?in  R.,  A. 


*{H*i^4^(^«<Ri;  ^t»)PI«<R»^^i  4iRwiRl  II 

3W5Rt^J|t  ^51^11  ?l  II 

1  ^  'jft^  «ft#  K.,  A.  ?^  for  ew  in  V.  ^  s^^P^rafl^Rw: 
K.,  A.  ^  g!r:3iRfl*  V. 


t«^ 


jreiTF^R^  I 

\^^R  anfiRR^:  IJI^:  I  3^  ^H^t^  ^MH  tTi|< 

rurf 'rw^pS'ST  ?[ir^  irtNi  ^nfir  I  w  ^i^'^^i  »l^di  1 
f^  fcPt^s^'d  fto  w^  I  <Rwn^  «rii^  ^^s^^^r 

#R%  I  ^:  I    ?ff^    Jf«Kl^«?^  I    44^K*^f^4>- 

«w  ^g^  %?i^  II  U  II 

rf  ^'HT  fri^'i^  ^f^  *fft  K.,  A.    V  ^9^l«^  K.,  A 
H  K.,  A  insert  f?Rh»^:. 


'(•ql'lf<Ml^*  VsHfe  iw):  Vsi^w*)*  was  *fiw 

"(^"'(lA  <4M*vifl  *!l«Hldl  *R4dl  I    S^i^   arasi^fxll^ 

oiWHga^  %^  am  ^  'Wt  f^^aagra  a  «5ift  ia«ii 
W^  »I#  ^rat  gsii;  *R4tii:  I  3=w^at  «41^i  I  aft?- 
■rf^  ^fei  wi?  I  rj*^«ii  '^  irsm  ^tPifqi^  ^fet  I 

swiTOtl^ISSW^;  «illdl!l.<4iWH.''- 
OTTOItt  WW!,  •tii-nii'ft^  *154dH,  I 

1  ft'Rf  for  $4:  E.,  A,  ^  *RHflH.  for  3?ni  «rfn  E.,  A. 
*  ftiD^I&ft^  I'^aRr  K.,  A.  ¥  gwrOTT^ft^^:  K.,  A.  H  w*: 
K,,  A. 


^^mi^^ 


"i  fls^f^SWRT^rrit:  V.  ^  8?4f  ^  K.,  A.  x  ^at^^l^^i^  V. 


u\ 


ifts»4lPimRi^  *ni^  ?RT  3ni'T^<*R«^Rii«i-^«iif^*<l^^^ 


1  ^<ij|*ll«>^<i<it*witPlmfti^  '%^K.,  A. 


^nNt^r^i 


1  ^>ll<H«jl<!^»Wil<!t4lffw<fti;  K.,  V. 


^FT^I  «R^  P|M|,W«n^l  I  %^  ^ 


\<9 

«nr  ft^  ^3R[  II  ^  II 

«r^^%#  ^f^  ^RmKi  i  f^i^  ii 

«nT  ?i#f  %^  u  HI 

^PTT  facn^4a«4fT  Pi«iRi4T<i>4a<iifa  i 

^  ^ttf^  ^B^q^rr  i  ?Rr  ^ri^ 

■?r     9^     I" 
3ratT?f%:  I 

^  flitlMr^  and  so   in  other  places.  V.    \  intinpv- 
f|jpu3^«lT  K.,  A.    ^  "jjff^BTftwi^:  is  om  itted  in  K.,  A. 


5wi^^  3r^^%9r  ^(^(^^nTR  ^ii^«r^  i  f^  3r^« 

«ni  -gg^  %5n^  li  v  II 

^«i<<H«iRiwi^  I  f^    ^jf^RR[3nf^ 

s^r^  ?i*(Ht^  ^ri^fir  1  ^  h^^^^ 
^11 

sw  ^aur  ^^  II  \  11 

K.,  A.     ^  «T^gf^Rwi<^<fnl«nlB»it  iwfif  K,,  A. 


UK 


3w  ft  %5n^  II  ^  II 

^w  ^rent  ^sri^li  « ii 
^mm  i  ^nt  g^  «n^  q«rT  ^rS^i^rwr  'iit^- 

-  -  T  ■  _    ■     _  I ' ~^ ~ — ^— -» 

K.,  A.    ^  ^SUm:  K.,  A.    v  ?sft^  K.    H  ^^nf"*  B. 


awi^  ^[WJ^  ^^  RT^  I  ?^?^t  ^  4|^^«4   »lf^- 

«i^  I  «wr  ^^^w^  srf^  riw^  f?t«?^  !j^  'sn^  ^^ 

«T«rreit%5n^  li  ^  li 


1  ^Pl«qfti:  ?q^  v.,  D.  .^  ftw  «rf^«ifcr  K.,  A.    \  ft«q- 


3ro  5!^  %?R  II  ^  II 

'HIT    4J<i44^daw«<HM^mTHi^^«^<*^iau*^IH"<N- 

35^  ^T^  I  cT^r  sr#fe  <im^*ird<^<ai  >i(^*^(d  i 


^M'«iA<!<i  »<Rwi(^  1  f^^raf^  II 

3nT ^[5nt  %?r^  II  ?©  u 

?Rrr  ^  srf^  «Bt«iT:  ^jirt  «i^^  i 


«WT  sra^^^rogsi 


'if^^m:  I  rWIRI  ^^  ^^:  #I^^rt[#T3# 
^  ^rt^^m^c^''  V.  ^  f^^  K.,  A. 


WK 


3^  l^«ft^  w^  ^(^m^  ^^^ 
^m-  ?niRT:  ^i^m:  I  ^(^m  '^ 

^y^  Mwt  'rf^f^'ra:  I  ^  ^- 

«r^^r^%^li  U  II 

1  gjr:   K.,  A.     ^  mj^  K.,  A.     ^  A.  and  K.  insert  ^ 


^m^  3r^  ;j«w^:  ^^:  I  ?Rr  >ii^<<<ifiiam^^^4^<in- 

Pl''M(vi««(if«  'WT  ^^5^5^^  k^rgsrg^Jirftj  I 
^v  3R^ff%  ^*i3M«  3pt  ^  ^5fl«ra:  I  ^^rjpt 

t 

3Rq^wf%:  I 
1  ^^rg^inftj  D.    ^  ^n  i  A.,  K.    ^  '^qf^^^^w  »ift- 


3w  3r^?f  %5rn  II  ??  II 

q^^^:l3^:    qST^   ^- 

"ijNt^  I 
35i#  ^Rj^i  31%  «*Hlil^  I^WRI.  3T%  ^yNi  ^  ^' 


K^f^  ^  ^RRW^ir^^rei  3^55?r  ^Ri'>*ifd  i 

3i5i*)«i4):  ^RRTift^  ^r^rar^: 

9W  TO^^  %?r^  II  ^<<  II 


^^  *^^  *if^wif^ 


?^^ 


^ira[.3Rr^  ^?^52T^  fitqRij^^ 


^  (TVC^  ^JW  =!(  K.,  A.     ^  Omitted  in  K.,  A. 


\<K9 

^R^  ««J)>w«i  I  ^}m  ^rgR^nf:  «*inw<i  irf^^l 

«q^[g5^  H^«i^  I  g^n^  ^  ^^^^  *<Rm(^  i  f ? 
fi^fe  1 9RRRgiR«r  $?w  gsirl  »i^  i  gf:  ^  ^n»- 
3^2«ffiT^l  ?iw^?R  N<^^*<^^^  ihretr  )i^i^«4 
'ift^rf^  I  ^RW  ?r^  W^  ^  5ri^  ^55W  ^ 

*lRwiRl  I  M«l«iUMfi«l^uil(M  g54t  1^«»rf^  I  JT:  «^iR»ftT 
«??n3'lRf%  ^  f^:  II 

'5^  ^^  ^j^npl  Wir  I  3fFr  «it5W^  wrWh 

«T»IT  jft^STRT:  ^  ^^l  I  ^T^H^  f^  W^  I  3T- 
^f^lcH^Kl  ^  S«Wnk  I    ^T^IRl  ^?f^*^   PlHI«:  I 

*R^  I  35R^    frlF^:  ^^    W\H{^^^  ^I^  I  fri^?^ 

W^:  1^313^  ?rif  TWiT^  I  S^T:  %H*<W<!»*l^gi:  ^S^t^m:  I 

?wn^  »<ji*ifi^f  Ral  «<(^m(^  i 

3I#W^:  I 


«R5t<?ft  3r^  frllt  *I^  I  SI^^JHi^  Pff^mi  I  q?^ 


1  y.  inserts  3:1:  here.    ^  %«r|'  K.,  A.     |  V.  omits 
«f^^*^l«lT  I. 


Ht 


aWTCT^  %^  II  ^^  II 

SB«R#  ^^3^IT5ft  ^iTc^I^  ^5^    ^?n5Tg^JR^ 

^^  ^mR^  ^TcRBfer  jflRr^  osiw^*if  «R$r^- 

n  yjTH  K.,  A.    X  viT*m  Y.  X  «re"T3*^%t  K.,  A.  •*  ?rar 
"raft  K.,  A. 


J5iH  ^^  ^^^^:  ^i  I  35n;«T^«^  srer  ?Rf  ^  s«r- 

■ 


^  d^witH  D.,  V.  W  ?Rt  v.,  D. 


ai^O^ravftdll    ^(^11  nil 
''Il<4M(^4lR'fc<S*3J  ^^a^MKplj  %<ll!t|R!l  sr- 

j^^ti^f  *Rfif  arrer  ^^^  g^  s^pftwrft^ift  i 

fn  art  iw:  *R^<(:  I  srerit^  HUlijdl  wi  jsnj  5i4- 

<l  I  ^<('^l«)lR  ai^?n  ■Jtjt^  5rfn  I  jJi^^am  ft- 

t^ret:  I  w^^n  ^  OTts^  I  3S1H  1^  ^  q^  '^imS. 

qn^  I  irat  wijw^'  «"<)-«(  I  ••  I  itTrasiiHg^Ri  w- 

^ildW^I+dti^*!:  "Bfiror;  1  aH5^ia<ii*liil3  ^;  B%ijt;  I 
awtl.  <4HH«<ll««llH3n  f%sajg;  %^  iftKlfil  I  jii. 
4;i<i'"l*l5l*^  '4'^*l«%3  "^  ?5I^W:  ^qtST!    I  >53I  W: 


»  J5n=*°  K,,  A.  ^  %t^%  qtj  sftwi  ^c.  K.,  A^  jwifti  1 


"arf^  I  3^:  'wW^r  ^rgsjT^  *iftwiPd  I  !i«iJTi^^4 

«^  f^[?5RRr^«h(tqi35JT  3«if«r^  I  351:  ^fs^mn^  ^- 
«f^  ^:  I  ?wn?t  ®1^  ^in^^rr 'i^^ifir  I  ?ren^  ^ 


1?*  «Rra^  W^  w?ii^  ?s«Rct^>f«^  itRRr  is^i^fff^- 

^?I^^  ^'  ^\\^i>\Rm    i?<M«*<i^l^(   ^«<MH<I   ^: 
fiwiRl^^I^  TT    *l^^u^^  «!»5<a«^«llRd   I    W^    »T5?^« 

visi^  ^^a^^^im^m^  *RMdiPi  1  3^:  ^hrt^^: 


\*\ 


5^  »l^«I^  I '55^^  f^rf^cW^  arq^  q^l^  fRI^ 

^»iHr   HRwjPdi  I  jn:  <^r^'=f:  3nrw?r% ^n^?T; 
«r^  «^*i  ^^rf^  ^wti.  InRrnw  'WfRgw'^w^ 


1  «Rr  V.  ^  V.  has  ^  aftar  «i«r,  ^  ai^Fn^ 


^i^  <^y^m<si4i;  ^t^:  fniRt  Mlk^l^  i  g^n^ 
'rajpw  ^:  ?RHr  siRTT:  1 1^  'wg^r  ^  «ni5«rek- 

^fnJ^ft^r^'f  %^  II  ^^  II 

1  ?Ry  in  V,    ^  ^N^  in  V. 


T' 


<RT^  ^ifS^  «i^^  I  ^«ni5«f3^  5Tft«rRr  i 


^•8 


Jl^l^  Slit  ^  ^  !Jm  J^^^w^  TRWr^  ^:  I  ?Wl?l  4|^i«4 

N  ^Rr  iRWt5«fwt  II  K\  II 


^0^ 


5T«r  jr«nT  %^  ii  \  ii 


^ai^^tai 


SW  ^^  I  5R^  ^%qr   I  «iT- 


>»i<fi*iuiwiiiuniH!i  i^^nr^ 


i^'»i*t"iif^ii"its%  I  ?ren^  ^^^«fe1uic«^s»i'b)«t>-  fmrl 


<HI*P)8H.  II 

3Pr  ft^  %5n|  II  ^  II 


^^ 


^^Y. 


sniR't'^T:    -a!fm<isi<!^    ^fRTW- 


«jp^ 


3W  5#*  ^  II  ?  H 

5T^  "^  «i^  ?r^  5T^«n^rer  qsr^^  f^^r^rerer 
JWT  3r#  »Tt55?r  arm:  «^:  1 3r^f^  ^i<^^iwm«i$^ 


1  if^'rat  K.,  A. 


^0V9 


«r- 


•« 


rsf^  3^  ^  I  f^^^nwi^tsH;  ll 


^W  '^f?  %5l^  II  V  II 


\o< 


f^np  qf^  I  ^  g*q:   ?^:  I  ?r- 

an?  ^  %?n^  II  \  II 


1 3[l^^r6«$«*'  K.,  A.    ^   K.,  &.  A.  have  ^t^sc  for  s(9. 
\  «R«w  K.,  A.  V  'B«5^  K.,  A.  H  K.,  A.  have  «Ba^  for  «Rr. 


^0^ 

«ro  ^?r4  %5n^  it  vs  ii 


^t 


^wrwf  ^5in  li  ^  II 

?^r   d^ilrl<ji4^f^w4fil<lf(^l*d<^dMM^i!dJi^(^^lfclW- 

^T  ^goir^   CRT    S[R5WRR^^ 


\\\ 


^w  snnt  ^?n^  II  ^  II 

«5^«l«l4*l^«|U««l*j4^4|3Hh  'reiT  T^IFTT  Wd  Wl^ 

jsn  4iS\<iiN4W^4aq^<i<i4^<if^g<?^  ^t^^  ^^RT^nff 

*RM^*ii  s^i^^arRn^    (        ^1 


55  n  W 


vv 


\\\ 


ft^r^i/^ 


If 


%    • 


II  ^  ''idl^n.imN:  II  ^a  II 


^  V.  omits  ?&, 


#^ 


*(^rl' 


fl^  rrf^fWI^  ^0S5[q  ^f|q?n^  |  g^I^fr^  ^  *(«4d<<l 


[ffHRT- 


9T 5^ ^ 


3911%    I  ^i|5T5ifitMR)^^^yi^w<Ria<t^i(^    I  crenel. 

1  ft«"Tf«nft  V. 


1  V.  omits  ?&. 


II  wif  M^^^ilsmm?  II  ^\  II 

II  srftF^  W^  II  ^  II 

II  ^  SHR   ^^  II  !  II 

?rsr  3rrarat'5T  ^wrft^  QL<a«^  %W3^  'Pn'  snw- 
^*?^r^nt  «rr  PiwiRi«%iw^«(««<fl  ^if^n^^ 

*iRwiRi  I  !i«(i«i^<Ni  ^«A<;»a<tqi  ^5«rr  I  awr  ?f^ 

^^^39i*««an^  1^  «r-  5 s — ^ 

^3n4)fi|w<Rij<jejH4lfiim(^^- 

9n%   I  ^«i«i^41Pi«<R>Jtm^4^ffimRi4<i<<ifei  1  "mn^ 
BuytMidl  <l(^<HiMMas4t  *iRwjRl   1  gT#^^5«ni%  1 
?rw^«f5^rf^^  sr^^lRmi^  »iRwiRi  1  d^ytm^l 
^fR%5^tsf%  I  ?renci.^  sn^  ^^35^?  hRwjRi  i 

<WRC^  fg3[^»IRW  H!^^4\ »lR«4Rl I ^<*l«IHHI*(iil4H.II 

«r«r  ft'^  %^  II  ^  II 

t(^t^^M*»«^  ^^  k^^i  w?RT  «Rf^  %iRr: 
»i$»<Mi^4^4^sfer  I 

1  V.  omits  am.  ^  «rt^  K.,  A.  ^  V.  notices  ?W 
also.  V  ^  K.,  A.  H  y.  omits  am.  ^  <R««lft  «mmi^ 
K.,  A.    v»  arcwHi^^rt^. 


^ 

\ 

r 

A 

N\ 

^ 

^ 

3r«i  <i?ft#  #ih;  II » II 

If  aii^Jjaiaifeir:  jaiift^^: 


Im  '^  ^Nm  II  -i  II 

1H(5*t^l^l'd<8'*i<4*l&^  *'3f*|-^9lRrl  I 

»iR>^Ri  I 

^(fllllRl:  I 
aftsta.  J|i*<*ii  f  3l^wn;  ^iiHitKi  f^'ww  I  w- 


n  V.  omits  «*T.     ^  »ra^a  V.     ^  V.  omits  «ni. 


I 

3nE^t"nf%:  I 

'l^  %%«lftr35|g^5  55Wfi   f^«5RTr^  «^s|^    5S*^: 

^5rf^«r35rr  ♦jRwjPd  i  f^:  i  are^- 


*ri^wi^ 


*i**%lu||  *lRwjPd  rd<0^*i  MH^^sl^^  *(Rw<(cl'|-^«^»l«*i^lf 

am  TO  %^  m  II 
5RI  f%)(iRl*<i*^5m'Jr  5T^5rs5*^raf*n5t'nfiif  I 

'H^^HmRi:    I 

stHt  HR«iPd    I  «nret>TO?fN5»i 

1  V.  omite  «w.    ^  fta^a^a  ft*«^^  v.     \  v.  inserts 
sift.  »  °<nlEii  V.    ^  Saw  V. 


1  K.,  A.  have— 

^  V.  has  after  this  limits*  ^^:  i  jpt  «praL  I  *o  '^^^^^ 


APPENDIX  I. 


Collation  of  the  Ms.  of  the  Sekhftgaijita  in  the 
Benares  Sanskrit  College  Library,  the  one  oopied  by 
LokamaQi  under  instructions  from  Jayasiriiha. 

BS!8IGNATSD  V. 

Books  vir.,  vin.,  DL 

Page    1  L.    2  d^lH-«<wiRsi<C* 
„         L.     6  ^  is  omitted. 

„  L.   10  ^^IH  M\M^4  for  ^Sd^^  fRR. 

„  L.  18  ^  f^N4|(^w:  I 

Page     3  L.     5  and  12  ""nvd^:. 

„  L.  18  9|^^« 

Page    4L.     8  "rw^. 
„         L.  10  4i(^fi»^H  f%^. 
L.  17  ^^tarRr  for  ^idf^. 
Page    5  L,     4  *<l^4^4M,* 

L.  11-12  ^rwfrfflpr. 
L,  16  **#i^  ifftwI'iFi  ^  u^hil  'fif'l^'rirt. 
Page    7  L.     1  anCEi^. 
,,  L.     3  jsn  Sl%KM<4Jl. 

„        L.  10  «iinsii%^. 
Page    8  L.    4  4||{|<a]^  wn  WRPSPV. 
„        L.    6  «niT%^. 

Page  9  L.    2-3  ^m^  «lft«^, 

„  L.  13  ^^^i^v^q^. 

Page  11  L.    2  ^OS^qfWiN^:. 

,,         L.  12  «R  is  omitted. 

„  L.  25  f5N%ftftiW:. 

Page  12  L.  10-11  ^fmf^  31^* 


99 
99 


Page  14  L.     2  T^q^. 
„        L.    9  ^n'ilHHwft'*' 
L.  19-20^  «»r9ii. 
L.  20  4  «6toh. 
„        L.  21  4  ^  5irai3[. 
Page  161,.     3  <l^  q^r  3  trn". 
Page  17  L.    2Kftninr°. 

L.  12  firanir  for  fil#. 
„  L.  14-15  4  WVl^li)  'ift'qRl. 

Page  18  L.  22  Sm  for  finit. 
Page  19  L.     9  ?^^rare°. 
Page  23  L.    2  a  ai. 
„  L.  ll|it:tra>. 

„         L.  17«r«9^3rl%:^. 
Page  26  L.    3  nftsiilr. 

„  L.  11-12  For  awiw:  the  Ms 

the  margin  (p.  150  1 
Page  28  L.     1  !inwi%  is  omitted. 
Page  29  L.    5  <r  4. 

„         L.  18  arftwra:  for  »w?t:. 
Page  30  L.     1  en  ^  #!m. 

J,  L.     5  flrtv^t:. 

„  L.     8  4!AviUf|;. 

I,  L.     9  tHiT  is  omitted. 

n  L.    11  dHIWtHtr. 

Page  31  L.  1  aR:Sl*ilK(ln. 

„  L.  3-4  d^l<  cAilJIIII. 

„  L.  5  aw  I^IT^IT^. 

J,  L.  7  w^  for  Jfl^NjI^. 

Page  32  L.  6  wr  9H<^Rn(. 

„  L.     7  ajiflfl". 

Page  33  L.     3  <ni:i«lft(iii|fel. 
Page  34  L.     2  <rai  for  JWi. 


3 
ige  35  L.     ivm  ^  f^fwrfH' 


I  »i- 


99 


L.  1 8  i(4^<ii^M> AtM^  after  ^Fft«^. 
L,  22  qw^#^. 
Page  37  L.     1  ap  jpr:  ^#?cr:. 

„         L.    7  ^*«2r%  for  ^jd%. 
Page  38  L.     6  ^^Ij^i^ft^i^, 

,9        L.  20  ^H4)W*Mf^:  »4<ftwjRta^i  an#t  I  3n8rf^«y%- 

Page  39  L.     5  ^Jd%  i  5:  *  wm  f^:^  ^>%  5%  irf^  I 

3^:  ^  q[g^  f3r:tW  ^(HcT  1  f:  %  qg?zr  f^T:- 
trt  ^Ocd^gi^ft  I  &c. 

„        L.    6  9nh  ^raicft^t  wi^. 

Page  40  L.     1  f?nTcf:  ^^j^Rig^qr:. 

Page  41  L.  15  ^<tllc<i^nft[g4i. 
Page  42  L.  14  Ml^Mfi:  for  ^q^:. 

Page  43  after  L.  13  and  before  ai?^tqq%:   L.  14    the 

Ms.  has  ?wr  3ilt  ^5n^  ^i^n^  ^p^ 

„  L.  25  ?pn9:  is  omitted. 

Page  44  L.     3  ?w  JWW^Pni, 
L.  12  ew  f|*?^5rat. 
L.  24  9W  <i^^$^H. 

45  L.    8  awr  ^3^1^^. 
L    "— ^Ni^. 

46  |t^. 

f:  for  #!rf:. 

»  »^  «rl^^zrfct,  the  Ms.    b^  ^  w- 


99 

99 


J9 
99 


^  sra^  igft  ^  «A^i^  i^idb  i^ife*  I 

Page  47  L.  15  ^jm  %^. 

L,  17  '*3^W^J  w%  for  *^ftU^f  ^  mfe, 

L.  22-3  «wf5wf^RWTfef  I 

Page  48  L.  24-5  ^i^  ^pft  ^^  8P^  f^^  tftwn. 

Page  49  L.  2  f;  %  f5r:^  ^dWcT. 

Page  50  L.  10  ^  ^ri^j^n. 

Page  51  L.  S  ^ei!9n9##n(  • 

„         L.  14-15  ^re^r    ^tV^  ^^  ^((VNld)  fij^:  ^^i^- 

Page  52  L.  15  aA#f!pWr  %1IH. 
Page  53  L.    1  PhrRRw  Ipr, 
1}         L.  14  H*fif^iRi^*i  ^'R. 

Page  54  L.  5  ftw^^i  R^qnp:* 
Page  55  L.  17  9|^rfiKrfcl^  %^. 
Page  57  L.  10  M<i»d4>^iRd. 

„         L.  15  M^iRi^iTi^lj  %W{« 
Page  59  L.  18-19  ^^!f^  ^W  ^i|fJ|N%. 
Page  60  L.  18  The  Ms.  omits  iMih:. 


APPENDIX    li. 


99  99 


The  Varios  Leetiones  of  the  Ms.  of  tlie  work  in 
charge  of  the  Anand&s'rama^  Pooaa,  as  oompared  with 
the  text.  The  Ms.  was  received  for  oollation  through 
Prof  8.  R.  Bhfijjd&rakar. 

Pa^     1  L.    2  The  Ms.  drops  ^^HHfl^iB^  ^m:  n 

„         L.     3-4  For  the  first  verse  vmtfkR — ^the  Ms.  has 

two  verses  m^a^  ^VQRf^<<^-as  found 
inK. 

Page    2  L.    5  <Tfftwr  for  ?r^J%B*. 

Page    3  L.    1  mk^^  is  dropped. 

Page    3  L.    2  aw  for  d^lfa^ 

^f^  after  mv^^immi:. 

m^st^  for  %^. 
,,         L.    3  The  Ms.  omits  the  sentence  ^  svqm''— - 

L»     5  Bkr^^ii^:  for  Rj^^UK^M:. 

L.    7  RwK^k54l^(*fl^  for  q^  ft^?nRt«iW  ftralt. 

<nL«RRI^  ^  IWH  for  d4|<U!|isS(^^« 

„  „       After  3fw%  the  Ms.  inserts  cTfitf^N^l  i  ij* 

„         L.    8  t^  4^  9RIT  ^r^ir  for  i^  ^^55r  9fR(i  ^s^, 
„         L.  1(«1  I^^JfTORF^  for  ftv^^-^ftdr  ^  ^^. 
„         L.  11  %^ir  is  omitted. 

ft5^  for  9nr  «RRf5l''— 1^5^. 

„  Ia  14  3Wfif  for  fRWCr 

^,         L«  15  9fRm  fipnil^is  dropped. 

L.  17  m  ^  for  ^  and  «  for  OT. 
„  L.  18  ^|9i€N:  R«|4|^uw  far  ^  ^AVd. 
,,  f,      Afte£  finw^cNv  the  Mg.  inaeris  ^n  ^raihir- 


99  99 


i9  99 

9> 

99  '99 

99 


Page    3  L.  19  i^iRf:  for 

Page     4  L.     4  ^^rtN^  for  f^  OT^U:. 

^<5AfQi^^4sil^  is  dropped. 
L.     8  U5r  is  dropped. 
^^q%  for  5fpr%. 
L.     9  ?w  is  dropped. 

L.  1 2  The  Ms.  agrees  with  D.   for  ^«R^  &c. 
in  place  of  'ii^T^BRT  &c. 
„  L.  14  ^IBT  ^^  for  ^^f|^. 

Page     5  L.     1  ^T^arf^  for  fti^:. 
L.     2  w^  for  ?jrat 

L.    4  %53pir  if  ^wfir  for  ^fR'iT  5f  ^rat 
L.  11  ^ratfirs'f  for  cTct 

L.  12  q?h&'  for  i^\ 
5^T#i^  for  ^4r. 
>^:  is  dropped. 

wTO^BTO  t'njsr  lOr  ^l44i%mi44|V. 

Page    6  L.     1  ^  is  dropped. 

V  99      ^^W'U  *r^  for  s^«i^tQiBt^pr  ^^n^t 

„         L.  3  ew  ^  after  fWR. 
99       ?TOf^for9|Pr. 

L.  5  ew  ^  after  ^Rff« 
„       #W:  is  dropped. 

L.  6  9n^  '^  iro^  for  ^l^dtiliii. 

L.  7  ^  for  ^  ^ 

ftmreWr  ^n?"*  for  f^Nn^ui^n'*. 

Page    7  L.    2  'ir  before  |t^. 

,,         L.    6  The  Ms.  agrees  with  D.  and  K.  in  its 

pmission. 

Page    8  L.     8  ^iRcT:  for  ^TRStT:. 
L.  llcTWfor^. 
L.  13  ^raF?''  for  ^  ^  «?q\ 

The  Ms.  inserts  vnflt  after  ^'^^ 


99 

W  99 

-  .  -.  .    .  ..• 

99  99 


99 
9> 
99 
99 
99  99 


99 
99 
9>  99 


9f 


if 
>9 

>f  . 

99 

99 

99 

99 

99 

99 


Page    8  L.  14  "^^araprtWW  for  ^'^^igro^r. 

L,  19  snro^nifor  suR  Inrat 

Tm   20  c^r  is  dropped. 
L.  21  ^  is  dropped. 

Page  9  L.  2  q%^. 

99  99       tl^  is  dropped. 

„  L.     4  cRT:  for  ^. 

L.    5  ^  wnfftrg'R. 

L,     7  ^  for  ^. 

L.     8  The  Ms.  inserts  f^  before  «|sRTn?T. 

L.  11  3wrf|5ft^T§^. 

L.  12  ew  is  dropped. 

L.  14  ^f^qfcinis  dropped. 

L,  17-18  <T^  for  ^. 

L.  18  ^  is  dropped. 

L,  19  yn^is  dropped. 

Page  10  L.    1  ^K^  ^RHTf^  i 

2  <T7  and  bt^  are  dropped. 

3  "il  is  dropped, 
gsnc^  is  dropped. 
^  and  srfer  are  dropped. 

6  aro  ^^ft^r^^pj. 
„  L.     8  |&  %i  is  dropped. 

„        L.  10  ftm>m41^i. 

Hereafter  only  material  changes  are  noted,  as 

the  Ms.  is  found  to  agree  mostly  with  D. 
Page  14  L.    6  ^^  j  for  ^  ^. 
Page  15  L.  10  ^i^for  »?rat, 

Page  25  L.  15  "^f^  w^  for  '^f^  ^fR^  firfwi^. 
Page  35  L.     7  The   Ms.  inserts  dt4^i^^4)cf  ft^  after 

Page  60  L.    2  mi^''  for  ^'. 


L. 

L. 

99 

9} 

L. 

Page 

10  L. 

8 
Page  62  L.  13  After  ^'•W^,  the  Ms.  reads  as  under: — 

2?^  «R  9rar  sp^  ^fifii«ri?T  ^ro  ^^i  ^f^ 
\^m  «rft:  ^ricparlcr  i  ^^nr^sft  &c. 

Page  82  L.  5-6  w^  ^WR  ^i^FCT  Wf9^  ^  J^fH  ^ 
Page  108  L.  13-16  o^ji^j^^ti^Mmfe^imd^JlPM:   fffM^d^^i:   ^- 


^RMt 


5^  ^fT^  I) 
Page  124  L.  17-18  cT?  ^^[&(^i<feld<*>FMlKi>l  ^  i>tfl^^>KI  W- 

Page  134  L.  19  ^^:  <iH!^^tf8A^4l^ia^^^^l4<?41sRd  for  ^^ 

IrWL  is  dropped. 
Page  144  L.    5  iT?Fi:  j^igfira^sgg^qt  ^ff^  is  dropped. 

Page  147  L.  16  ^[5ft^  for  ^t^^a^HMiA. 

Page  199  L.  3-4  gsT^jR  ^R^  s^  ^sf^  r  Jm  ^SP^ 

8  W^  for  BH^, 

9  5^^  for  4J4hM^. 

10  f^^vstqft  for  ^(4e|Uf>ift. 
5W%^  for  3Tq;%5f. 

1 1  ^^lid)^"*  for  ^^flcft^r". 
HhIN'  for  5^r%^. 

Page  201  L.  20  irappN^  for  CT^\ 
Vol.  II. 

Page     5  L.     6  ^fnPcT  for  ^f!^. 

„  L,  15-16  d<4H^4Fii:   <|R|4^*I«  x^at^  Hl^'^f^    for 

Page  69  L.  19  ^^M^^i  ^^raf^  for  ^^qsftqt  *ra%. 


L 
L 


i 


NOTES. 

BOOK  VII. 

Definitions, 

r=A  number. 

^:q=A  unit,  one. 

ff^l^  ji«lj|fildljWlt^^l1sfel"The  greater  number  is  a  multiple 
(lit  equal  to  the  less  number  repeated  a  number  of  times)  of 
the  lees  number. 

^impAn  even  number. 

ftwi»-An  odd  number. 

i^^epiA  quotient 

simfrapsA  prime  number. 

<?I<II*-A  composite  number. 

fofoq^ie^-Commensurable. 

^?pA  divisor. 

f^nmeslneommensurable. 

^HRHpEvenly  evea 

9I^=3A  product. 

A  ^nrniT  number  is  defined  as  one  which,  when  divided  by 
an  even  number,  gives  an  even  quotient  This  is  not  a  very 
accurate  definition.  24  when  divided  by  8  gives  3  as  its  quo- 
tient, and  when  divided  by  6  gives  4  as  its  quotient  Is  24 
then  f|4j4^4|  according  to  definition  6  of  miikHM  according  <  to 
definition  8?  To  make  the  definitions  6  and  8  accurate,  there- 
fore, we  should  understand  99^  to  be  equal  to  ^nnf^ji,  i.  e.,  all 
even  numbers. 

A  ^4j^4|  number  is  thus  equal  to  that  which  all  even 
numbers  which  measure  it  measure  it  by  even  numbers;  and 
A  ^4|fiw  number  is  one  which  all  even  numbers  which 
measure  it  measure  it  by  odd  numbers. 

A  ^  or  perfect  number  is  one  which  is  equal  to  the  BOm  of 
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its  measurea  Thus  the  nnmbers  that  measure  6  are  1,  2,  and 
3  and  their  sum  (1  +  2+3)  is  6.  The  numbers  that  measure 
28  are  1,  2,  4,  7  and  14  and  their  sum  (1  +  2+4+7  +  14)  is  28. 
A  list  of  such  numbers  is  given  in  the  Introduction  to  YoL  I. 
Vide  Intro,  p.  12  foot  note. 

Prop.  L 

^M^^^l#^  common  measure. 
Propi  IV. 

A  small  number  or  quantity  is  a  part  of  a  large  number  or 
of  its  multiple. 
Prop.  VI. 

iinr4w=Parta 

BiL's  def.  of  parts  is  as  under : — 

When  a  less  number  does  not  measure  a  greater  one,  the  less 
is  parts  of  the  greater. 
The  enunciation  of  Prop.  VL  is — 

If  two  numbers  are  the  same  parts  of  two  other  numbers, 
then  the  su'**  of  the  first  two  shall  be  the  same  parts  of  the  sum 
of  the  second  two. 

6  and  8  are  the  same  parts  of  9  and  12,  therefore  14  is  the 
same  parts  of  21. 
Prop.  XI 

fi|«lf^Batio. 
Prop.  XXVIIL 

The  latter  part  of  the  definition  seems  faulty.  *frq[f  ai^l^wft 
ftlA  ^Rrft'W:'  should  be  the  reading  in  place  of  *enfT  <Hf4?H<h^ 

Prop.XXXVIL 

If  one  number  measures  another  number,  the  quotient  is  a 
part  called  by  that  name  (L  e.  by  the  name  of  the  diyi8or)L 
Bil.'s  enunciation  of  it  is  as  under: — 

'  If  a  number  measure  any  number,  the  number  measured 
shall  have  a  part  after  the  denomination,  of  the  number 
measuring. 

The  Prop,  means  that  if  S  measure  any  number,  that  number 
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has  a  third  part,  if  4  measure  any  number,  that  number  has  a 
fourth  part  and  so  fourth. 

Prop,  xxxvni. 

Bil.'s  enunciation  of  it  is : — 

'  If  a  number  have  any  part,  the  number  whereof  the  part 
taketh  its  denomination  shall  measure  it.' 

BOOK  vm. 

Prop.  XVI. 

If  between  two  like  superficial  numbers  there  is  a  mean 
proportional  number,  then  the  ratio  of  the  products  shall  be 
equal  to  the  square  of  the  ratio  of  their  sides  of  like  proportion. 

^>»IIJ)^MW4»<j^lif^-Prod^cte  of  two  numbers  which  are  their 
sides  (^1^)  are  called  Mld^i^llft  ^^^^  when  the  sides  are  in  the 
same  ratio,  the  products  are  said  to  be  like  or  similar. 

6  and  24  have  2  and  3  and  4  and  6  respectively  as  their  sides 
and  2  and  3  are  in  the  same  ratio  as  are  4  and  6.   6  and  24  are 
their  like  superficial  or  plain  numbers. 
PropLXVIL 

fl„H^<jt|4Hfcj^-^lid  numbers  are  those  which  are  products 
of  three  numbers.  Like  solid  numbers,  30  and  240,  have  2,  3 
and  5,  and  4,  6  and  10  as  their  sides  and  these  sides  are  in  the 
same  ratio.    Therefore  30  and  240  are  similar  solid  numbers. 

BOOK  IX. 

Prop.  XIL 
Page  49  »fiqq4^  in  L.  3  seems  to  be  improper.    It  should  be 

Prop.  XXVIl 

Page  55  L  15.    It  should  be  ^:  «|^  ^^  instead  of  ^: 

Win* 

Prop.  XXXVIL 

If  in  a  certain  series  of  numbers  which  are  in  the  same  ratio 
a  number  equal  to  the  second  be  taken  from  the  first  and  also 
from  the  last,  then  the  ratio  of  the  first  remainder  to  the  first 
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number  shall  be  eqaal  to  that  of  the  second  rematuder  to  the 
sum  of  all  the  terms  in  the  series  exo^  the  last 

Bwn»j>i|j|  is  the  reading  of  all  the  Ms&    It  is  equal  to-the 
sum  of  all  the  terms  beginning  with  wn  except  the  last 
Prop.  XXXVIII. 

This  Prop,  pertains  to  a  perfect  number.  In  a  certain  series 
of  numbers  be^ning  with  unity,  in  which  each  succeeding 
number  is  double  of  the  preceding  one  and  the  terms  are  in  a 
duplicate  ratio,  if  the  sum  of  the  terms  be  a  prime  number, 
then  the  product  of  this  sum  and  the  last  number  shall  be  a 
perfect  number. 

1,  2,  4,  8, 16 — ^The  sum  of  this  series  is  31,  a  prime  number. 
Then  the  product  of  IG  and  31,  which  is  496,  is  a  perfect 
number. 

BOOK  X. 

Definitions. 

ftfa<lsl4Hmift-Commensurable  magnitudes  ( lines,  superfidos 
and  solids ). 
f)lls|4||U||lf!i^Incommen8urable  magnitude& 
filfed<l<l?filMI  $^|p=Lines  commensurable  in  power. 
(^V^^llfil^l  ^^:=Lines  incommensurable  in  power. 
q?3S^flf^:=Rational.    It  comprehends 

1  The  line  first  supposed  and  set  forth, 

2  lines  commensurable  to  it, 

3  The  square  on  it, 

4  Such  superficies  as  are  commensurable  to  the  square. 
ili^Qf^Surds  or  irrational    It  comprehends 

1.  The  line  which  is  incommensurable  to  the  first  line  sup- 
posed and  set  forth, 

2.  The  superficies  which  is  incommensurable  to  the  square 
described  on  the  rational  line  first  supposed  and  set  forth, 

3.  The  line  the  square  of  which  shall  be  equal  to  the  above 
superficiea 

^Ei^  or  <>ij{4»<iin  originally  meant  a  cord  of  reeds  used  by 
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the  sacrificial  priest  to  measure  the  side  of  a  square  altar.  It 
then  came  to  mean  the  side  of  a  square  and  lastly  the  square 
root  of  a  number  which  cannot  be  worked  out  exact,  but  which 
can  be  represented  only  graphically.  Vide  Dr.  Thebaut's 
Article  on  the  S'vlva  Sutras  in  the  Journal  of  the  Asiatic 
Society  of  Bengal  1875,  pp.  274-5. 

Prop.  XV. 

If  the  sides  containing  a  rectangle  be  rational,  the  rectangle 
shall  also  be  rational 
«rf*pH»tional. 

Prop.  XVIL 

It  teaches  what  a  medial  superficies  and  a  medial  line  ar& 
A  rectangle  which  has  its  sides  commensurable  in  power  only 
and  not  in  length  shall  be  irrational  and  is  called  a  medial 
superficies;  and  the  line  the  square  of  which  is  equal  to  this 
figure  is  irrational  and  is  called  a  medial  line. 

Prop.  XXXIV. 

It  teaches  the  formation  of  the  first  bi-medial  Una  If  two 
medial  lines  commensurable  in  power  only  and  containing  a 
rational  superficies  be  added  together  the  line  thus  formed 
shall  be  irrational  and  is  called  the  first  bi-medial  line. 

Prop.  XXXV. 

It  teaches  the  formation  of  the  second  bi-medial  line.  If  two 
medial  lines  commensurable  in  power  only  and  containing  a 
medial  superficies  be  added  together,  the  whole  line  is  irrational 
and  is  called  the  second  bi-medial  line. 

Prop.  XXXVL 

«rf^r«^^n=A  greater  line. 

If  two  lines  be  incommensurate  in  power,  the  sum  of 
their  squares  be  rational  and  twice  their  rectangle  be  a  medial 
superficies,  then  the  whole  line  formed  by  these  two  lines  shall 
be  irrational  and  is  called  a  greater  line. 

Second  definitions  p^  90. 

sm4|j}>il^fH-The  first  binominal  line. 
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This  and  other  lines  are  all  explained  in  the  Intio.  to  VoL  L 
pp.  15-19. 

Prop.LIL 

HHHHwnii^il^iai-The  first  bimedial  line. 
Prop.LXX. 

iW^a^'^^l-^  residual  Una 
Prop.  LXXni. 
9^il$^n=A  less  line. 

Third  Definitions  (  p.  110 ). 

srin?RR^^I1=The  first  residual  line. 
Prop.  LXXXTX. 
snl4inwni»iei^^^l-The  first  medial  residual  Una 

BOOK  XL 

Definitions. 
%v:=Depth. 

^^rr=A  cone  or  a  pyramid. 

&f^aMHft«IHr'^  prism. 
^TmftfiH-A  sphera 

pA  pjnramid 

cylinder. 

^sf^£toir=A  solid  angla 
Prop.  XIX. 

d <l  I tft^a  ^Common  section. 
Prop.  XXIV. 

flHMii^<\lild<»M*f$m4j;-A  parallelepiped. 
Prop.  XL. 

*mwftf|i|rA  paraUelepiped. 

BOOK  XIL 

Prop.  IIL 
M|^MifftWHbs='^  pyramid  having  a  triangle  as  its  basa 
Every  pyramid  having  a  triangle  as  its  base  may  be  divided 
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into  four  parts  of  which  two  are  pyramids  equal  and  like  to 
one  another  and  the  other  two  are  equal  prisms  greater  than 
half  the  whole  pyramid. 
Prop.  IV. 

If  two  pyramids  of  equal  altitudes  having  triangles  as  their 
bases  be  each  divided  into  two  pyramids  and  two  prisms  as  in 
the  preceding  proposition,  then  the  ratio  of  their  bases  shall  be 
equal  to  that  of  the  prisms. 
Prop.  IX. 

A  cone  (^ )  is  a  third  paii;  of  a  cylinder  (  eiRraTTOI^qftfi^  ) 

having  the  selfsame  base  (  ^^  )  and  altitude    (  4m*mRRr ) 
with  it 
Prop.  XIV. 

Two  concentric  spheres  being  given,  it  is  required  to  inscribe 
in  the  greater  sphere  a  solid  figure  of  many  sides  (  i,  c.  a  poly- 
hedron ),  the  superficies  of  which  shall  not  touch  the  less  sphere 
and  if  a  similar  polyhedron  be  inscribed  in  another  sphere, 
these  two  polyhedrons  shall  be  in  treble  ratio  of  that  in  which 
the  diameters  of  the  spheres  are. 

BOOK  XIII. 
Prop.  11. 

No  enunciation  is  given  for  this  Prop,  and  it  simply  seems  to 
be  an  alternative  proof  of  the  1st  Prop. 
Prop.  IV. 

For  this  also  no  enunciation  is  given  and  the  Prop,  seems  to 
be  an  alternative  proof  of  Prop.  III. 
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